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Abstract We investigate kinetic mass transfer effects on unstable density-driven flow and transport
processes by numerical simulations of a modified Elder problem. The first-order dual-domain mass transfer
model coupled with a variable-density-flow model is employed to describe transport behavior in porous
media. Results show that in comparison to the no-mass-transfer case, a higher degree of instability and
more unstable system is developed in the mass transfer case due to the reduced effective porosity and
correspondingly a larger Rayleigh number (assuming permeability is independent on the mobile porosity).
Given a constant total porosity, the magnitude of capacity ratio (i.e., immobile porosity/mobile porosity)
controls the macroscopic plume profile in the mobile domain, while the magnitude of mass transfer
timescale (i.e., the reciprocal of the mass transfer rate coefficient) dominates its evolution rate. The
magnitude of capacity ratio plays an important role on the mechanism driving the mass flux into the aquifer
system. Specifically, for a small capacity ratio, solute loading is dominated by the density-driven transport,
while with increasing capacity ratio local mass transfer dominated solute loading may occur at later times.
At significantly large times, however, both mechanisms contribute comparably to solute loading. Sherwood
Number could be a nonmonotonic function of mass transfer timescale due to complicated interactions of
solute between source zone, mobile zone and immobile zone in the top boundary layer, resulting in
accordingly a similar behavior of the total mass. The initial assessment provides important insights into
unstable density-driven flow and transport in the presence of kinetic mass transfer.

1. Introduction

Theoretical and field studies have shown that density-driven flow and transport are ubiquitous in ground-
water systems [e.g., Wood and Hewett, 1984; Schincariol and Schwartz, 1990; Koch and Zhang, 1992; Liu and
Dane, 1996; Yang and Edwards, 2000; Simmons et al., 2001; Holzbecher, 2005; Simmons, 2005; Stevens et al.,
2009; Van Dam et al., 2009]. Free convection occurs when the flow is driven purely by buoyancy forces
resulting from the interactions between the density difference and gravitational field, and is therefore com-
pletely dependent on the concentration field for a solute transport problem. The presence of a dense fluid
overlying a lighter one may lead to significant density gradients, onset of gravity-driven instabilities, and
ultimately free downward convection of the dense fluid. In comparison to diffusion, this process takes place
over larger spatial scales and shorter timescales, exhibiting an effective mechanism for solute transport and
mixing. There are numerous well-documented examples of free convection processes in reality [e.g., Frind,
1982; Zhang and Schwartz, 1995; Simmons and Narayan, 1997; Wooding et al., 1997; Kooi et al., 2000]. In
coastal hydrogeological systems, for example, a typical example of free convection is the nature setting
where saltwater overlies freshwater because of tides, floods, or shoreline migration [e.g., Stevens et al. 2009].
It is also well studied and documented in salt lakes and saline disposal basins [e.g., Simmons and Narayan,
1997; Van Dam et al., 2009].

With the emergence of many practical problems in groundwater resources management, the studies of sol-
ute transport in porous media driven by free convection have been conducted intensively during the past
decade [e.g., Park and Aral, 2003; Post and Prommer, 2007; Xie et al., 2010, 2011, 2012; Ataie-Ashtiani et al.,
2014]. Among these studies, the role of spatial heterogeneity in permeability has received broad attention
[e.g., Schincariol et al., 1997; Schincariol, 1998; Simmons et al., 2001; Prasad and Simmons, 2003; Nield and
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Simmons, 2007; Simmons et al., 2008; Sharp and Shi, 2009; Post and Simmons; 2010]. Previous studies have
examined the effect of discrete fractures and showed that fracture network characteristics such as fracture
density and connectedness have a controlling influence on unstable free convection [e.g., Shikaze et al.,
1998; Graf and Therrien, 2005; Simmons et al., 2008; Vujevic et al., 2014]. Research was also carried out to ana-
lyze the effects of boundary conditions [Park and Aral, 2003; Xie et al., 2010; Ataie-Ashtiani et al., 2014; Liu
et al., 2015], and multicomponent geochemical reactions [Post and Prommer, 2007]. With no doubt, these
studies provide insights into processes and mechanisms that govern solute transport driven by free convec-
tion. To the best of our knowledge, however, no studies have been undertaken to evaluate the potential
impacts of kinetic mass transfer (i.e., mass exchange processes between mobile and relatively immobile
zones due to low-permeability zones, dead-end pores, etc.) on unstable density-driven solute loading proc-
esses, despite that it exists prevalently in natural subsurface environments over various scales ranging from
pore scale to field scale and has been shown to be a potentially limiting factor controlling the process of
solute transport [e.g., Feehley et al., 2000; Culkin et al., 2008; Lu et al., 2009, 2011].

