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Abstract 25 

 26 

The propagation of tides into coastal aquifers is an important phenomenon in the migration of 27 

coastal contaminants, for the representation of shoreline boundary conditions in regional-scale 28 

groundwater models, and for the estimation of aquifer properties based on tidal amplitude 29 

attenuation and/or phase increase. In this study, an analytical solution to the propagation of 30 

tidal fluctuations in a radial flow field, applicable to circular islands, is compared to the existing 31 

straight-coastline (“Ferris”) solution. The analytical solution is compared to numerical 32 

simulation (using SEAWAT) of a simple-harmonic ocean tide and its propagation within a 33 

circular island. This represents the first attempt to combine a previous correction that allows 34 

SEAWAT to simulate axisymmetric flow and a modification to SEAWAT to create tidal 35 

boundary conditions. Bench testing the analytical solution against the numerical model 36 

confirms the numerical approach. The circular-island solution is compared to the Ferris 37 

solution in terms of tidal amplitude decay and phase shift. Whereas amplitude decay from the 38 

Ferris solution is valid only for near-shore locations within circular islands, the Ferris solution 39 

produces reasonable phase lag estimates for typical aquifer diffusivities and for most locations 40 

within circular islands. By comparing the Ferris and circular island solutions, we propose a 41 

correction factor to the Ferris solution that allows it to be applied in circular boundary settings. 42 

This extends the application of the widely applied Ferris solution to a broader range of 43 

situations. 44 

 45 

Keywords: Coastal aquifer, Tidal propagation, Phase lag, Radial groundwater flow, Ferris 46 

solution   47 
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1. Introduction 48 

 49 

Tidal propagation in coastal aquifers has been shown to be an important phenomenon in 50 

studies of coastal contaminant transport and seawater intrusion , and for the field estimation 51 

of aquifer diffusivity (e.g., Ferris, 1951; Werner and Lockington, 2006; Pool et al., 2014). 52 

The development of methodologies to predict the transmission of tides in coastal aquifers has 53 

been the subject of significant research attention (e.g., Jacob, 1950; Ferris, 1951; Jiao and 54 

Tang, 1999; Li and Jiao, 2001; Chuang and Yeh, 2007; Guo et al., 2010). Consequently, 55 

several analytical solutions to groundwater tidal propagation have been devised. 56 

 57 

Ferris (1951) provided the most popular analytical solution for estimating the characteristics 58 

(amplitude and phase) of groundwater oscillations caused by ocean tides. The analytical 59 

solution (hereafter termed the “Ferris solution”) is based on the analogous work of Ingersoll 60 

et al. (1948) for the conduction of heat in solids, and that of Jacob (1950), who was the first 61 

to present an analytical solution to groundwater fluctuations in response to a tidal force. It 62 

applies to aquifers with hydraulic diffusivity,  [L2 T-1], that is constant in space and time 63 

(i.e., homogeneous, confined-aquifer conditions), and vertical, straight, infinitely long 64 

coastlines. Hydraulic diffusivity is the ratio between transmissivity, T [L2 T-1], and storativity, 65 

S [-] (e.g., Merritt, 2004), or hydraulic conductivity, K [L T-1], and specific storage, Ss [L
-1] 66 

(e.g., Depner and Rasmussen, 2016). The Ferris solution has been applied to islands with 67 

somewhat orbiculate, rounded, curvilinear or irregular shorelines (e.g., Banerjee et al., 2008; 68 

Rotzoll and El-Kadi, 2008; Chattopadhyay et al., 2014,). However, it is currently unclear 69 

whether the curvature of these islands invalidates the use of the Ferris solution. 70 

 71 
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An analytical solution to tidal propagation in circular islands is an important tool to estimate 72 

aquifer properties. The remoteness and strong influence of tides on many small islands often 73 

hampers the determination of their aquifer properties using standard methods, such as pump 74 

tests. Williams et al. (1970) presented the first attempt to assess the effect of tidal propagation 75 

within circular islands in their technical report on tidal effects in Hawaii. They studied the 76 

influence of tides on groundwater flow through analytical, physical (i.e., polyurethane foam 77 

tank) and electric analogue models. The conceptual models of Williams et al. (1970) include 78 

straight coastlines, consistent with the Ferris solution, and circular boundaries. Physical and 79 

electrical analogue models were used to evaluate the straight-coastline analytical solutions. 80 

