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Abstract Freshwater lenses within riparian zones of some arid and semiarid settings assist in
maintaining the health of riparian ecosystems. We propose an approach for expanding freshwater
lenses in saline aquifers adjacent to gaining rivers through the addition of a vertical barrier of
low‐hydraulic‐conductivity (low‐K) parallel to the river bank. Sharp‐interface analytical solutions for the
lens shape and water table distribution are developed to examine the effectiveness of the proposed method
and are verified using sand tank experiments and numerical simulations. The sensitivity analysis is used to
apply the method to parameters typical of the Lower River Murray (South Australia) and its floodplain
aquifers. The results show that the barrier can create significant freshwater lenses in head‐controlled
systems, whereas the barrier may lead to lens shrinkage in flux‐controlled systems due to saline water table
rise. That is, the effectiveness of the barrier is highly dependent on the inland boundary condition. The
analytical solution presented herein can be used to efficiently predict the riparian freshwater lens extent in
response to engineered barriers, adding to existing techniques for studying and modifying riparian
freshwater lenses.

1. Introduction

Freshwater lenses are most commonly encountered in coastal aquifers, where the underlying saltwater is
derived from the sea (e.g., Underwood et al., 1992; Werner et al., 2013). However, buoyant freshwater lenses
can occur in riparian zones and within floodplains adjoining freshwater rivers traversing saline aquifers,
which are often found in arid or semiarid regions (e.g., Cartwright et al., 2010; Cendón et al., 2010; Laattoe
et al., 2017; Werner & Laattoe, 2016). Saline groundwater in these regions is caused by high annual potential
evaporation that exceeds significantly the annual precipitation (Alaghmand et al., 2013; Bauer et al., 2006;
Cartwright et al., 2010). We refer herein to freshwater lenses in these settings as “riparian lenses.”

The first account of riparian freshwater lenses is the analysis of Brooker and Townley (1994), who examined
flow through levees separating fluids of different densities. Subsequently, Kacimov et al. (2011) developed
solutions to LNAPL plumes with similar structure to riparian freshwater lenses. Generally, the occurrence
of riparian lenses is dependent on the nature of groundwater‐river interactions, for example, whether the
river is losing or gaining. The occurrence of riparian lenses under losing river conditions has been studied
by Cartwright et al. (2010), Alaghmand et al. (2014), and Alaghmand et al. (2015). Their field sites were semi-
arid floodplains adjacent to the River Murray (Australia). Riparian lenses adjacent to gaining river reaches
are more challenging to identify, although Munday et al. (2006) encountered riparian lenses from geophysi-
cal surveys of the Bookpurnong floodplain (River Murray, Australia), where the adjacent river is gaining.
The occurrence of stable riparian lenses under gaining river conditions is counterintuitive, because hydrau-
lic and density forces (i.e., that accompany saline groundwater juxtaposed to fresh river water) would be
expected to suppress any discharge of river water into the adjacent aquifer, that is, needed to create a stable
freshwater lens. However, Werner and Laattoe (2016) showed that gaining river riparian lenses are caused
by buoyancy effects, where they incorporated into an analytical solution for the shape of the lens under gain-
ing river conditions. Their solution drew on a theory used in studying the extent of seawater in coastal aqui-
fers. Laboratory experimentation by Werner et al. (2016) verified the applicability of the Werner and Laattoe
(2016) analytical solution, at least under controlled sand tank conditions.
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Due to extensive human activities, the water quality of the Murray‐Darling River (MDR) system
declined under increased discharge of saline groundwater into floodplain and riverine systems (Evans,
1989; Allison et al., 1990; Ghassemi et al., 1991). The reduced frequency and duration of flooding of
MDR floodplain areas has added to the salinity stresses and led to widespread environmental degrada-
tion. These impacts arise from land clearing, irrigation development, river regulation, and river water
extraction for agricultural, industrial, and human water demands (Allison et al., 1990; Barrett et al.,
2002; Cartwright et al., 2010). The rise in the regional water table due to enhanced recharge under irri-
gation in areas adjacent to the MDR is expected to cause riparian lenses to shrink (Cartwright et al.,
2010). Severe droughts are also important in affecting the health of MDR ecosystems (e.g., Cartwright
et al., 2011; Mosley et al., 2012).

In light of the human‐induced stresses on the MDR, riparian lenses provide important sources of freshwater
to support salinity‐sensitive riparian and floodplain ecosystems, and likely influence river water quality dur-
ing low‐flow periods (e.g., Telfer et al., 2012). For example, Holland et al. (2009) found that riparian lens
extent (in this case, thought to derive from bank recharge) controls the health of vegetation on the
Chowilla floodplain (lower Murray River, south‐eastern Australia), which is a semiarid floodplain that hosts
wetlands of high groundwater dependency. The need to manage MDR riparian lenses in the face of human‐
induced impacts has been well recognized. For example, three different methods for managing floodplain
groundwater aimed to improve vegetation health have been trialed at the Bookpurnong floodplain, includ-
ing the injection of fresh river water into the floodplain aquifer, artificial flood inundation, and saline
groundwater extraction (Berens, White, Rammers, et al., 2009, Berens, White, and Souter, 2009; White
et al., 2009; Alaghmand et al., 2013; Alaghmand et al., 2015; Alaghmand et al., 2016). Berens, White, and
Souter (2009) found that the most successful intervention strategy was to induce lateral aquifer recharge
from the river by extracting saline groundwater from the floodplain, thereby creating a freshwater lens to
improve the subsurface salinities and benefit salinity‐stressed floodplain vegetation. The injection trial failed
to develop a significant freshwater lens due to poor injection yields (Berens et al., 2013). Although pumping
saline groundwater can lead to wider riparian lenses, the costs of long‐term saline groundwater extraction
and removal are significant. Other strategies for expanding riparian lenses should be sought.