Transport model with mass transfer descriptions usually conceptualize a porous or fractured medium as
consisting of two overlapping continuous media: a mobile domain, where advective-dispersive transport
occurs, and a relatively immobile one with a continuous withdrawal and return of solute mass [Coats and
Smith, 1964; van Genuchten and Wierenga, 1976]. Mass transfer between mobile and immobile domains is
kinetically controlled. Such a transport model is usually termed a dual-domain mass transfer (DDMT) model,
which has received increasing attention in recent years because: (1) it has proven effective at characterizing
various pore-scale diffusion processes between relative mobile and immobile domains, in which the latter
may consist of sorption regions, dead-end pores, porous particles, aggregates, fractures, or macropores
[e.g., Chen and Wagenet, 1995; Haggerty and Gorelick, 1995; Carrera et al., 1998; Haggerty et al., 2000; Sala-
mon et al., 2006], and (2) in the absence of sufficient aquifer characterization, the DDMT model may be used
to describe extreme asymmetric concentration profiles in anomalous transport caused by aquifer heteroge-
neity, therefore offering a physically based alternative to the classical advection-dispersion model [e.g.,
Berkowitz and Scher, 1997, 1998; Harvey and Gorelick, 2000; Dentz and Berkowitz, 2003; Zinn et al., 2004].
Studies have shown that numerical models based on different conceptual models of solute transport
(including the DDMT model, equivalent porous medium model, and discrete fracture matrix diffusion
model) can all be calibrated capable of reproducing well-observed contaminant distributions (with negligi-
ble density effects) in a porous medium that contains fractures or macrospores [e.g., Chambon et al., 2011;
Blessent et al., 2014].

As a simplest approximation, the first-order DDMT models are often employed by practitioners to describe
kinetic mass transfer processes. Other mass transfer models are also available for describing various asym-
metric transport behaviors. Haggerty and Gorelick [1995] proposed a multirate model by superimposing a
distribution of first-order mass transfer rates to characterize incomplete mixing in the immobile domain
and various diffusion processes. Based on the same belief of pore-scale heterogeneity, Carrera et al. [1998]
developed a more versatile model of linear mass transfer, in which mass transfer are described by a convo-
lution product of concentrations in the mobile domain and a memory function rather than predefining the
mass transfer model. By choosing appropriate memory functions, the model can reproduce the first-order,
multirate, sphere, layer or cylinder diffusive models [e.g., Carrera et al., 1998; Haggerty et al., 2000].

Despite substantial research, previous studies of DDMT focussed mainly on constant-density flow and trans-
port problems and little work has been conducted to examine solute transport in variable-density flow sce-
narios. To the best of our knowledge, only Lu et al. [2009] and Lu and Luo [2010] considered such an effect
on seawater intrusion and showed numerically that DDMT may widen significantly the thickness of a mov-
ing freshwater-seawater interface. As pointed out above, however, the role of kinetic mass transfer on
unstable density-driven flow and transport is unknown. Neglecting this effect may result in an error in esti-
mating solute loading rate as well as mixing processes in subsurface environments. Therefore, an initial
assessment of such an effect on free convection processes is clearly needed.

In the present study, we first conduct a systematic investigation on the effects of DDMT on free convection
processes by using the first-order DDMT model, coupled with the variable-density-flow model to describe
solute transport behavior in porous media. The finite difference code SEAWAT-2000 [Langevin et al., 2003] is
employed to conduct numerical simulations. The main objective of this study is to explore how the pres-
ence of the immobile domain and associated kinetic mass transfer affects solute loading. Specifically, we
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quantify the plume behavior in mobile and immobile domains, compare simulation results between cases
with and without a DDMT, and assess the importance of DDMT parameters including capacity ratio (immo-
bile porosity/mobile porosity) and mass transfer rate coefficient in controlling solute transport in porous
media.