Townley (1995) also presented a set of analytical solutions for periodic aquifer flow 81 

including circular boundaries. Trefry (1999) applied Townley’s (1995) methodology to 82 

extend it to aquifers of composite structure. 83 

 84 

The objective of this paper is to describe an analytical solution for the response of 85 

groundwater hydraulic heads to oceanic tidal fluctuation in aquifers with circular boundaries 86 

– i.e., circular islands. Although the solution presented here is an existing solution; the 87 

evaluation of the Ferris solution to curved coastlines was not assessed in previous studies 88 

(i.e., Williams et al., 1970; Townley, 1995). Likewise, the same underlying assumptions (i.e., 89 

homogenous, isotropic, confined aquifer) that apply to the Ferris solution are adopted. The 90 

analytical solution for circular boundaries is analogous to heat conduction theory developed 91 

by Carslaw and Jaeger (1959), which provides the basis for the mathematical development of 92 

the current solution. We compare the analytical solution to a numerical solution using a 93 

modified version of SEAWAT (Post, 2011). The numerical model adopts Langevin’s (2008) 94 

radial adaptation to SEAWAT parameters, thereby leading to the first published attempt to 95 

simulate tidal propagation in circular islands combining the Langevin (2008) approach to 96 
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radial flow simulation and the modified version of SEAWAT (Post, 2011) that provides for a 97 

tidal boundary condition. The present study aims to provide guidance on the application of 98 

straight boundary-based analytical solutions to tidal propagation where shorelines are circular 99 

by exploring the accuracy of the Ferris solution when applied to curved coastlines. 100 

 101 

2. Conceptual model 102 

 103 

Figure 1 shows a cross section (in radial coordinates) through a homogeneous, circular island 104 

that is confined and of uniform geometry. The same conceptual model was used by Ferris 105 

(1951), except Cartesian rather than radial coordinates are adopted. The cross-section length 106 

is the radius of the island (a), and axisymmetric flow is assumed. Figure 1 is bounded to the 107 

left and right by the centre of the island and the ocean, respectively. The seaward boundary is 108 

defined by a simple harmonic tidal signal, and water density variations are neglected. 109 

Numerically, the centre of the island is defined by a no horizontal flow boundary condition. 110 

 111 
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 112 

Figure 1. Conceptual model of a circular island subjected to tidal forcing at the shoreline, 113 

where b is the aquifer thickness, r is the radial distance from the centre of the island, and a is 114 

the island radius. 115 

 116 

Despite the fact that island aquifers are generally unconfined with shallow watertables (e.g., 117 

Werner et al., 2017), confined aquifer conditions are often presumed for the sake of 118 

mathematical tractability (e.g., Bear, 1979, p. 115). That is, the groundwater flow equation 119 

for a phreatic aquifer (i.e., the Boussinesq equation) is linearized by adopting the Dupuit 120 

approximation and assuming a constant average T (i.e., first method of linearization of Bear, 121 

1979, p. 115), which is reasonable where watertable fluctuations are small relative to the 122 

saturated thickness from the base of the aquifer (e.g., Ferris, 1951). Thus, the Ferris solution 123 

may be applied to unconfined aquifers for relatively small tidal amplitudes. Erskine (1991) 124 

supported the use of Ferris (1951) in a costal unconfined aquifer in the UK, where the 125 

groundwater tides observed at different distances from the shoreline appeared to follow the 126 

same trends that are described by the Ferris solution. Serrano and Workman (1998) explored 127 
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the difference between adopting the linearized and nonlinear Boussinesq equation for an 128 

unconfined aquifer subject to the tidal influence of a river. They compared results to observed 129 

groundwater heads and found that both approaches provided similar results except when the 130 

ratio of the amplitude of the river tide to the average aquifer thickness was higher than about 131 

