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Abstract

This paper introduces a new qualitative spatial rea-
soning formalism, called Interval Occlusion Calculus
(IOC), that takes into account multiple (distinct) view-
points of a scene. This formalism extends Allen’s In-
terval Algebra by including an interval-based definition
for spatial occlusion.

Introduction
Qualitative spatio-temporal reasoning (QSTR) is a sub-
field of knowledge representation in Artificial Intelligence
whose aim is to develop qualitative representations (and
reasoning methods) involving spatial, temporal or spatio-
temporal aspects of commonsense reasoning, such as spatial
regions, directions, temporal intervals, spatio-temporal his-
tories, among others (Cohn and Renz 2008; Ligozat 2011).

This paper falls within a small subset of QSTR for-
malisms that take into account the observer’s viewpoint ex-
plicitly within their theories (e.g. (Randell, Witkowski, and
Shanahan 2001; Santos 2007) as overviewed below). Most
previous works on viewpoint-dependent QSTR calculi, how-
ever, assume only the representation and inferences related
to the spatial perception of a single agent. In situations in-
volving multiple observers exploring the environment, there
is currently no explicit formalism capable of maintaining
spatial knowledge. In order to cope with this issue, the
present paper reports the development of a multiple-view
spatial reasoning system, based on Allen’s Interval Algebra
(Allen 1983). This formalism, which we call Interval Oc-
clusion Calculus, represents explicitly various distinct view-
points whereby the notions of object occlusion and knowl-
edge sharing between the agents play an important role.

Related Work
Most of the QSTR formalisms that consider an observer
viewpoint have spatial occlusion (or motion parallax) as a
key aspect of their ontology. Spatial occlusion occurs when
an object interposes between another with respect to an ob-
server’s viewpoint; it is considered as one of the cues used
by the human perceptual system to construct a 3D interpreta-
tion of the visual world (Randell, Witkowski, and Shanahan
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2001). Perhaps the first qualitative formalisation of spatial
occlusion was proposed in (Petrov and Kuzmin 1996) where
a set of axioms is designed to constrain a point-based no-
tion of occlusion. Assuming 2D convex objects, rather than
points, (Galton 1994) proposes the Lines-of-Sight calculus
that represents the relative positions between pairs of bodies
as seen from a viewpoint. Based on this idea, the Region Oc-
clusion Calculus (Randell, Witkowski, and Shanahan 2001)
defines occlusion and image parallax within a mereotopo-
logical theory. The work described in (Villemaire and Hall
2012) proposes a modal logic on binary relations represent-
ing regions that are in the foreground/background with re-
spect to one another. More recently, (Guha, Mukerjee, and
Venkatesh 2011) proposed a set of 14 occlusion relations
making explicit the distinctions of whether the observed ob-
jects are fragmented or not, and whether the occluder is a
moving object or part of the background. Closer to the work
described in this paper, (Edwards and Ligozat 2004) com-
bines the cardinal location of objects as observed by multi-
ple viewpoints by means of constraint satisfaction.

Allen’s Interval Algebra
Allen’s interval algebra (Allen 1983) is defined by a set of 13
jointly-exhaustive and pairwise-disjoint base relations repre-
senting the possible relation between pairs of time intervals.
Given two time intervals, x and y, the Allen interval rela-
tions are shown in Figure 1:

Figure 1: Allen’s Relations (adapted from (Ligozat 2011)).

The set of Allen’s base relations defines the structure lat-
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tice shown in Figure 2.

Figure 2: Allen Interval Algebra Lattice

Viewpoints within Allen’s relations
We consider two kinds of entities living in the Euclidean
plane: objects and observers. Both objects and observers are
considered as rigid, convex, bodies. Objects can be identi-
fied by the 2D position of their centroids. Observers are rep-
resented as pairs σi = (xi, νi), where xi is a 2D position
(the localisation of the observer’s centroid) and νi is an unit
vector representing the observer’s orientation. In this paper
we refer to an observer as a viewpoint using the variables σi

(i ∈ N), thus a viewpoint variable has implicit the observer’s
location (xi) and its orientation (νi). It is worth pointing out
that, as observers have an extended geometry (like any other
object), any observer is perceived as an object when located
within the field of view of another viewpoint.

We define the field of view of a viewpoint σ as the half
plane that includes σ and whose boundary line is perpen-
dicular to σ’s direction (i.e. the observer’s field of view are
within the interval [−90◦,+90◦] from its direction of gaze)1.

