
Chapter 1
Introduction: Setting the Scene

Groundwater flow models are necessary tools to understand a groundwater system,
to make predictions about the system’s response to a stress, or to design and support
management interventions and decisions. In groundwater flow modeling, we gen-
erally distinguish two types of problems:

(i) The forward problem, in which the parameters (e.g., hydraulic conductivities)
are specified, as well as the appropriate boundary and initial conditions.

(ii) The inverse problem, in which not all parameters are specified. Instead,
additional boundary conditions, more than required for a forward problem, are
imposed.

Inverse problems are common to many fields of sciences, such as geophysical
and medical imaging, meteorological forecasting, petroleum reservoir engineering,
and hydrology. Each time when we need to determine unknown properties of a
system from the observations of a response of that system, inverse models come
into play. Usually, the unknown properties are physical parameters characterizing
the model and their values are determined by systematically adjusting them while
checking the match between the model outputs and the observed parameters.

Groundwater flow models are based on the following two mathematical basic
equations:

(i) The water balance equation: a partial differential equation describing the
physical law of mass conservation—mass cannot be created or destroyed in
the groundwater flow field.

(ii) The momentum balance equation: a partial differential equation describing the
physical law of conservation of momentum. In most practical cases, the low
Reynolds number of groundwater flow allows simplification of the law of
conservation of momentum to Darcy’s law: Flow rate is equal to hydraulic
conductivity times head gradient.
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For further explanations of the basic equations for groundwater flow see, for
instance, Bear (1972, 1979), Bear and Verruijt (1987), Strack (1989), and for
transport phenomena (not discussed in this book) coupled with groundwater flow
see Bear and Corapcioglu (1985) and Bear and Cheng (2010).

In this book, the above-mentioned partial differential equations will be presented
and applied in a more heuristic way, just to show the argument, for instance by
replacing the space–time continuum by a discretized (or quantized) space–time to
avoid dealing with functional analysis and infinite set theory. By doing so, we have
tried to avoid an overly mathematical presentation. Regarding flow through porous
media, the more rigorous mathematical treatment—function spaces, proofs of
existence, uniqueness, consistency, stability, convergence, etc.—can be found in
Chavent and Jaffré (1986). For more general applications, the more rigorous
mathematics can be found in Butkov (1973) and Duvaut and Lions (1976). For the
rigorous mathematics related to the inverse problem of the potential equation, to
which we will devote attention in Chap. 2, Sects. 2.2 and 2.4, see Salo (2008) and
the references in his paper.

Solutions to the water and momentum balance equations are characterized by the
following two principles:

(i) If the hydraulic conductivity is specified over the full model domain, the two
above-mentioned basic equations lead to a unique solution in the model
domain only if they are complemented by initial and boundary conditions.
More specifically, the full boundary enclosing the model domain may be
partitioned in parts on which only one boundary condition may be imposed:
either the head, or the flux (flow rate), or a linear combination of head and
flux. This type of modeling is called forward modeling.

(ii) If we know more than one condition on one or more parts of the boundary,
these additional boundary data can be used to determine the hydraulic con-
ductivity in the model domain. Because of the lack of a sufficient number of
measured data—heads and, especially, fluxes—the thus determined hydraulic
conductivity field is generally not unique; there are generally a number of
“equivalent hydraulic conductivity fields” that honor the imposed boundary
conditions. This type of modeling is called inverse modeling.

We can distinguish two types of inverse modeling: (i) imaging and (ii) calibra-
tion. Imaging is the estimation of parameters, for instance hydraulic conductivities,
as they occur in the physically existing real subsurface. Calibration, on the other
hand, is the estimation of model parameters, e.g., hydraulic conductivities, such that
the model matches with measured data like heads. For a more precise explanation of
the difference between imaging and calibration see Sect. 3.9 of Chap. 3. Therefore,
calibration is sometimes called parameter fitting and, in the context of processes
evolving in time, data assimilation, or history matching (the latter term is generally
used in petroleum reservoir simulation). Under the requirement that the model
represents the physics of groundwater flow in a reliable way, the difference between
imaging and calibration has to be relatively small. For such models, the difference
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may be considered as unimportant, especially for the practical case in which
measurement errors determine the accuracy of the inversion. Therefore, the terms
imaging and calibration will be used here as synonyms, except when the difference
is stated explicitly. Also the more neutral terms parameter estimation and inversion
have been used.