This study explores the effect of a vertical barrier of low‐hydraulic‐conductivity (K) on flow and density‐
dependent transport within floodplain aquifers, to inform the feasibility of permeable barrier construction
for enhancing the riparian lens extent. The proposed technique is based on artificial modification of aquifer
K and has been used to delay or prevent seawater intrusion in coastal settings (e.g., Lu et al., 2019; Mahesha,
2009; Strack et al., 2016; Sugio et al., 1987). Embedding a low‐K barrier into a floodplain setting is expected to
restrict the flow of saline groundwater toward the river, thereby allowing the lens to grow under the actions
of buoyancy that have been described by Werner and Laattoe (2016). The system is explored by first deriving
analytical solutions for the riparian lens extent with the low‐K barrier in place. This builds on the previous
riparian lens analytical solution of Werner and Laattoe (2016). Sand tank laboratory experiments are per-
formed to confirm the validity of the proposed analytical solutions and to provide insight into factors not
considered in the analytical solution, such as dispersion and circulation within the freshwater lens (e.g.,
Werner, 2017). Moreover, the numerical validations of the proposed analytical solutions are included in
our investigations, using the parameters measured in the laboratory experiments.

In previous field‐based studies of floodplain and riparian settings, the inland boundary condition has typi-
cally been assumed to be a constant head (e.g., Alaghmand et al., 2013; Alaghmand et al., 2014; Bauer
et al., 2006) because of challenges in obtaining accurate groundwater‐flux values. However, Werner and
Simmons (2009), who compared head‐controlled (i.e., constant‐head inland boundary condition) and flux‐
controlled (i.e., constant‐flux inland boundary condition) situations in their analysis of sea‐level rise impacts
on coastal aquifers, indicated that flux‐controlled situations are also commonly encountered in field settings.
Lu et al. (2013), Lu and Luo (2014), and Lu et al. (2015) highlighted the importance of the inland boundary
selection on evaluating the vulnerability of a coastal aquifer to pumping and sea‐level rise. Therefore, two
alternative inland boundary conditions will be tested in the current study: constant flux and constant head,
because both are plausible depending on the physical characteristics of the floodplain‐aquifer setting (e.g.,
Telfer et al., 2012). Specifically, a flux‐controlled situation is one where the saltwater discharge to the river
is controlled by aquifer conditions beyond the floodplain, such that a low‐K barrier does not modify river-
ward saltwater discharge. Head‐controlled situations are ones where saltwater discharge toward the river
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is reduced by installing a low‐K barrier. In this latter scenario, the reduction in saltwater flux to the river is
attributable to an increase in saltwater discharge elsewhere in the system, for example, due to increased
evaporation or discharge to surface features.

2. Conceptual Model

The current study adopts a conceptual model of a cross section containing a riparian lens that floats on saline
groundwater, as illustrated in Figure 1. Steady‐state and sharp‐interface assumptions are adopted such that
the riparian lens is stable and contains immobile (stagnant) fresh groundwater (i.e., with a horizontal, fresh
water table; see Figure 1), and dispersive effects are ignored (Werner & Laattoe, 2016). Land surface pro-
cesses, such as flooding, evapotranspiration, and recharge are neglected. Saline groundwater flows toward
the river within an idealized unconfined aquifer (i.e., homogeneous, isotropic, and uniform geometry) at a
rate qs [L2/T]. The unmodified situation is one of uniform aquifer hydraulic conductivity, Ka [L/T]
(Figure 1a). The K of the barrier is denoted as Kb [L/T] and its thickness is Bb (Figure 1b). The aquifer and
river are connected through riverbed material, which is treated as a vertical resistive layer of hydraulic con-
ductivity Kr [L/T] and thickness Br, following the approach of Werner and Laattoe (2016).

Other variables of relevance in Figure 1 include xb1 and xb2 [L], which denote the distances of the right (i.e.,
point B1 in Figure 1b) and left (i.e., point B2 in Figure 1b) side of the barrier from the edge of the riverbed,
respectively. The origin of the x and z axes is shown in Figure 1. The lateral lens extent is denoted as xL
(i.e., point L in Figure 1b). The riparian lens thickness (ηf) and saltwater thickness (ηs) vary with distance
x from the edge of the riverbed. The respective thicknesses adjacent to the riverbed are ηfr and ηsr. The den-
sities of freshwater and saltwater are ρf [M/L3] and ρs [M/L3], respectively. The distance between the riv-
erbed and the inland boundary is xB (i.e., point B in Figure 1b). The saltwater thickness at the inland

Figure 1. Schematic of a riparian lens adjacent to a fully penetrating freshwater river in (a) an unmodified aquifer and (b)
a modified aquifer containing a low‐K barrier.
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boundary is ηB [L], and ηr [L] is the constant river water level.
Note that the river contains freshwater across its entire depth (Werner
& Laattoe, 2016).

3. Analytical Derivation

Considering two distances from the riverbed (x1 and x2, with correspond-
ing saltwater thicknesses ηs1 and ηs2), the governing equation relating
saltwater discharge to saltwater thickness below the riparian lens can be
expressed as (Werner & Laattoe, 2016)

qs x2−x1ð Þ ¼ −K 1−
ρf
ρs

� �
η2s2
2
−
η2s1
2

� �
0≤x1≤x2≤xLð Þ: (1)

The saltwater thickness in areas beyond the lens extent is given by
(Werner & Laattoe, 2016)

qs x2−x1ð Þ ¼ −K
η2s2
2
−
η2s1
2

� �
xL≤x1≤x2ð Þ : (2)

Combining equations (1) and (2) and noting that at x = xL, ηs = ηr, we get
(Werner & Laattoe, 2016)

qs x2−x1ð Þ ¼ −K
η2s2
2
−

ρf
ρs

� �
η2r
2
− 1−

ρf
ρs

� �
η2s1
2

� �
0≤x1≤xL≤x2ð Þ : (3)

Werner and Laattoe (2016), based on Darcy's Law, derived the saltwater
thickness ηsr adjacent to the riverbed as

ηsr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
2Brqs
Kr

ρs
ρs−ρf

� �s
; (4)

showing that ηsr is independent of Ka (for a given qs). It follows that equa-
tion (4) can be applied to an aquifer within which there exists a low‐K bar-
rier (e.g., Figure 1b).