Objects in the world are perceived by observers by means
of a mapping function image(x, σ) that maps an object x
to its image as seen from the viewpoint σ. An image of an
object from a viewpoint σ is defined as the set of projected
half-lines originating at σ, and contained in σ’s field of view,
that intersects the object (Randell, Witkowski, and Shanahan
2001). In a 2D world, images are intervals defined by the ex-
treme points of observed objects projected on an observer’s
image plane. Note that this definition implies that the in-
tervals representing observed objects are segments defined
on a semi-circle, not on a straight line (cf. Figure 3). We
also assume a clockwise orientation on these semi-circles.
Figure 3 shows an example of the images of two circular
objects seen from a viewpoint σ, whereby the objects are
perceived as the projections (a and b) of the intervals linking
the extreme points of A and B. I.e. a = image(A, σ) and
b = image(B, σ). In this example, the observer σ perceives
segments a and b as a preceding b, as defined below.

In this paper we assume that each viewpoint is capable
of describing the relations between objects that are visi-
ble within its field of view. This description is provided by
the function observation(σ), that maps a viewpoint to a
set of relations between all the objects that are within σ’s
field of view. Note that a viewpoint σ is an abbreviation

1Choosing a 180◦ field of view was arbitrary, assuming a nar-
rower field of view would not cause much change in the theory
presented in this paper.

Figure 3: Two circular objects A and B and a viewpoint σ.
The dashed lines represent the lines of sight.

for the observer’s position and orientation, thus the function
observation(σ) takes into account these two variables.

In this work the observations made from a viewpoint are
available to the other viewpoints (through exchange of infor-
mation between the agents). Thus the knowledge is not com-
partmentalised by the viewpoints but shared among them.
This is accomplished by a process of translating the do-
main descriptions obtained from one point of view to the
others, assuming that the locations and orientations of the
viewpoints are known to all observers. This is accomplished
by the function translation(σi, σj) that takes the set of re-
lations in observation(σi) and translates them to σj’s per-
spective. Take, for instance, the situation shown in Fig. 4,
for two observers σ1 and σ2, two objects A and B, and
four intervals: a = image(A, σ1), b = image(B, σ1),
a′ = image(A, σ2) and b′ = image(B, σ2), then
observation(σ1) = {a p b} and translation(σ1, σ2) =
{a′ pi b′} (in this example, translation(σ1, σ2) is equal
to observation(σ2) but that is not always the case, spe-
cially considering occluded, or hidden, objects). To avoid
self-referent descriptions, the observations made by a view-
point σj of another viewpoint σi will not be translated to σi

itself.

Figure 4: Simple translation between viewpoints σ1 and σ2.

The description of the environment provided by
observation(σ) will be given in terms of the relations on
the intervals that represent the projections of observed ob-
jects on a semi-circle defining σ’s field of view (cf. Figure
3). We call such sets the horizontal views of a viewpoint σ
(σh). Descriptions from other viewpoints may contribute to
σh, but they may also carry information from an orthogonal
direction to σh, that we call depth view of σ (σd).

In this paper, the descriptions provided by
observation(σi) and translation(σi, σj) for any view-
points σi and σj have the same importance. In future work,
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we shall include the notion of trust in order to assign
distinct weights to observations according to how reliable a
viewpoint is.

From the basic definitions described above, reasoning
from multiple viewpoints can be accomplished using an
extension of Allen’s interval calculus that takes into ac-
count the relationship between intervals in a two dimen-
sional space. We call this extension the Interval Occlusion
Calculus (IOC) and it is introduced in the next section.

Interval Occlusion Calculus
Informally, the basic relations of the Interval Occlusion Cal-
culus (IOC) can be understood as a description of the qual-
itative distinctions between the observation of pairs of ob-
jects, given the object’s lines of sight (Galton 1994), as
shown in Figure 5. For instance, assuming that a viewpoint
σ is oriented so that two objects A and B are within its field
of view, and a = image(A, σ) and b = image(B, σ), if σ is
standing on the region marked by p (as shown in Fig. 5) then
it will see that a precedes b; if σ is, instead, located on top of
the line marked m, it will see that a meets b; a viewpoint on
region o+ will see that a overlaps and is in front of b and so
forth. On the region between objects A and B, a viewpoint
oriented to the top of the page will see that a precedes b; one
oriented to the bottom of the page will see that b precedes
a. Note that a similar diagram (as shown in Fig. 5) can be
defined for every pair of objects. Thus, the qualification of
any number of objects can be given by describing the rela-
tions between every pair of objects. The formal definitions
of these relations rely on the concept of layered intervals as
defined below.