In the context of inversion, we will consider wells as internal boundaries: small
holes in the porous subsurface on the boundary of which flow and/or head con-
ditions are imposed as boundary conditions. An observation well is then considered
as a well in which the head is known from measurements while the production/
injection rate is equal to zero. To be more specific, this way of looking at wells is
introduced for the explanation of the double constraint methodology (see below)
and does not contradict the more practical modeling approach in which well flow
rates are represented by source or sink terms in the field equations. The two
approaches—internal boundaries and source/sink terms—are mathematically
equivalent (Chavent and Jaffré 1986: 70–88). On the other hand, imposing well-
heads cannot be accomplished by source/sink terms.

This book focuses on the estimation of hydraulic conductivities in discretized (or
quantized) models, numerical models based on discretization of the continuum
equations by means of a grid (mesh). In such models, a head has to be imposed in
the center of the grid volume in which the well is situated. When dealing with an
observation well (a piezometer), the imposed head is equal to the measured head
(the piezometer’s head). However, when dealing with a production/injection well,
the grid volume head to be imposed has to be related to the measured head by a
near-well model, generally a relatively simple algebraic model (Peaceman 1977,
1983, 1991; Chen and Zhang 2009).

Estimation of the parameters in a groundwater flow model is generally the most
crucial step in the modeling process (Anderson and Woessner 1992; Anderson et al.
2015). Parameter estimation can be performed by a series of methods, ranging from
manual calibration to complex automatic data assimilation algorithms (Frind and
Pinder 1973; Neuman and Yakowitz 1979; Carrera and Neuman 1986a, b; Ginn and
Cushman 1990; Certes and de Marsily 1991; Dykaar and Kitanidis 1992; Poeter
and Hill 1997; Datta-Gupta et al. 1998; Gupta et al. 1998; Yeh and Liu 2000; Liu
et al. 2002; Sun 2004; Farcas et al. 2004; Zhou et al. 2014). The problem of inverse
modeling of groundwater flow has been studied extensively during the last four
decades (de Marsily et al. 2000) and has been reviewed by Yeh (1981, 1986),
Kuiper (1986), Carrera (1988), Keidser and Rosbjerg (1991), Sun (2004), Carrera
et al. (2005), and Nilsson et al. (2007). Parameter estimation is the most challenging
and time-consuming task of groundwater flow modeling, especially when the
number of unknown parameters is large (Hill and Tiedeman 2007; Cao et al. 2006).
It involves optimizing the model parameters to honor measured groundwater heads,
fluxes, or concentration (McLaughlin and Townley 1996; Kitanidis 1997; Carrera
et al. 2005; Pinault and Schomburgk 2006).

Zhou et al. (2014) present an overview of inverse modeling techniques in which
they explain the traditional distinction between direct and indirect inverse modeling
techniques. According to their definition, a numerically stable direct inversion
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method to determine hydraulic conductivities (e.g., in the grid volumes of a dis-
cretized groundwater flow model) requires specification of heads in each point of
the model domain (i.e., in all the grid volume centers). In practice, heads are
measured in only a limited number of points and, leaving the other heads
unspecified, may lead the direct modeling approach to become unstable. Also, Sun
(2004) shows that with only measured heads and fluxes as input data, direct
inversion may become numerically unstable as small errors in head data may lead to
large errors in hydraulic conductivity. On the other hand, indirect inversion
methods are based on an algorithm (or just on trial and error) to iteratively adapt the
hydraulic conductivities in the forward model until the calculated heads match with
the measured heads (generally measured in observation wells) and such approaches
are inherently stable. In the indirect inversion approach, the model is generally
based on imposed recharge fluxes on the model’s top boundary (the so-called flux
model).

The double constraint method presented in this book shows that there is no need
to draw a sharp demarcation line between the two types of inverse methods.
Although the double constraint method (DCM) is a direct method because the DCM
is based on heads imposed in all grid volumes centers, these heads are calculated by
a forward model in which the heads measured in the observation wells are imposed;
see Chap. 3 for more details.

As is well known, hydraulic conductivities can be estimated only if nonzero
fluxes (at least one nonzero flux) are imposed on the boundary, while head is
imposed on the other parts of the boundary (Haitjema 2006; Poeter and Hill 1997).
Note that in this context the boundary includes internal boundaries like wells. In
fact, the double constraint methodology (see below) may be considered as a rig-
orous application of these principles, because in this methodology the heads in
observation wells (zero flux wells) are used as internal boundary conditions for a
forward model, the so-called head model. The parameter estimation problem
becomes underdetermined if many hydraulic conductivities have to be estimated
and only a few measured head and flux pairs can be imposed. The resulting
parameter non-uniqueness has to be mitigated by putting additional constraints.