0.16, for which the nonlinear Boussinesq equation better represented head changes. 132 

 133 

3. Circular-island solution 134 

 135 

Here, we develop the circular-island analytical solution (i.e., Williams, 1970; Townley, 1995) 136 

to seek functional relationships between the circular and Ferris solutions. Following the 137 

assumption of small tidal amplitudes, the circular-island solution is found by solving the one-138 

dimensional, axisymmetric groundwater flow equation in radial coordinates (e.g., Bear, 1979, 139 

p. 116): 140 

 
𝜕2ℎ

𝜕𝑟2 +
1

𝑟

𝜕ℎ

𝜕𝑟
=

𝑆

𝑇

𝜕ℎ

𝜕𝑡
 (1) 141 

 142 

Here, h is the groundwater hydraulic head [L], t is time [T], S is storativity and T is 143 

transmissivity [L2 T-1]. Tidal conditions of constant amplitude and period are adopted as 144 

boundary conditions, given by: 145 

 ℎ|𝑟=𝑎 = 𝐴0 sin(𝜔𝑡) (2) 146 

 147 

where A0 is the constant tide amplitude [L] at the shoreline, and 𝜔 is the angular frequency 148 

[rad T-1]. 149 

 150 

By setting (e.g., Carslaw and Jaeger, 1959, p. 193): 151 

 ℎ =  ℑ{Θ(𝑟)𝑒𝑖𝜔𝑡} (3) 152 
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 153 

where Θ is a complex function and ℑ indicates the imaginary part of it. Equation (1) can be 154 

expressed as: 155 

 
𝜕2Θ

𝜕𝑟2 +
1

𝑟

𝜕Θ

𝜕𝑟
− 𝑖𝛽2Θ = 0 (4) 156 

 157 

where 𝛽 = √ωS T⁄ . Equation (4) is solved with the boundary condition of Θ = A0 at r = a (see 158 

Figure 1). At the centre of the island the value of Θ is finite (e.g., Carslaw and Jaeger, 1959, p. 159 

327). According to Townley (1995), this solution leads to a no-flow condition at the island 160 

centre. The solution to (4), is provided for heat conduction in solids by Carslaw and Jaeger 161 

(1959, p. 328) using the Laplace transformation method: 162 

 Θ =  
𝐼0(𝛾𝑟)

𝐼0(𝛾𝑎)
𝐴0 (5) 163 

 164 

where I0 is a Modified Bessel function of the first kind of order zero (e.g., Abramowitz and 165 

Stegun, 1965, p. 374), and 𝛾 = 𝛽√𝑖. Townley (1995) also solved equation (4) in terms of 166 

Modified Bessel functions, whereas Williams et al. (1970) in terms of Kelvin functions (e.g., 167 

Abramowitz and Stegun, 1965, p. 379). However, both expressions are equivalent. The 168 

derivation provided in this article arrives at a solution of the same form as that given by 169 

Townley (1995). 170 

 171 

By combining equations (3) and (5), head fluctuations are given (in radial coordinates) as (e.g., 172 

Bruggeman, 1999, p. 204): 173 

 ℎ = ℑ {
𝐼0(𝛾𝑟)

𝐼0(𝛾𝑎)
𝐴0𝑒𝑖𝜔𝑡} (6) 174 

 175 



10 

 

Applying Euler’s formula (e.g., eiωt = cos𝜔𝑡 + isin𝜔𝑡), trigonometric functions and the 176 

complex solution of equation (5), equation (6) can be rearranged for the imaginary part only, 177 

as: 178 

 ℎ = 𝐴0√𝑐2 + 𝑑2 sin(𝜔𝑡 − 𝜑) (7) 179 

 180 

where: 181 

 𝑐 = ℜ {
𝐼0(𝛾𝑟)

𝐼0(𝛾𝑎)
} (8) 182 

 183 

 𝑑 = ℑ {
𝐼0(𝛾𝑟)