Figure 5: The lines of sight between two objects A and B
and the basic relations of the Interval Occlusion Calculus

Let L be a linear ordering. A layered interval I is de-
fined as I = (Ia, �), where Ia is an interval, i.e. a pair
Ia = (x1, x2) of real numbers, where x1 < x2: x1 is the
lower limit of I , and x2 is its upper limit; and, � is the level
of I , representing a linear ordering of intervals as observed
from a viewpoint (� ∈ L). We assume two functions on lay-
ered intervals: the function ext(I) that maps a layered inter-
val I to its extent (i.e. its the upper and lower limits) and the
function �(I) that maps a layered interval I to its layer.

In this work, every distinct interval has a distinct � associ-
ated, and the ordering of the intervals w.r.t � represents their

proximity to the observer (the closer an object is to the ob-
server, the greater is its associated �).

With the definition of layered interval we can now for-
mally define the relations of the Interval Occlusion Calculus
in terms of Allen’s interval relations. In the definitions be-
low, the original Allen’s relations are assigned a subscript a.
Given two intervals I and J , as perceived by a viewpoint σ,
the IOC relations are defined as follows (for brevity, we do
not describe the inverse relations):

• I p J , read as “I precedes J from σ” iff
ext(I) pa ext(J);

• I m J , read as “I meets J from σ” iff ext(I) ma ext(J);

• I o+ J , read as “I overlaps and is in front of J from σ”
iff ext(I) oa ext(J) and �(I) > �(J);

• I o− J , read as “I overlaps J and is J is in front of I
from σ” iff ext(I) oa ext(J) and �(I) < �(J);

– o+ (o−) can also be read as “partially occludes” (“is
partially occluded”);

• I s+ J , read as “I starts and is in front of J from σ” iff
ext(I) sa ext(J) and �(I) > �(J);

• I s− J , read as “I starts J and J is in front of I from σ”
iff ext(I) sa ext(J) and �(I) < �(J);

• I d+ J , read as “I is during and is in front of J from σ”
iff ext(I) da ext(J) and �(I) > �(J);

• I d− J , read as “I is during J and J is in front of I from
σ” iff ext(I) da ext(J) and �(I) < �(J);

• I f+ J , read as “I finishes and is in front of J from σ”
iff ext(I) fa ext(J) and �(I) > �(J);

• I f− J , read as “I finishes J and J is in front of I from
σ” iff ext(I) fa ext(J) and �(I) < �(J);

• I c+ J , read as “I coincides with and is in front of J from
σ” iff ext(I) eqa ext(J) and �(I) > �(J);

• I c− J , read as “I coincides with J and J is in front of I
from σ” iff ext(I) eqa ext(J) and �(I) < �(J);

• I eq J , read as “I is equal to J from σ” iff
ext(I) eqa ext(J) and �(I) = �(J).

The relation eq is reflexive, symmetric and transitive.
Note that the information about layers in the intervals are

only effectively used when the related objects are in an oc-
clusion state.

The set of basic relations of the Interval Occlusion Calcu-
lus defines the lattice represented in Figure 6.

From the basic relations above, it is possible to define total
occlusion as the disjunction of starts, during, finishes and
coincides.

As in this work we are mostly interested in formalising
spatial interposition (or occlusion), the relative sizes of the
intervals were abstracted away. The interval sizes could be
considered by using the INDU calculus (Pujari, Kumari, and
Sattar 1999), instead of Allen’s algebra, as the underlying
theory. This issue is outside the scope of the present paper.
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Figure 6: Interval Occlusion Calculus Lattice

Conclusion
This paper is concerned with two issues: occlusion and mul-
tiple viewpoints. Occlusion prevents sensors from access-
ing part of the objects present in a scene. Multiple view-
points result in distinct observers of the same scene provid-
ing distinct descriptions of what they observe.

In this paper we described an extension of the Allen’s In-
terval Algebra (called Interval Occlusion Calculus - IOC)
to provide a rigorous account for both issues. Occlusion, in
this context, is represented as relations within a layered set
of intervals.

An issue for future work is extending the formalism pre-
sented in this paper to represent 3D objects. For convex ob-
jects in the 3D space, an occlusion version of the Rectangle
calculus (Cohn and Renz 2008; Ligozat 2011) could be used.
In this calculus, relations corresponding to rectangles whose
intersections are of dimension 2 would have a + and a −
version.
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