Indirect methods are based on one forward model, generally a model in which as
many fluxes as possible are imposed (a so-called flux model). This model fed with
estimated hydraulic conductivities results in calculated heads that generally differ
from the measured heads. These differences are then used to modify the hydraulic
conductivities and so on until the head differences are minimized. As has already
been mentioned above, a strong point of an indirect method is that it can handle any
type of parameterized process, independent from the mathematical equations and
boundary conditions that govern the process (Sun 2004; Hill and Tiedeman 2007;
Doherty and Hunt 2009, 2010; Doherty et al. 2010). Indirect inverse methods are
versatile as any type of data as input, including soft data, can be used (Tikhonov
1963a, b; Doherty 2003; Hunt et al. 2007). Automatic parameter estimation is most
often done with a gradient method. It has been used in, e.g., the pilot point and
sequential self-calibration methods (Fasanino et al. 1986; RamaRao et al. 1995;
LaVenue et al. 1995; Wen et al. 1998, 1999; Doherty 2003). As gradient methods
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have good convergence rates, they can find very accurately the parameters that
match the measured data (Sun 2004; Hager and Zhang 2006; Ewald 2006).

In this book, we consider only heads and fluxes as measured data. However,
when considering transport problems in which concentrations of dissolved matter
are available, these measurements can yield useful additional information about the
heterogeneity of the hydraulic conductivity field. In such cases, reduction of the
heterogeneity by a predefined parameterization, such as zonation (see Chap. 6), is
questionable, because such a parameterization may be too coarse to account for the
fine-scale heterogeneity by which the transport process is strongly influenced.
Seven geostatistical inversion methods were tested by Zimmerman et al. (1998) for
how appropriate they are for making probabilistic forecasts of solute transport with
heterogeneous hydraulic conductivity. Valstar (2001) presents a representer
approach using measured heads complemented by measured concentrations to
determine the fine-scale heterogeneity within a zone of the subsurface; also see
Valstar et al. (2004). Generally, a representer approach is based on a series
expansion in which the number of state variables and/or parameters is reduced to
the number of measurements used by the inversion (Bennett 1992). In that sense,
Eq. 2.10 in Chap. 2 may be considered as a relatively simple example of a rep-
resenter approach.

Hendricks Franssen et al. (2009) review and compare seven recent inverse
approaches; they show that the performance of the methods depends strongly on the
type of heterogeneity. This is partly due to subjective decisions in translating the
conceptual to the numerical parameter estimation processes (Rajanayaka and
Kulasiri 2001). Another issue is that there appears to be no consistency on how to
select the most appropriate method for a given problem.

Direct inverse methods, in contrast to indirect inverse methods, estimate
hydraulic conductivities directly from Darcy’s law, mostly while combining the
water balance equation. Direct methods for estimating hydraulic conductivity fields
appeared around the 1950s. One of the first practical applications was published by
Huisman (1950) followed by Nelson (1960, 1961, 1962, 1968), Emsellem and de
Marsily (1971), Neuman (1973) and Sagar et al. (1975). An equation stating the
relationship between the log-conductivity field and the head field was derived by
combining Darcy’s law and the mass conservation equation, while neglecting
specific and phreatic storage. It was concluded that only if the head is fully specified
in the model domain, and if the flux density is given at boundaries, integration
along the streamlines allows successful determination of the hydraulic conductivity
field.

At present, gradient-based minimization of an objective function, i.e., the dif-
ference between observed and simulated data of a forward model, is probably the
most popular and widespread approach to automatic parameter estimation (Sun
2004; Tarantola 2005). In principle, such gradient methods can be used to deter-
mine all types of parameters that occur in any mathematical model. Moreover, from
a mathematical point of view gradient methods have the best convergence prop-
erties, at least if the initial estimate of the parameters is close to the parameters for
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which the forward model matches the measurements. However, gradient-based
minimization has a number of practical limitations. The numerical complexity of
handling the gradient matrix increases considerably when the number of spatial
measurement points increases. This may lead to unacceptable high computational
requirements (computer time and memory), especially if uncertainty estimation,
which is based on multiple parameter estimation runs, is required. The adjoint
method is the most efficient way to compute the gradient of a defined objective
function (Li et al. 2003). However, the adjoint system requires modification of the
source code of the computer model, which is time-consuming and often impossible
when a commercial model is used. Furthermore, if we choose a different model
the source code for the adjoint calculations must be recoded again.