Analytical solutions for the riparian lens in aquifers containing low‐K barriers need to account for the loca-
tion of the barrier with respect to the riparian lens tip location (i.e., the position where the interface between
freshwater and saltwater intersects the water table). There are three different scenarios of the tip location
relative to the barrier location (Figure 2): (a) the tip located farther from the river than the low‐K barrier
(Scenario 1; xb2 ≤ xL), (b) the tip occurs in the low‐K barrier (Scenario 2; xb1 ≤ xL ≤ xb2), and (c) the tip
located closer to the river than the low‐K barrier (Scenario 3; xL ≤ xb1). For the sake of conciseness, only
the derivation of the analytical solution for Scenario 3 is shown here. Analytical solutions for Scenarios 1
and 2 are derived using a similar method to that required for Scenario 3, as shown in Appendix A.

In Scenario 3, substituting xB and xb2 with corresponding saltwater thicknesses ηB and ηb2 into
equation (2) produces

qs xB−xb2ð Þ ¼ −Ka
η2B
2
−
η2b2
2

� �
: (5)

Similarly, for xb1 and xb2, we can define

Figure 2. Three scenarios for the riparian lens tip location: (a) on the left
side of the low‐K barrier (Scenario 1; xb2 ≤ xL), (b) in the low‐K barrier
(Scenario 2; xb1 ≤ xL ≤ xb2), and (c) on the right side of the low‐K barrier
(Scenario 3; xL ≤ xb1).
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qs xb2−xb1ð Þ ¼ −Kb
η2b2
2

−
η2b1
2

� �
: (6)

Substituting ηsr (see equation (4)) adjoining the riverbed into equation (3) and noting that at x= xb1, ηs = ηb1
and at x = xL, ηs = ηr, produce

qs xb1 þ Ka
Br

Kr

� �
¼ Ka

ρf
ρs

η2r
2
−
η2b1
2

� �
; (7)

qs xL þ Ka
Br

Kr

� �
¼ −Ka 1−

ρf
ρs

� �
η2r
2
: (8)

Assuming a fixed ηB (constant‐head boundary), xL can be determined through equations (5) to (8) by elim-
inating unknown variables (e.g., qs, xb2, ηb1, and ηb2) and combining xb2 = xb1 + Bb, as

xL ¼ α−1ð Þ Kb
′−1

� �
Bb þ β−1ð ÞKr

′Br þ α−1ð ÞxB
α−β

; (9)

where α ¼ ρf
ρs
, β ¼ ηB

ηr

� �2
, Kb

′ ¼ Ka
Kb
, and Kr

′ ¼ Ka
Kr
. Equation (9) reveals that in Scenario 3, xL is independent of

the distance between the low‐K barrier and the riverbed. Substituting equation (9) into equation (8) and rear-
ranging in terms of qs produce

qs ¼
Ka αη2r−η

2
B

� �
2 Kb

′−1
� �

Bb þ Kr
′Br þ xB

� � : (10)

It should be noted that in all scenarios, qs follows the same expression. Adopting x1 as 0, x2 as x, ηs1 as ηsr, and
ηs2 as ηs and replacing ηsr with equation (4) and qs with equation (10) in equation (1), the thickness of salt-
water ηs below the riparian lens can be expressed as

ηs ¼ I

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x þ Kr

′Br
� �

γ

s
0≤x≤xLð Þ ; (11)

where I ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2B−αη

2
rð Þ

1−αð Þ

r
and γ= (xB+(Kb '− 1)Bb+Kr'Br). Similarly, we can obtain ηs of other distance intervals as

ηs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ1x þ χ2ð Þ

γ

s
xL≤x≤xb1ð Þ ; (12)

ηs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ1 Kb

′x− Kb
′−1

� �
xb1

� �þ χ2
� �

γ

s
xb1≤x≤xb2ð Þ ; (13)

ηs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ1x þ χ3ð Þ

γ

s
xb2≤x≤xBð Þ ; (14)

where χ1 ¼ η2B−αη
2
r , χ2 ¼ Kb

′−1
� �

αBbη2r þ Kr
′Brη2B þ αxBη2B, and χ3 ¼ Kb

′−1
� �

Bbη2a þ Kr
′Brη2B þ αxBη2B.

The solution for constant‐flux inland boundary conditions was obtained by eliminating ηB from the ηB‐qs
relationship of equation (10) as follows. Rearranging Equation (10) in terms of ηB gives

ηB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αη2r−

2qs Kb
′−1

� �
Bb þ BrKr

′ þ xB
� �

Ka

s
: (15)
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Substituting equation (15) into equation (9) produces xL under a constant‐flux inland boundary condition:

xL ¼ Ka α−1ð Þη2r
2qs

−Kr
′Br: (16)

Expressions for ηs for a constant‐flux inland boundary condition (and for Scenario 3) can be obtained by sub-
stituting equation (15) into equations (11) to (14):

ηs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
2qs x þ Kr

′Br
� �
Ka 1−αð Þ

s
x≤xLð Þ ; (17)

ηs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αη2r−

2qs x þ Kr
′Br

� �
Ka

s
xL≤x≤xb1ð Þ ; (18)

ηs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αη2r−

2qs Kb
′x− Kb

′−1
� �

xb1 þ Kr
′Br

� �
Ka

s
xb1≤x≤xb2ð Þ ; (19)

ηs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αη2r−

2qs x þ Kb
′−1

� �
Bb þ Kr

′Br
� �

Ka

s
xb2≤x≤xBð Þ : (20)

The top of the riparian lens (i.e., the fresh water table) is equal to the river water level, ηr (i.e., due to the
assumption of stagnant water in the lens), and is equal to the top of the saltwater region at the freshwater
lens tip (i.e., at x = xL). The volume of the riparian lens per unit length of river is therefore determined by

V f ¼ ∫
x¼xL
x¼0 ηr−ηsð Þdx; (21)

where ηs is given in equations (12) and (17) for head‐controlled and flux‐controlled systems, respectively.
The integral of equation (21) herein is easy to obtain, since the expressions of ηs are elementary functions.