𝐼0(𝛾𝑎)
} (9) 184 

 185 

 𝜑 = tan−1(−𝑑
𝑐⁄ ) (10) 186 

 187 

Here, ℜ indicates the real part of the complex solution, 𝜑 is the phase lag [rad] relative to the 188 

ocean tide. The lag of groundwater tides in time units is given by tlag = φ/ω [T].  189 

 190 

It follows from equation (7) that decay in the amplitude of groundwater head fluctuations (Ag) 191 

with distance from the shoreline of a circular island is given by: 192 

 𝐴g = 𝐴0√𝑐2 + 𝑑2  (11) 193 

 194 

The Ag/A0 ratio is commonly known as tidal efficiency (e.g., Carr and van der Kamp, 1969). 195 

 196 

4. Numerical model 197 

 198 
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Numerical comparison of the circular-island analytical solution is undertaken using SEAWAT, 199 

modified by Post (2011) to allow tidal boundary conditions (i.e., the PBC package) to be 200 

simulated. Mulligan et al. (2011) and Post (2011) demonstrated the effectiveness of the PBC 201 

package to simulate tidal boundary conditions. Other studies have also adopted this approach 202 

(e.g., Heiss and Michael, 2017; Trglavcnik et al., 2017). Post (2011) used the following 203 

equation to define the tidal boundary head (simplified to a single tidal constituent and without 204 

the complications that are introduced by seepage face development): 205 

 ℎ = ℎ0 + 𝐴0cos(𝜔𝑡 − 𝜑0) (12) 206 

 207 

Here, ℎ0 is a reference tidal stage [L] and 0 is the phase lag at the boundary [rad]. To make 208 

equation (12) equivalent to the analytical solution (equation (7)), ℎ0 = 0 and 𝜑0 = π/2. 209 

 210 

The comparison between numerical and analytical solutions was undertaken for a 211 

hypothetical island of a = 500 m, with top and bottom aquifer elevations of 10 m and 60 m 212 

below sea level, respectively. The horizontal discretization was x = 0.1 m (i.e., 5001 213 

columns). Given the underlying assumption of one-dimensional flow adopted by the circular-214 

island solution, the numerical model layout comprises only one layer. The simulation was run 215 

for 100 days using 20,000 time steps of constant duration. The methodology described by 216 

Langevin (2008) was applied to adjust the input parameters of SEAWAT to represent radial 217 

flow coordinates. This involves multiplying hydraulic conductivity (K) and the storage 218 

coefficient (S) by 2r. The hydraulic parameters, before adjustment to radial coordinates, are: 219 

• K = 200 m/d (value within the range of the Holocene sediments in atoll islands, e.g., 220 

Werner et al., 2017); leading to T = 10,000 m2/d. 221 

• S = 0.1 (value within the range for unconfined aquifers, e.g., Lohman, 1972). 222 

•  = T/S = 100,000 m2/d. 223 
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 224 

The ocean tide was defined by A0 = 0.9 m and 𝜔 = 4π rad/day (i.e., period = 12 hours). 225 

 226 

Three locations from the shoreline were selected for comparison between analytical and 227 

numerical approaches. The root-mean-square error (RMSE) was used as a measure of 228 

goodness-of-fit of heads. The RMSE for heads is given by [
1

N
∑ (hnj − haj)

2𝑁
𝑗=1 ]

1
2⁄

, where hnj 229 

and haj are heads at time step j from the numerical and analytical solutions, respectively, and 230 

N is the number of time steps used for the comparison. The period of comparison was 90 to 231 

91 days, at which time the amplitude and phase had stabilised (i.e., “dynamic equilibrium” 232 

conditions were reached). Harmonic analysis was used to estimate numerical values of Ag and 233 