The heavy computational burden, especially in problems dealing with big data,
and/or the required modification of the source code for inverse modeling by a
gradient method has motivated petroleum reservoir engineers and hydrologists to
apply the ensemble Kalman filter (EnKF) (Evensen 1994; Naevdal et al. 2002;
Chen and Zhang 2006; Aanonsen et al. 2009). The EnKF is a Bayesian approach to
model updating and parameter estimation. The method uses Monte Carlo statistics
for merging observation data with forecasts from model simulations to estimate a
range of plausible models. The ensemble of updated models is then used to estimate
the forecast and model parameters, as well as their uncertainty. Thanks to its simple
formulation, its ability to account for measurement errors and model noise, and its
relative ease of implementation for any simulator model, the EnKF has gained
popularity. It requires neither the time-consuming computational handling of a
gradient matrix nor the construction of adjoint equations. It supports efficient
uncertainty assessment and integration of diverse data types. Because the EnKF still
requires many runs—realizations from an ensemble—to provide stable estimates,
its computational effort may be reduced by terminating the EnKF calculations after
having reached a steady Kalman filter (SKF). The SKF is then used for the sub-
sequent forecasts and parameter estimations. The EnKF-SKF approach is appre-
ciably less demanding in computational effort while maintaining stable and reliable
estimates (El Serafy and Mynett 2008).

Although parameters like hydraulic conductivity can be measured directly on the
laboratory scale, they cannot be measured directly on field scales. On such scales,
they have to be determined by groundwater flow models fed with directly and
indirectly measured quantities. Directly measured quantities are, for instance, flow
rates into or out of wells, pressures, or heads measured in wells and observation
wells. Indirectly measured quantities, for instance recharge rates, are determined
indirectly with the aid of models that interpret directly measured data, for instance
meteorological data. In the sequel, indirectly measured data (mainly recharge rates)
will be denoted as “measured” data (i.e., “measured” recharge rates).

Parameters are time-independent by definition. However, they may vary from
point to point in continuous space, or from grid volume to grid volume in dis-
cretized (quantized) space. Because the number of head measurements and flux
“measurements” is limited, it is impossible to find the spatially distributed
parameter field that exists in reality. Instead of finding the only one real parameter
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field, we will generally find equivalent parameter fields, each of which will allow to
match the calculated heads and fluxes to the measured heads and fluxes.

This book deals mainly with the double constraint methodology (DCM) for
inverse modeling. The motivation to develop the DCM was the same as the
motivation for the EnKF-SKF approach: Especially when dealing with big data
models, we have to avoid the adjoint method (a gradient method) because of its
heavy computational burden and/or its required modification of the source code.
Although this book introduces the DCM mainly as a “stand-alone methodology,”
we present arguments why and how the DCM could be applied in combination with
the EnKF-SKF (see Chap. 4, Sect. 4.3.4).

The double constraint methodology (DCM) is based on two forward ground-
water flow models with the same initial hydraulic conductivity: (i) a model in which
known (measured) fluxes are imposed in wells and on the boundary, and (ii) a
model in which known (measured) heads are imposed in wells—including the
observation wells—and on the boundary. The difference between head and flux
obtained by the two models is then used to update the initial hydraulic conductivity.
In this approach, Darcy’s law is applied directly using heads that are estimated by a
“head model” based on the relatively limited measured head data. Therefore, in
view of the definition of direct methods presented by Zhou et al. (2014), it is better
to characterize this method as an “indirect direct inversion method.” A similar
method was also tested as an approach to upscale hydraulic conductivities (Warren
and Price 1961; Durlofsky 1991; Trykozko et al. 2001; Zijl and Trykozko 2001).

Like conventional gradient methods, DCM is based on minimization. To avoid
the occurrence of negative hydraulic conductivities, DCM is formulated in terms of
the square root of the hydraulic conductivity (in short the sqrt-conductivity).
DCM’s computational complexity is relatively modest compared to conventional
approaches, even if each grid volume in a numerical model is considered as a zone
with its own hydraulic conductivity (El-Rawy et al. 2015).