4. Experimental and Numerical Verification

Laboratory experiments were conducted to verify the new riparian lens analytical solutions. The sand tank
used for physical experiments is shown in Figure 3. The tank dimensions were 1,300 mm long, 339 mm high,
and 30 mm wide. Two fluid reservoirs represented the riverine and inland boundaries of the unconfined
aquifer (freshwater on the left and saltwater on the right), which connected to the sand through 7 mm thick
screens covered with fine mesh. The horizontal lengths of the reservoirs were 45 mm, leaving 1,196 mm in
length for the aquifer. Inflow to the freshwater reservoir occurred from a constant‐head tank, which was
connected to the reservoir through 25 mm internal diameter tubing. The bottom of the freshwater

Figure 3. Schematic diagram of the sand tank used in laboratory experiments.
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reservoir drained mixed water at a controlled rate, thereby ensuring a relatively constant freshwater density
and water level, reflecting the flushing effect of a flowing freshwater river. Saltwater inflow to the right‐hand
reservoir was supplied by a constant‐flux pump. Outflow from the saltwater reservoir occurred at a fixed
elevation to maintain a constant head. The water levels of the freshwater and saltwater reservoirs were
240 and 251 mm, respectively. The experimental setup reflected head‐controlled conditions.

The densities of saltwater and freshwater measured with a calibrated pycnometer were 1,037.0 and 999.9
kg/m3, respectively. Saltwater was produced by dissolving 51.8 kg of sodium chloride (NaCl) into 1,000.1
kg of freshwater at 25 °C. Tracer dye (Allura Red AC) was added to the saltwater for visualization. The tank
was filled with sand to a depth of 329 mm. The low‐K barrier had dimensions of Bb = 60 and xb1 = 800 mm.
The K values for coarse and fine sand used in the experiment were 835 and 39 m/day, respectively, which
were determined in Darcy column tests. The equivalent K of the “riverbed” (outlet screens), Kr, was assigned
the value κΚa, where κ was the ratio of the screen area to the cross‐sectional area of the sand tank (Werner
et al., 2016). Taking κ as 0.28 gave Kr = 234 m/day.

Numerical simulations using SEAWAT‐2000 (Guo & Langevin, 2002) were performed to validate the pro-
posed analytical solution, adopting the parameters measured in laboratory experiments. The sand tank
dimensions were divided into a grid of 24,960 cells (5 mm long by 2.5 mm deep by 30 mm wide), which
was designed to achieve a balance between model run times and accuracy. The freshwater reservoir was
simulated via the General‐Head Boundary package, while the saltwater reservoir was represented by the
specific‐head and concentration boundary condition (Werner et al., 2016). Moreover, the dispersive effects
were ignored in all simulated cases (i.e., both longitudinal and transverse dispersivities were 0 m).

The steady‐state freshwater lenses of a homogeneous aquifer and an aquifer containing a low‐K barrier from
the laboratory experiments are shown in Figure 4, which also illustrates the analytical solution results
obtained using the equations of section 3, and the results of the corresponding numerical simulations.
Relatively sharp freshwater‐saltwater interfaces developed in the experiments, consistent with the analytical
assumption of immiscible fluids. The match between the analytical solution and the experimental results
was extremely close for both cases, except the interface location adjacent the freshwater reservoir (particu-
larly after barrier construction; see Figure 4b), where the shape of the phreatic surface predicted by Dupuit‐

Figure 4. Comparison of experimental, analytical, and numerical results for (a) an unmodified aquifer and (b) an aquifer
containing a low‐K barrier. The blue and pink solid lines represent the calculated analytical solutions for the top of the
freshwater and saltwater regions, respectively, while the green dashed lines represent the salinity contours of 0.5 isochlor
from the corresponding numerical simulations.
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Forchheimer theory is different from that in the potential solution of Polubarinova‐Kochina (1962).
Additional numerical verifications of the proposed analytical solutions (with respect to the different
values of Kb) were included in the supporting information, which indicated that the proposed analytical
solutions can reasonably capture the characteristics of the modified riparian lenses.

The water table in the sand tank experiments was difficult to ascertain due to capillary effects, which caused
the upper limit of the dye tracer to occur above the water table predicted by the analytical solution. Saltwater
fluxes from the experiment, before and after barrier construction, were measured as 2.63 and 1.32 m2/day,
respectively, while saltwater fluxes calculated by equation (10) are correspondingly 2.55 and 1.27 m2/day.
Experimental and theoretical values are reasonably well matched, and differences are likely attributable
to the experimental errors and factors not considered in the theory, such as dispersive mixing. The saltwater
fluxes from the numerical simulations, before and after barrier construction, were respectively 2.67 and 1.33
m2/day, which were slightly higher than the corresponding saltwater fluxes calculated by equation (10). The
mismatch between numerical and analytical values may be ascribable to uncertain numerical errors, such as
the artificial numerical dispersion that is unavoidable in applying SEAWAT with all dispersion parameters
set to zero (see Werner et al., 2016).

5. Sensitivity Analysis

The sensitivity analysis was used to explore the effect of key parameters on riparian lens characteristics: xL
and Vf. These included Kb, Bb, xb1, ηB, and qs. A base case was devised that has parameters typical of the
lower River Murray (South Australia) and its floodplain aquifers (e.g., Werner & Laattoe, 2016; see
Table 1). Subsurface barrier properties were selected considering coastal aquifer examples, which have the
properties Bb from 0.1 to 1.2 m, and Kb in the range 10−7 to 10−4 m/day (e.g., Ishida et al., 2011;
Pearlman, 1999; Udayakumar & Mayya, 2014). Base case values of Bb and Kb were 0.4 m and 0.002
m/day, respectively, while sensitivity analysis tested Bb and Kb ranges of 0.1 to 0.7 m and 10−7 to 10‐1

m/day, respectively (see Table 1).

In the remainder, symbols with subscript “0,” that is, xL0 and Vf0, represent the unmodified (no low‐K bar-
rier) aquifer, whereas subscript “m” denotes the lens characteristics with the low‐K barrier in place.
Furthermore, “a head‐controlled system”means that the inland boundary was set to the same head in both
unmodified and modified scenarios, while “a flux‐controlled system”means that the same flux was applied
to the inland boundary in both unmodified and modified scenarios.