, based on a least-squares approach (e.g., Bloomfield, 1976). The absolute errors of the 234 

amplitude |𝐴gn − 𝐴g| and phase |𝜑n − 𝜑| were used to assess differences between numerical 235 

and analytical results, where 𝐴gn and 𝜑n are respectively the amplitude and phase from the 236 

numerical solution. 237 

 238 

5. The Ferris solution versus the circular-island solution 239 

 240 

Ferris (1951) proposed that for an infinitely straight coastline, the solution to groundwater 241 

fluctuations due to tidal effects in a homogenous, isotropic aquifer is: 242 

 ℎF = A0e
−𝛽(a−r) √2⁄ sin (𝜔𝑡 −

𝛽(a−r)

√2
) (13) 243 

 244 

where the term (a – r) represents the distance from the shoreline. This solution presumes that 245 

the phase lag at the shoreline is zero. Hereafter, the subscript “F” identifies variables obtained 246 
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from the Ferris solution. From equation (13), amplitude decay is described by Ferris (1951) 247 

as: 248 

 𝐴gF = A0e
−𝛽(a−r) √2⁄  (14) 249 

 250 

And the expression for 𝜑F within the argument of equation (13) is (Ferris, 1951): 251 

 𝜑F = 𝜑0 + 𝛽(a − r) √2⁄  (15) 252 

 253 

Comparing equations (14) and (15), it is clear that the two variables 𝐴gF and 𝜑F are 254 

exponentially related. Conversely, in the case of the circular-island solution (i.e., equations 255 

(10) and (11)), the relationship between Ag and 𝜑 is more complex. The applicability of the 256 

Ferris solution to circular boundaries is assessed by comparing the ratios 𝐴gF 𝐴g⁄  and 𝜑F 𝜑⁄ . 257 

 258 

The comparison between the Ferris and circular-island solutions was undertaken for a 259 

hypothetical island of a = 500 m. The total simulation time was 100 days subdivided into 260 

10,000 uniform time steps (contrary to the analysis in the previous section, where 20,000 261 

time steps were used). Four alternative values of  were tested, namely 250 m2/d, 2500 m2/d, 262 

30,000 m2/d and 100,000 m2/d, according to average values from published case studies, e.g., 263 

Garden Island (Australia; Trefry and Bekele, 2004) and Gran Canaria (Spain; Cabrera and 264 

Custodio, 2004). To explore the role of island size (radius) in controlling the tidal effect, the 265 

Ferris and circular-island solutions were compared for radii between 50 and 2000 m. 266 

 267 

6. Results and Discussion 268 

 269 

6.1 Comparison of the numerical solution and circular-island analytical solution 270 

 271 
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 272 

Figure 2 shows the comparison between numerically and analytically derived groundwater 273 

tides. Figure 2a presents the temporal hydraulic head variations at three locations within an 274 

island of radius a = 500 m (other input parameters are given in Section 4). Figure 2b shows 275 

the variation (with distance) in Ag/A0, Agn/A0 and the absolute difference between Agn and Ag, 276 

while Figure 2c shows variation (with distance) in 𝜑n, 𝜑, and the absolute difference between 277 

𝜑n and 𝜑. 278 

 279 
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 280 

Figure 2. Results for the propagation of groundwater tides within a circular island of radius a 281 

= 500 m showing the match between the circular-island analytical solution (solid lines) and 282 

numerical modelling (symbols). Comparisons are given for: (a) hydraulic head oscillations at 283 

three locations, (b) tidal efficiency variation with r, and (c) phase variation with r. Red 284 
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dashed lines in (b) and (c) represent the absolute differences in amplitude (|Agn – Ag|) and 285 

phase (|𝜑n – 𝜑|), respectively. Note that a – r = 0 represents the shoreline and r = 0 represents 286 

the island centre. The subscript “n” indicates the numerical solution results. 287 

 288 

There is excellent agreement between dynamic equilibrium-state groundwater fluctuations 289 

obtained with the circular-island analytical solution and the numerical solution (Figure 2a), as 290 

indicated by RMSE values at the three locations of: 0.0057 m (a – r = 500 m), 0.0052 (a – r = 291 