The inspiration to base the parameter estimation on a second model in which
known (measured) heads are imposed came from groundwater flow systems anal-
ysis, in which the head or water table height is prescribed on the model’s top
boundary, rather than the recharge fluxes (Tóth 2009). Compared to the great step
of this flow systems approach to modeling, it was a relatively small step to impose
also the heads in the observation wells, rather than the zero fluxes, which are
“imposed” automatically in the conventional flux model.

The double constraint methodology was first published in the 1980s in the context
of electrical impedance tomography (EIT) for geophysical and medical imaging
(Wexler et al. 1985; Kohn and Vogelius 1987; Wexler 1988; Kohn and McKenney
1990); for more background theory regarding EIT see Borcea (2002, 2003), Borcea
et al. (2003) and Calderón (1980). The name double constraint method was coined
by Yorkey and Webster (1987) and Yorkey et al. (1987), Webster (1990). These
applications are based on finite element methods for electrical potentials and currents
through n-dimensional (n = 2, 3) domains bounded by curved boundaries (e.g., the
skin of a part of the human body). Although the method has been applied in the field
of hydrogeology to simulate groundwater contamination (Tamburi et al. 1988), the
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methodology remained unnoticed in the geoscientific community until it was rein-
vented in the context of petroleum reservoir engineering (Brouwer et al. 2008) and,
later on, in the context of hydrogeology (Trykozko et al. 2008, 2009; El-Rawy et al.
2010, 2011; El-Rawy 2013; El-Rawy et al. 2015, 2016). The subsequent geosci-
entific applications involved artificial numerical or experimental n-dimensional flow
conditions (mostly with n = 2) flow in rectangular domains. Wexler et al. (1985) and
Wexler (1988) found DCM to be promising; the method does not diverge, but
convergence was sensitive to noise. Kohn and Vogelius (1987) proposed some
numerical improvements, the most important one a DCM formulation that avoids
negative (unrealistic) conductivity values. Tests by Kohn and McKenney (1990) still
showed convergence instability (oscillations) when there is noise in the data. Kohn
and McKenney (1990) concluded that it is not desirable to continue DCM iterations
up to stable convergence; earlier termination has a smoothing effect on instabilities
and is generally sufficiently accurate. Also, the DCM application described by
Yorkey and Webster (1987) and Yorkey et al. (1987) showed similar convergence
behavior. Brouwer et al. (2008) applied DCM in petroleum reservoir engineering to
estimate permeability fields from pressure and flow rate measurements in wells.
These tests involved the reconstruction of synthetic two-dimensional spatially cor-
related permeability fields and showed that DCM performs well in a few iterations
near the wells while uncertainty remains in the regions further away from the wells.
Brouwer et al. (2008) compared the thus-obtained permeabilities with the perme-
abilities obtained by the ensemble Kalman filter (EnKF). This comparison was also
the starting point for application of the Kalman filter in combination with the DCM
to obtain estimation uncertainties (see Chap. 4, Sects. 4.2 and 4.3 and Chap. 5).
Trykozko et al. (2008, 2009) presented DCM applications for upscaling and
downscaling of synthetic checkerboard hydraulic conductivity patterns and noted
several anomalies as occurrence of negative hydraulic conductivity values or
extremely high hydraulic conductivity values that tend to diverge during the itera-
tions, as well as smoothing of large hydraulic conductivity contrasts, for which they
recommended renormalization. El-Rawy (2013) and El-Rawy et al. (2015) presented
a real-world DCM application (Kleine Nete basin, Belgium) by updating an initially
specified hydraulic conductivity field and found that sufficiently accurate improve-
ments are obtained near the measurement locations after a few iterations, usually 2–5
DCM runs, but no improvement is possible far away from the measurement loca-
tions. They concluded that DCM is much cheaper in computation time and memory
requirements than indirect calibration methods like UCODE or PEST and, therefore,
a valuable tool for calibration of groundwater models. El-Rawy (2013) and El-Rawy
et al. (2016) presented another real-world inverse problem (Schietveld area,
Belgium) with a DCM application very similar as in the previous case. The results
were also very similar; i.e., DCM updates hydraulic conductivities only near the
piezometers, while locations far away from the piezometers are hardly influenced.
They also noted that DCM’s better calibration performance is likely due to the
number of degrees of freedom compared to the very limited heterogeneity and
anisotropy patterns allowed by an indirect inversion procedure as UCODE.
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In the double constraint method as presented by El-Rawy (2013) and El-Rawy
et al. (2010, 2011, 2015, 2016), the hydraulic conductivity estimation was
“pointwise” or, more precisely, “grid block wise.” In Chaps. 6 and 7, we present an
interesting extension, namely a zone integrated DCM. The goal of this newer
approach is to enable inverse modeling with limited data, so that hydraulic con-
ductivity estimates can be improved in the whole model domain instead of only
near the observations. In order to do so, the model domain is partitioned in zones
with presumed constant hydraulic conductivity (soft data) and DCM is reformulated
accordingly for calibrating a steady-state groundwater model given a series of
measured heads.