5.1. Riparian Lens Sensitivity to Barrier Location and Aquifer Characteristics

Figure 5 shows the sensitivities of xL and Vf to xb1, ηB, and qs, using otherwise base case parameters (see
Table 1). Figures 5a and 5b show that xLm and Vfm increase in both the flux‐controlled and head‐controlled
settings as the barrier is shifted further from the river (i.e., increasing xb1), eventually plateauing at a max-
imum lens size. In flux‐controlled systems, the maximum xLm and Vfm are equal to the values obtained

Table 1
River‐Floodplain‐Aquifer Parameters for Typical Conditions of the River Murray in South Australia (e.g., Werner & Laattoe, 2016) and Low‐K Barrier Parameters

Parameter Base case Sensitivity analysis range

Aquifer hydraulic conductivity (Ka) 20 m/day
Water level in river (ηr) 26 m
Saltwater thickness at inland boundary (ηB) in a head‐controlled system 27 m 26 to 28.5 m
Saltwater discharge at inland boundary (qs) in a flux‐controlled system −0.0964 m2/day −0.14 to −0.02 m2/day
Saltwater density (ρs) 1,037 kg/m3

Freshwater density (ρf) 1,000 kg/m3

Distance from riverbed to inland boundary (xB) 6,000 m
Conductance of riverbed (Kr/Br) 0.01 day−1

Low‐K barrier hydraulic conductivity (Kb) 0.002 m/day 10−7 to 10−1 m/day
Low‐K barrier thickness (Bb) 0.4 m 0.1 to 0.7 m
Distance from riverbed to low‐K barrier (xb1) 3,000 m 0 to 5,999 m

Note. Base case and sensitivity analysis ranges are given.
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without the barrier of xL0 = 502 m and Vf0 = 679 m3, respectively. Therefore, the barrier had no useful effect
on flux‐controlled systems, in which the lens was no bigger than it would have been without the barrier. The
maximum xLm and Vfm of head‐controlled systems are 1,753 m (i.e., 3.5xL0) and 5,833 m3 (i.e., 8.6Vf0),
respectively. The largest lenses were obtained when the barrier was placed at distances from the river of
1,753 m or greater under head‐controlled conditions.

The effect of ηB on xL and Vf, including with and without the flow barrier, is shown in Figures 5c and 5d,
respectively. Three different xb1 values were selected to test the influence of the barrier position: xb1 =
500, 1,733 (equal to the maximum xLm from the base case; Figure 5a), and 3,000 m (i.e., the base case).
Increasing ηB reduces both xL0 and Vf0 in the absence of the barrier (green line, Figures 5c and 5d), as
expected from Werner and Laattoe (2016). The addition of the barrier leads to complex curves between
xLm and ηB (Figure 5c). That is, xLm declines sharply with increasing ηB, except that the lens tip encounters
the barrier (i.e., xb1 < xLm < xb2), where xLm is largely unresponsive to changes in ηB (i.e., the near‐horizontal
parts of the ηB − xLm curves in Figure 5c). That is, near‐horizontal parts of the ηB − xLm curves occur where

Figure 5. Sensitivity of (a) xL to xb1, (b) Vf to xb1, (c) xL to ηB, (d) Vf to ηB, (e) xL to qs, and (f) Vf to qs, using base case
parameters as given in Table 1. Solid and dashed lines represent head‐controlled and flux‐controlled settings, respec-
tively, except that the green solid lines represent the quantities in the unmodified (no low‐K barrier) aquifer. Note that
xb2 = xb1 + Bb.
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xLm transitions from Scenario 1 (xb2 < xLm) to Scenario 2 (xb1 < xLm < xb2) to Scenario 3 (xLm < xb1). The
maximum ηB for which there is no lens (i.e., xL and Vf equal zero) increases from 27.3 to 28.2 m with the
addition of the low‐K barrier, independent of the barrier position (Figures 5c and 5d).

Shifting the barrier away from the river (i.e., larger xb1) results in larger lenses (i.e., greater xLm and Vfm; see
Figures 5a and 5b). However, adding a barrier at distances less than the undisturbed lens tip position (i.e., xb1
< xL0) produces less extensive lenses than would otherwise occur without the barrier (i.e., xLm < xL0; see
Figure 5a). A critical value of ηB (26.3, 26.5, and 27.0 m, i.e., where the green line intersects other lines; see
Figure 5c) that leads to xLm = xL0 can be obtained for each value of xb1 (500, 1,753, and 3,000m, respectively),
whereby positive benefits of the low‐K barrier (i.e., xLm > xL0) require higher ηB than critical values.
Conditions under which the low‐K barrier creates less extensive lenses are demonstrated in Figure 5c by
the green line occurring higher (i.e., vertically) than other lines.

Different behavior is apparent in the freshwater lens volume (Vf) responses to low‐K barrier placement
(Figure 5d) compared to that of the lens extent (Figure 5c). For example, adding a low‐K barrier led to more
voluminous lenses for all tested values of ηB where xb1 exceeded 1,753 m (equal to the maximum xLm of the
base case; Figure 5a). However, for xb1 = 500 m, the low‐K barrier leads to more voluminous lenses (i.e., Vfm

> Vf0) only when ηB > 26.6 m, otherwise the barrier leads to smaller‐volume lenses (red line lower than the
green line, Figure 5d).

Figures 5e and 5f show the effect of qs on xL and Vf, respectively, including with or without the low‐K barrier.
As expected, increasing the magnitude of saltwater discharge to the river (e.g., reducing qs from −0.02 to
−0.12 m2/day) results in smaller lenses, both without the barrier (i.e., decreasing xL0 and Vf0) and with
the barrier (i.e., decreasing xLm and Vfm). Transitions between Scenarios 1, 2, and 3 are again apparent in
the xLm trends as near‐horizontal lines (Figure 5e). However, under flux‐controlled conditions, there are
no combinations of qs and xb1 that lead to more extensive or voluminous lenses with the addition of a
low‐K barrier (i.e., green lines higher than all other lines in Figures 5e and 5f).