250 m) and 0.0059 m (a – r = 125 m). The non-linear trend in the RMSE values with distance 292 

is consistent with the non-linear trends in the absolute differences (analytical versus 293 

numerical) in tidal efficiency and phase (i.e., Figures 2b and 2c). Given that absolute errors 294 

are small (e.g., maximum |Agn – Ag| = 6.7  10-3 m and the maximum |𝜑n – 𝜑| = 5.5  10-2 295 

rad), the numerical model applying the Langevin (2018) methodology to represent radial flow 296 

coordinates, and the Post (2011) SEAWAT package to simulate periodic boundary 297 

conditions, is bench tested. 298 

 299 

6.2 Comparison of the Ferris and circular-island analytical solutions 300 

 301 

The Ferris and circular-island solutions are compared in Figure 3, which shows Ag/A0 and 302 

AgF/A0 with distance, for four different  values but otherwise the same hypothetical example 303 

used in the previous subsection (i.e., a = 500 m). 304 

 305 
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 306 

Figure 3. Comparison of Ferris (dashed lines) and circular-island (solid lines) solutions in 307 

terms of the tidal efficiency with distance from the island coastline. Results are given for an 308 

island of size a = 500 m and considering four different  values. Note that a – r = 0 309 

represents the shoreline and a – r = 500 represents the island centre. 310 

 311 

Figure 3 shows that tides propagate greater distances from the shoreline with increasing  312 

(for both Ferris and circular-island solutions), as expected. The Ferris solution underestimates 313 

the tidal propagation when applied to the circular island setting, as evident from amplitudes 314 

that are lower than those from the circular-island solution. The underestimation is greater for 315 

higher values of . 316 

 317 

Figure 4 compares Ferris and circular-island solutions in terms of 𝜑, showing the spatial 318 

trends for four  values, again for an island of a = 500 m. The phase lag reduces as  319 

increases, as expected (Ferris, 1951). The phase lag reduction is almost linear with distance 320 

from the shoreline in both the Ferris and circular-island solutions. The close match in 𝜑 321 
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obtained using the Ferris and circular-island solutions (Figure 4) is surprising given that 322 

amplitude decay differs between the two solutions (Figure 3). For higher  values (i.e.,  = 323 

30,000 m2/d and 100,000 m2/d), the circular-island solution departs from the Ferris solution 324 

in a nonlinear fashion such that 𝜑 tends to be overestimated by the Ferris solution at distances 325 

close to the island centre. 326 

 327 

 328 

Figure 4. Comparison of 𝜑 estimated with the Ferris (dashed lines) and circular-island (solid 329 

lines) solutions with distance from the shoreline for an island of a = 500 m and four values of 330 

. Dashed lines are entirely obscured by solid lines in the lower plots (i.e.,  = 250 and 2500 331 

m2/d). Note that a – r = 0 represents the shoreline and a – r = 500 represents the island centre. 332 

 333 

Figure 5 shows spatial distributions of 𝐴gF 𝐴g⁄  (left column) and 𝜑F 𝜑⁄  (right column) for 334 

four different  for variable island radii (between 50 and 2000 m). Given the different island 335 
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radii used in creating Figure 5, a dimensionless inland distance (𝑟′) is used, where 𝑟′ =336 

(𝑎 − 𝑟) 𝑎⁄ , for which 0 represents the shoreline and 1 the centre of the island. The grey zone 337 

in the left panels of Figure 5 identifies the region where Ag estimated with the circular-island 338 

solution is less than or equal to 1 cm (noting that A0 = 0.90 m), which we consider below 339 

detectable limits with typical water level measurement devices (e.g., considering a pressure 340 

transducer with 10 m of measuring range and accuracy of 0.1%; In-Situ Inc., 2017). 341 

 342 

 343 
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Figure 5. Spatial distribution of 𝐴gF 𝐴g⁄ (left column; (a) to (d)) and 𝜑F 𝜑⁄  (right column; (e) 344 

to (h)) for island radii (a) between 50 and 2000 m (a total of 976 island radii were used in 345 

creating Figure 5) for four different  values. 𝑟′ = 0 represents the shoreline and 𝑟′ = 1 the 346 

centre of the island. The grey shading indicates where Ag  1 cm. Solid lines represent points 347 

of equal 𝐴gF 𝐴g⁄  ratio. 348 

 349 

Results in Figure 5 demonstrate that the Ferris solution, when applied to circular boundaries, 350 

underestimates Ag with distance from the shoreline, as all contours are lower than 1. 351 