The DCM can be considered as a relatively simple minimization methodology
that is not based on a gradient matrix. In DCM, the objective function to be
minimized is a so-called Darcy residual based on a form of Darcy’s law in which
the square root of the hydraulic conductivity (the sqrt-conductivity) is used as
parameter, rather than the hydraulic conductivity. As a consequence, the DCM
cannot be used to determine all types of parameters. It can only be applied to the
parameters in constitutive laws such as Darcy’s law, Ohm’s law, Fick’s law,
Fourier’s law, Hooke’s law. In addition, these laws have to be embedded in process
equations that lead to a well-posed forward problem for more types of boundary
conditions, as is the case for Darcy’s law embedded in the water balance equation,
which can be solved either with flux boundary conditions, or with head boundary
conditions (for more details see Chap. 2). In the context of hydrogeology also
specific yield, specific storage and dispersion coefficient can be determined by the
DCM, at least in principle. On the other hand, gradient methods, as well as the
ensemble Kalman filter (EnKF) and the steady Kalman filter (SKF), can do the job
of determining any type of parameter.

Although the DCM has not the best convergence properties, it has the advantage
that it improves the initial estimate of the parameters even if this estimate is far
away from the parameters for which the forward model matches the measurements.
Even more importantly, the numerical complexity of handling the minimization
iterations is hardly increasing when the number of spatial measurement points and
parameters to be determined increases. This may lead to acceptable computer
requirements regarding computation time and memory requirements, especially if
multiple inverse modeling runs, e.g., for uncertainty estimation, are required. In
contrast to gradient methods and the EnKF/SKF, the DCM is less prone to
over-smoothing the spatial parameter distribution.

To be more specific, the double constraint methodology is based on two models.
One model—the “flux model”—uses as many boundary fluxes as possible, like the
model that is generally used in indirect inversion methods. The other model—the
“head model”—uses as many boundary heads as possible, which means that also
the heads measured in the observation wells have to be imposed. The remainder of
this book is devoted to the presentation and explanation of the double constraint
methodology, as well as the Kalman Filter, which will be used to investigate the
inversion accuracy by sequentially updating the DCM-determined hydraulic con-
ductivities (El-Rawy 2013; El-Rawy et al. 2015).
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This first chapter presents an introduction to the subject matter and some relevant
literature. The second chapter explains how the physical laws of conservation of
mass and conservation of momentum are applied to groundwater flow and enable to
formulate the basic laws of groundwater flow. Special attention is paid to the
parameters that occur in the equations, especially to the hydraulic conductivity and
the important role of its square root. Over-smoothing and under-smoothing of the
hydraulic conductivity field by inversion methods is addressed by considering the
Calderón problem. The third chapter discusses the double constraint methodology
and its different appearances in more detail, with a justification of the method. The
fourth chapter focuses on time-dependent flow. Not only the parameters that play a
role in the time-dependent terms of the equations, but also the decrease in uncer-
tainty when time series of measurements are taken into account are discussed. The
latter point, uncertainty versus observation error, is considered from a Bayesian
point of view by application of the Kalman filter and is exemplified in Chap. 5 for
the case study of the Kleine Nete basin. Chapter 6 presents an extension to the
double constraint method to account for zonation, a popular parameter reduction
technique, which makes it possible to compare the double constraint results with
results obtained from conventional inversion techniques. Also, a brief account of
the comparison with a conventional method for a realistic case is presented. Chapter
7 summarizes the results and presents some directions for further research and
development. Chapters 2, 3, and 4 have a last section with the title beginning with
“In depth: a closer look at …”. These last sections focus more in depth on the
theoretical aspects presented in the previous sections. Reading of these sections is
not necessary for understanding the message of this book, but may be helpful for
the curious reader looking for more background information.

The references at the end of the chapters are not intended to be comprehensive,
but direct the reader to works that can be considered as supporting aids in the
theoretical and practical development of the double constraint methodology.
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