5.2. Riparian Lens Sensitivity to Barrier Thickness and Hydraulic Conductivity

Figure 6 shows the sensitivities of xL and Vf to Bb and Kb, using otherwise base case parameters (see Table 1).
The results show that in a head‐controlled system, a thicker Bb or a lower Kb leads to a larger xLm and Vfm

(blue line, Figure 6). Specifically, with the increase of Bb from 0.1 to 0.9 m, xLm increases from 815 to 3,000 m
(Figure 6a), and Vfm increases from 1,616 to 15,215 m3 (Figure 6b). When Kb = 0.00498, 0.00249, and 0.00166
m/day, xLm is double, triple, and quadruple xL0, respectively, with corresponding Vfm increasing to at least
three times, six times, and ten times Vf0 (Figures 6c and 6d). Furthermore, although changing Kb or Bb
can adjust the riparian lens extent, there are abrupt change points at Bb = 0.8 m in Figure 6a and Kb =
0.001 m/day in Figure 6c, where xLm plateaus, with only minor changes in xLm with further increases in
Bb or decreases in Kb. It is found that this inflection point occurs when the lens tip just reaches the low‐K
barrier, such that the maximum xLm coincides with the value of xb1 of 3,000 m that is adopted from the base
case. However, Vfm becomes more voluminous with increasing Bb or decreasing Kb beyond the xLm inflec-
tion point (blue line, Figures 6b and 6d). For all tested values of Bb and Kb, the lens size does not increase
with the addition of the low‐K barrier under flux‐controlled conditions (red line, Figure 6), as previously.

The introduction of the low‐K barrier modifies the head and the saltwater flux at the inland boundary in the
flux‐controlled and head‐controlled scenarios, respectively. Figure 7 shows the sensitivities of qs in the head‐
controlled system and ηB in the flux‐controlled system in terms of Bb and Kb, adopting otherwise base case
parameters. Larger Bb and lower Kb lead to reduced qs in the head‐controlled system (Figure 7a) and higher
ηB in the flux‐controlled system (Figure 7b), as expected. Order‐of‐magnitude lowering of Kb (i.e., 10

−2, 10−3,
and 10−4 m/day), with Bb = 0.4 m, led to qs values in head‐controlled settings of −0.088, −0.048, and −0.009
m2/day, whereas ηB in flux‐controlled settings are 27.1, 28.4, and 38.7 m, respectively. It follows that embed-
ding a low‐K barrier in the case study setting requires either significant redistribution of saltwater fluxes (in
head‐controlled settings) or potentially large rises in saline water tables (in flux‐controlled settings). These
results highlight the need for strategies to redirect or remove saltwater discharge from the system in order
to benefit from the implementation of low‐K barriers to enhance riparian freshwater lenses.
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6. Discussion

The dimensionless variables allowing for comparison between field‐based conditions and the laboratory
setup were derived (see Appendix B), as

x′L; q′s; a1; a2; a3; a4; a5
� � ¼

xL
xB
;

qs
Kaηr 1−αð Þ;

1−αð Þ
β−αð Þ ;

β−1ð Þ
β−αð Þ;

KaBr

KrxB
;
Ka−Kbð ÞBb

KbxB
;

xb1
xB

� �
; (22)

Figure 6. Sensitivity of (a) xL to Bb, (b) Vf to Bb, (c) xL to Kb, and (d) Vf to Kb, using otherwise base case parameters (see
Table 1).

Figure 7. Sensitivity of (a) qs in a head‐controlled system and (b) ηB in a flux‐controlled system to variations in Bb and Kb,
using base case parameters as given in Table 1.
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where x′L and q′s are dimensionless riparian lens extent and saltwater dis-
charge, respectively. a1 and a2 represent the dimensionless hydraulic head
gradient and density ratio, respectively. Contrasts in K are included in a3
(i.e., the dimensionless conductance of the riverbed) and a4 (i.e., the
dimensionless conductance of the otherwise low‐K barrier). a5 is the
dimensionless barrier location. Table 2 presents the values of
dimensionless parameters for both the laboratory setup and field‐based
conditions. The comparison of dimensionless variables in Table 2 shows
that laboratory freshwater lenses have larger dimensionless lateral extents
relative to known field‐based conditions. However, compared to
field‐based conditions, the lower value of a4 of laboratory setups implies
that the laboratory riverbed (i.e., the outlet screen) conductance is rela-
tively weak, thereby leading to relatively strong saltwater flows in
laboratory setups, on the basis of q′s. Moreover, the same barrier
scenarios (i.e., Scenario 3 in Figure 2c) are achieved in both laboratory‐
and field‐based conditions, since x′L < a5, where a larger x′L and
smaller q′s are therefore obtained in comparison to corresponding no‐
barrier conditions.

The sensitivity analysis results (section 5) highlight that the installation of low‐K barriers designed to
increase riparian lenses may lead to the need to remove excess saltwater on the landward side of the
barrier, because without reducing the saltwater flux, the groundwater head will rise rendering the bar-
rier ineffective. This is clear from previous comparison of flux‐controlled and head‐controlled results.
Head‐controlled settings are conceptualized as those where surface water features, such as anabranches
and salt pans, control groundwater heads in the floodplain. In these settings, a low‐K barrier will lead to
increased saltwater discharge to existing surface features. Flux‐controlled settings are considered those
where the water table can rise unabated in response to the introduction of a low‐K barrier. Here, engi-
neering works (an evaporation basin or drainage works) are likely required to avoid soil salinization
issues from arising on the landward side of the barrier, because otherwise, groundwater may reach
the land surface. In situations where the floodplain is abutted by steep terrain, as occurs over much
of the MDB, the barrier could be placed at the change of slope between the floodplain and highland
areas, thereby allowing groundwater levels to rise under highland areas beyond the highly sensitive
MDB floodplains, avoiding localized expression of saline groundwater. However, in this case, ground-
water is likely to eventually flow around the barrier to more distant river reaches, if the system is char-
acteristically flux‐controlled. Thus, future research effort is warranted to study three‐dimensional
barriers in practical applications, rather than rely on the cross‐sectional geometry of the current study
for the design of real‐world barriers.

The riparian lens is likely to be overestimated by the some of the assumptions of the current analysis, includ-
ing the stagnancy of the lens, the immiscibility of saltwater and freshwater, and lack of evapotranspiration,
as discussed by Werner and Laattoe (2016). The assumption that no flooding occurs may underestimate lens
extents, although if flooding occurs landward of the barrier, impacts to riparian lenses may be complex and
difficult to intuit without further analysis.

The results of this study show that while wider, less permeable barriers lead to larger freshwater lenses, the
saltwater buildup on the landward side of the barrier is also larger, whichmay be problematic in terms of soil
salinization, an issue recognized in arid and semiarid areas by Ishida et al. (2011). Therefore, barrier design
should consider a balance between lens growth and the management of excess saltwater landward of the
barrier or discharging to surface features. That is, barriers should minimize the reduction in saltwater dis-
charge and saline water table rise and maximize lens growth.