Assuming an error of 10% (i.e., AgF/Ag ≈ 0.9), the Ferris solution appears to provide 352 

acceptable results for distances from the shoreline of up to ~20% of a. In the grey regions of 353 

Figure 5, differences between the Ferris and circular-island analytical solutions are 354 

considered inconsequential because tides are effectively immeasurable (i.e., Ag ≤ 1 cm), albeit 355 

this is a function of the ocean tidal amplitude (A0 = 0.9 m in the current case). The contour 356 

patterns highlight that the circular-island and Ferris solutions have an asymptotic relationship 357 

(in terms of 𝐴gF 𝐴g⁄ ) as a increases, as evident in contours that are effectively horizontal for 358 

higher values of a. This is somewhat surprising, because the error in using the Ferris solution 359 

to study tidal propagation in circular islands was expected to be smaller for larger islands, 360 

i.e., as the curvature of the island reduces. However, the results show that this error manifests 361 

as a virtually constant distribution in 𝐴gF 𝐴g⁄  with relative inland distance for islands larger 362 

than about 500 m in radius (i.e., a > 500 m). Remarkably, the same 𝐴gF 𝐴g⁄  values (i.e., as a 363 

increases for the same relative distances from the shoreline) are observed in the four panels of 364 

the left column in Figure 5 (i.e., see right vertical axis of 5a to 5d), implying that this ratio is 365 

independent of . This is explained by the asymptotic expansion for large arguments (Z) of 366 

the Modified Bessel functions of the first kind of order zero (Section 3), for which only the 367 

first term is considered (e.g., Abramowitz and Stegun, 1965, p. 377): 368 
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 𝐼0(𝑍) ≈
𝑒𝑍

√2𝜋𝑍
 (16) 369 

 370 

where Z for the circular-island solution depends on ω, S, T, r, and a (Section 3). Substituting 371 

equation (16) into equation (5), the values of c and d in equation (7) are given by the 372 

following functions: 373 

 𝑐 ≈ √𝑎 𝑟⁄ 𝑒𝛽(𝑟−𝑎) √2⁄ cos 𝛽(𝑟 − 𝑎) √2⁄  (17) 374 

 375 

 𝑑 ≈ √𝑎 𝑟⁄ 𝑒𝛽(𝑟−𝑎) √2⁄ sin 𝛽(𝑟 − 𝑎) √2⁄  (18) 376 

 377 

Passing the expressions of c and d into equation (11) produces a function for the circular-378 

island amplitude, for large Z: 379 

 𝐴𝑔 ≈ 𝐴0𝑒𝛽(𝑟−𝑎) √2⁄ √𝑎 𝑟⁄  (19) 380 

 381 

Combining equations (19) and (14) produces: 382 

 𝐴gF 𝐴g⁄ ≈ √𝑟 𝑎⁄  (20) 383 

 384 

This shows that for large Z values, the ratio between the Ferris and circular-island amplitudes 385 

is a simple function of the relative distances from the shoreline. Equation 20 also shows that 386 

AgF/Ag is independent of  (for large Z). If Equation (20) is solved for Ag, a correction factor 387 

to the Ferris solution to be applied in circular boundaries (for large Z) is obtained: 388 

 𝐴g ≈ 𝐴gF√𝑎 𝑟⁄  (21) 389 

 390 

The right column of Figure 5 shows that the Ferris and circular-island solutions are generally 391 

well-matched in terms of 𝜑 prediction, except for small islands with relatively high  values. 392 
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Avoiding 𝜑 errors of 10% in the application of the Ferris solution to circular islands requires 393 

that the island radius is greater than 90 m for  ≥ 30,000 m2/d and the locations close to the 394 

island centre are not evaluated. The minimum 𝜑F 𝜑⁄  values for the four cases shown in the 395 

right column of Figure 5 (i.e., 100,000 m2/d, 30,000 m2/d, 2500 m2/d and 250 m2/d) are 0.90, 396 