In Scenario 3 (Figure 2c), the extremely small K of the embedded barrier leads to a large hydraulic head dif-
ference between the landward and riverward side of the low‐K barrier, where the Dupuit‐Forchheimer the-
ory for the phreatic surface may be invalid. That is, a seepage face will occur on the riverward side of the
barrier (e.g., Polubarinova‐Kochina, 1962). Seepage face effects on the performance of riparian lens barriers
is an area for future investigation.

Table 2
Comparison of Laboratory Setup and Field‐Based Conditions

Case x′L q′s a1 a2 a3 a4 a5

Laboratory setup
Experiment (no
barrier)

0.254 0.356 0.276 0.724 0.021 — —

Experiment
(with barrier)

0.543 0.118 0.276 0.724 0.021 1.024 0.669

Field‐based conditionsa

Base case (no
barrier)

0.084 0.005 0.313 0.687 0.333 — —

Base case (with
barrier)

0.292 0.003 0.313 0.687 0.333 0.667 0.500

aThe field cases are based on the River Murray field‐scale conditions
reported by Werner and Laattoe (2016), where the design of the low‐K
barrier is based on the previous field investigations (see section 5).
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7. Conclusions

This study examines the use of a low‐hydraulic‐conductivity barrier to increase the extent of riparian fresh-
water lenses in an otherwise saline aquifer adjacent to a freshwater river. Analytical solutions derived to
assess barrier effectiveness are in good agreement with both sand tank experiments and numerical simula-
tions in terms of the freshwater‐saltwater interface. Sensitivity analysis based on the parameter values in a
base case scenario demonstrates that the barrier leads to significant expansion of the riparian lens only in
head‐controlled systems. That is, the water table landward of the barrier must not rise significantly with
introduction of the barrier; otherwise the barrier may cause the lens to contract. Furthermore, barriers of
lower hydraulic conductivity or larger thickness produce more extensive lenses. The results indicate that
engineering works (e.g., evaporation basins or drains) may be needed to alleviate the saltwater buildup
behind the barrier, thereby imposing the head‐controlled upstream boundary conditions that are necessary
for successful lens expansion.

The analytical solution developed (and verified) in this research provides a theoretical basis for rapidly
exploring riparian lens changes with construction of a barrier of given thickness, hydraulic conductivity,
and distance from the river. The design of barriers to expand riparian lenses under real‐world conditions
likely requires consideration of additional factors to those included in the current analysis, such as aquifer
heterogeneity, river meander, flooding effects, vegetation water use, and other temporal and spatial varia-
tions. Furthermore, the redirection of riverward saltwater discharge caused by barrier installation likely
requires consideration of three‐dimensional flow and transport processes. Nevertheless, the current research
identifies the key design components of barriers intended to enhance riparian lenses and provides decision
makers with a preliminary analysis methodology for assessing the feasibility of this novel lens‐
expansion technique.

Appendix A: Analytical Solutions for Scenarios 1 and 2

A.1. Scenario 1 (xb2 ≤ xL)

Combining equations (1) to (4) and noting the control points at x = 0 m, xb1, xb2, xL, and xB (as described in
section 3), we obtain the following equations for Scenario 1 (i.e., lens tip located farther from the river than
the low‐K barrier; Figure 2):

qs xB−xLð Þ ¼ −Ka
η2B
2
−
η2r
2

� �
; (A1)

qs xL−xb2ð Þ ¼ −Ka 1−
ρf
ρs

� �
η2r
2
−
η2b2
2

� �
; (A2)

qs xb2−xb1ð Þ ¼ −Kb 1−
ρf
ρs

� �
η2b2
2

−
η2b1
2

� �
; (A3)

qs xb1 þ Ka
Br

Kr

� �
¼ −Ka 1−

ρf
ρs

� �
η2b1
2

: (A4)

Assuming a constant value of ηB (i.e., in a head‐controlled system), xL can be determined through
equations (A1) to (A4) by eliminating unknown variables (e.g., qs, xb2, ηb1, and ηb2) and combining xb2 =
xb1 + Bb, as

xL ¼ β−1ð Þ Kb
′−1

� �
Bb þ β−1ð ÞKr

′Br þ α−1ð ÞxB
α−β

: (A5)

Adopting x1 as x, x2 as xB, ηs1 as ηs, and ηs2 as ηB in equation (2) and replacing qs with equation (10), the thick-
ness of saltwater ηs beyond the reach of the lens can be expressed as
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ηs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ1x þ χ3ð Þ

γ

s
xL≤x≤xBð Þ : (A6)

The expression for ηs for other distance intervals (Figure 2a) can be derived in a similar way, as

ηs ¼ I

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x þ Kr

′Br
� �

γ

s
0≤x≤xb1ð Þ ; (A7)

ηs ¼ I

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kb

′x− Kb
′−1

� �
xb1 þ Kr

′Br
� �

γ

s
xb1≤x≤xLð Þ ; (A8)

ηs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ1 Kb

′ x−xb1ð Þ þ xb1
� �þ χ2

� �
γ

s
xL≤x≤xb2ð Þ : (A9)

However, in a flux‐controlled system, xL can be determined by substituting equation (16) into equation (A5),
leading to

xL ¼ Ka α−1ð Þη2r
2qs

− Kb
′−1

� �
Bb−Kr

′Br: (A10)

We can obtain ηs in a flux‐controlled system by substituting equation (16) into equations (A6) to (A9), as

ηs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
2qs x þ Kr

′Br
� �
Ka 1−αð Þ

s
x≤xb1ð Þ ; (A11)

ηs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
2qs Kb

′x− Kb
′−1

� �
xb1 þ Kr

′Br
� �

Ka 1−αð Þ

s
xb1≤x≤xb2ð Þ ; (A12)

ηs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
2qs x þ Kb

′−1
� �

Bb þ Kr
′Br

� �
Ka 1−αð Þ

s
xb2≤x≤xLð Þ ; (A13)

ηs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αη2r−

2qs x þ Kb
′−1

� �
Bb þ Kr

′Br
� �

Ka

s
xL≤x≤xBð Þ : (A14)

A.2. Scenario 2 (xb1 ≤ xL ≤ xb2)