0.90, 0.93 and 0.98, respectively (these values are > 0.9 and are therefore not shown by the 397 

0.1 contour interval where the smallest contour is 1.0). These values demonstrate the good 398 

agreement in phase lag prediction between the Ferris and circular-island solutions in most 399 

situations and locations. The simplified asymptotic expansion of the zeroth-order Modified 400 

Bessel function given in equation (16) helps also to demonstrate the good agreement between 401 

𝜑F and 𝜑, observed in the right column of Figure 5. Substituting equations (17) and (18) into 402 

equation (10), produces a function for the circular-island phase (for large Z): 403 

 𝜑 = −𝛽(a − r) √2⁄  (22) 404 

 405 

Equation (22) is equivalent to equation (15), presuming that the phase lag at the shoreline is 406 

zero. This accounts for the excellent agreement between 𝜑 and 𝜑F for large Z, as depicted in 407 

the right column of Figure 5. The previous simplification to estimate Ag and 𝜑 for large 408 

arguments of the zeroth-order Modified Bessel functions has not been presented in previous 409 

literature (e.g., Williams et al., 1970; Townley, 1995). 410 

 411 

 412 

 413 

7. Conclusions 414 

 415 

An existing circular-island analytical solution (i.e., Williams et al., 1970; Townley, 1995) has 416 

been studied to assess the application of the Ferris solution to circular boundaries. The 417 
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circular-analytical solution has been re-derived and presented using alternative functions with 418 

respect to the previous literature. The analytical solution is also compared to numerical 419 

experiments using the modified SEAWAT version that allows for periodic boundary 420 

condition (Post, 2011). This is the first study to simulate tidal propagation in circular islands 421 

where the axisymmetric correction proposed by Langevin (2008) and the modified SEAWAT 422 

version for tidal boundary conditions (Post, 2011) are combined. The results obtained in this 423 

study demonstrate an excellent agreement between analytical and numerical solutions, 424 

providing a new benchmark for numerical models simulating axisymmetric flow and 425 

applying a tidal boundary condition. 426 

 427 

The results obtained from comparing the circular-island analytical solution and the Ferris 428 

solution lead to the following recommendations on the application of the Ferris solution to 429 

orbicular-shaped islands: (1) the Ferris solution estimates the phase lag more accurately than 430 

it estimates the amplitude decay, i.e., 𝜑F 𝜑⁄ ≈ 1; (2) the Ferris solution can satisfactorily 431 

(i.e., within 10% error) be applied to calculate amplitude decay for distances from the 432 

shoreline of up to about 20% of the island radius; (3) the error in using the Ferris solution to 433 

study tidal propagation in circular islands does not decrease with the size of the island, as it 434 

could be expected given the reduction in the curvature of the island; (4) for island parameters 435 

that provide large |Z| (i.e., |Z| ≥ 2; where Z is the argument of the Modified Bessel functions 436 

of the first kind of order zero), the amplitude decay can be estimated by applying a correction 437 

factor to the Ferris solution. The correction factor has been demonstrated to be a constant of 438 

proportionality between the two solutions, equal to √𝑎 𝑟⁄ . The study results show that |Z| ≥ 2 439 

is associated primarily with relatively large islands (i.e., a > 500 m). It follows that for large 440 

a, the relationship between the Ferris and circular-island solutions is independent of . 441 

 442 
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The correction factor to the widely used Ferris solution, so that it applies to orbiculate-shaped 443 

islands, is an important advance in assessing aquifer properties for island settings, particularly 444 

given the advantages of tidal-based approaches over aquifer-testing methods such as 445 

pumping, and also noting that errors of up to 60% (AgF/Ag ≈ 0.4) may be incurred as the 446 

island centre is approached using the standard Ferris solution. 447 

 448 
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