Based on the previous equations (1) to (4), combined with control points at x = 0 m, xb1, xb2, xL, and xB, the
equations for Scenario 2 (i.e., lens tip occurs in the low‐K barrier) can be derived as

qs xB−xb2ð Þ ¼ −Ka
η2B
2
−
η2b2
2

� �
; (A15)

qs xb2−xLð Þ ¼ −Kb
η2b2
2

−
η2r
2

� �
; (A16)

qs xL−xb1ð Þ ¼ −Kb 1−
ρf
ρs

� �
η2r
2
−
η2b1
2

� �
; (A17)

qs xb1 þ K
Br

Kr

� �
¼ −Ka 1−

ρf
ρs

� �
η2b1
2

: (A18)

For a head‐controlled system, xL can be determined through equations (A15) to (A18) by eliminating
unknown variables (e.g., qs, xb2, ηb1, and ηb2) and noting that xb2 = xb1 + Bb, as
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xL ¼ α−1ð Þ Kb
′−1

� �
Bb þ α−βð Þ Kb

′−1
� �

xb1 þ β−1ð ÞKr
′Br þ α−1ð ÞxB

α−βð ÞKb
′

: (A19)

Adopting x1 as xb2, x2 as xB, ηs1 as ηb2, and ηs2 as ηB in equation (2) and replacing qs with equation (10), equa-
tion (2) can be rewritten in terms of the inland saline water table, ηs, as

ηs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ1x þ χ3ð Þ

γ

s
xb2≤x≤xBð Þ : (A20)

Similar to the derivation of ηs in equation (A20), we can obtain ηs where x ≤ xb2 as

ηs ¼ I

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x þ Kr

′Br
� �

γ

s
0≤x≤xb1ð Þ ; (A21)

ηs ¼ I

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kb

′x− Kb
′−1

� �
xb1 þ Kr

′Br
� �

γ

s
xb1≤x≤xLð Þ ; (A22)

ηs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ1 Kb

′ x−xb1ð Þ þ xb1
� �þ χ2

� �
γ

s
xL≤x≤xb2ð Þ : (A23)

For a flux‐controlled system, substituting equation (16) into equation (A19) and rearranging equation (A19)
in terms of xL produce

xL ¼ Ka α−1ð Þη2r
2Kb

′qs
þ Kb

′−1
� �

xb1−Kr
′Br

� �
Kb

′
: (A24)

We can obtain ηs by substituting equation (16) into equations (A20) to (A23), as

ηs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
2qs x þ Kr

′Br
� �
Ka 1−αð Þ

s
x≤xb1ð Þ ; (A25)

ηs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
2qs Kb

′x− Kb
′−1

� �
xb1 þ Kr

′Br
� �

Ka 1−αð Þ

s
xb1≤x≤xLð Þ ; (A26)

ηs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αη2r−

2qs Kb
′x− Kb

′−1
� �

xb1 þ Kr
′Br

� �
Ka

s
xL≤x≤xb2ð Þ ; (A27)

ηs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αη2r−

2qs x þ Kb
′−1

� �
Bb þ Kr

′Br
� �

Ka

s
xb2≤x≤xBð Þ : (A28)

Appendix B: Derivation of dimensionless variables
Rewrite equation (10) as

qs
Kaηr 1−αð Þ ¼

αη2r−η
2
B

� �
2ηr 1−αð Þ Kb

′−1
� �

Bb þ Kr
′Br þ xB

� � : (B1)

According to equation (B1), we can obtain the same dimensionless variable q′s, as

q′s ¼
qs

Kaηr 1−αð Þ : (B2)

Here, q′s indicates the mixed‐convection ratio (Werner et al., 2016) as defined in equation (22). Equation (9),
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on the basis of Kb
′ ¼ Ka

Kb
and Kr

′ ¼ Ka
Kr
, can be rewritten as

xL
xB

¼ 1−αð Þ
β−αð Þ−

β−1ð Þ
β−αð Þ

KaBr

KrxB
þ 1−αð Þ

β−αð Þ
Ka−Kbð ÞBb

KbxB
: (B3)

The corresponding dimensionless variables can be drawn from equation (B3), as

x′L; a1; a2; a3; a4
� � ¼ xL

xB
;

1−αð Þ
β−αð Þ ;

β−1ð Þ
β−αð Þ;

KaBr

KrxB
;
Ka−Kbð ÞBb

KbxB

� �
: (B4)

Additionally, the dimensionless barrier location, a5, is introduced as xb1/xB.

Notation

α ratio of the freshwater density to the saltwater density
β square of the ratio of the saltwater thickness at the inland boundary to the constant river water level
ηB saltwater thickness at the inland boundary
ηf riparian lens thickness
ηfr freshwater thicknesses adjacent to the riverbed
ηr constant river water level
ηs saltwater thicknesses
ηsr saltwater thicknesses adjacent to the riverbed
κ ratio of the screen area to the cross‐sectional area of the sand tank
ρf freshwater density
ρs saltwater density
Bb barrier thickness
Br riverbed thickness
K hydraulic conductivity
Kb barrier hydraulic conductivity
Kb′ relative barrier hydraulic conductivity (i.e., the ratio of the barrier hydraulic conductivity to the

unmodified aquifer hydraulic conductivity)
Ka aquifer hydraulic conductivity of the unmodified situation
Kr riverbed hydraulic conductivity
Kr′ relative riverbed hydraulic conductivity (i.e., ratio of riverbed hydraulic conductivity to the

unmodified aquifer hydraulic conductivity)
qs saline groundwater flow toward the river per unit length of river
Vf volume of the riparian lens per unit length of river
Vf0 volume of the riparian lens per unit length of river in an unmodified aquifer
Vfm volume of the riparian lens per unit length of river in a modified aquifer
xB inland boundary location relative to the riverbed (i.e., lateral aquifer length)
xb1 barrier edge location relative to the riverbed (riverward)
xb2 barrier edge location relative to the riverbed (landward)
xL tip location relative to the riverbed (i.e., lateral lens extent)
xL0 tip location relative to the riverbed in an unmodified aquifer (i.e., lateral lens extent)
xLm tip location relative to the riverbed in a modified aquifer (i.e., lateral lens extent)
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