The classic Elder problem, a widely known and commonly used example for studying free convection, is
modified to implement the proposed research. Following previous studies on free convection by Prasad
and Simmons [2003, 2005] and Xie et al. [2010, 2011, 2012], we quantify various measurable characteristics
of simulation results, such as Sherwood Number, total mass of solute, and solute centre of gravity. Impor-
tantly, these measurable characteristics in the mobile, immobile and total domains (i.e., both mobile and
immobile domains) will be quantified respectively and compared.

2. Dual-Domain Mass Transfer

DDMT models have been widely used to describe solute transport behavior in the subsurface where tradi-
tional advection-dispersion models are inadequate [e.g., Liu et al., 2007]. The equation for advection-
dispersion transport, coupled with the first-order mass transfer is expressed as [Coats and Smith, 1964; van
Genuchten and Wierenga, 1976]:

hm
@Cm

@t
1him

@Cim

@t
5r � ðhmD � rCmÞ2r � ðhmvCmÞ1qsCs (1a)

him
@Cim

@t
5nðCm2CimÞ (1b)

where hm and him are the porosities of the mobile and immobile domains, respectively; Cm [ML23] is the dis-
solved concentration in the mobile domain; Cim [ML23] is the dissolved concentration in the immobile
domain; n [T21] is the first-order mass transfer rate coefficient; D [L2T21] is the hydrodynamic dispersion
coefficient tensor; v [LT21] is the vector of the seepage velocities; and qs [T21] and Cs [ML23] are the flow
rate per unit volume of aquifer and concentration of the source/sink, respectively. As pointed out by Liu
et al. [2007], for more complex field conditions, a higher order diffusion equation or first-order multirate
equation may be applied [Haggerty and Gorelick, 1995].

Equations (1a) and (1b) describe that transport of solute in the mobile domain is dominated by advection,
while transport in the immobile domain is controlled by a diffusion-type equation. Porosity at any represen-
tative elementary volume is characterized by mobile porosity (hm) and immobile porosity (him), with total
porosity (ht) being hm1him. The connection between fluids in the mobile and immobile domain is through a
mass transfer rate coefficient n, which controls the speed of mass transfer between the two domains. The
magnitude of this coefficient mainly depends on characteristics of the porous medium and solute species.

For cases with a very low n, dual-domain transport models collapse to single domain models with the effec-
tive porosity being hm, since the immobile zone is almost nullified. For cases with a very high n, by contrast,
instantaneous transport between the mobile and immobile regions occurs. Therefore, transport models
that incorporate dual domain also collapse to single domain models with an effective porosity being hm,
and at the same time with a retardation factor R given by 11b, where b5him/hm, known as the capacity
ratio [Neville, 2006].

3. Conceptual Model and Numerical Modeling

3.1. Modified Elder Problem
The Elder problem was originally designed for heat flow [Elder, 1967], but later recast by Voss and Souza
[1987] as a variable-density groundwater flow problem. The former and latter here refer to the original and
classic Elder problem, respectively. The Elder problem has become one of the most popular benchmark
tests for validating newly developed numerical codes simulating variable density flow and transport in
porous media [e.g., Voss and Souza, 1987; Park and Aral, 2003; Thorne and Sukop, 2004]. Our modified Elder
problem is shown in Figure 1, which shares the same definition of the domain geometry and boundary con-
ditions as those in the work of Post and Prommer [2007]. As shown, a vertical section of freshwater-
saturated porous media extends 600 m in the horizontal direction and 150m in the vertical direction. The
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source zone is located at the middle
half of the top boundary, which can
cause onset of the instability and mass
flux into the aquifer system by molecu-
lar diffusion. As a general assumption,
the density of the source (qsource) is
1200 kgm23, which corresponds to a
salinity of 280 kgm23 by applying a
linear function of state:

q5q01eCm (2)

where e is dimensionless constant with
a value of 0.7143 for salt concentration

[Langevin et al., 2003]; and q0 [ML23] and q [ML23] are reference freshwater and actual fluid densities,
respectively. Note that the value of the concentration adopted is considerably high, in comparison to a
common seawater concentration (usually around 35 kgm23). This value is selected here as it is used in the
classic Elder problem, and has been employed in many later studies [e.g., Post and Prommer, 2007; Xie et al.,
2011]. With the increase of solute mass in the system, the flow is then driven by density gradients in the
mobile domain.

The boundary condition at the bottom of the model domain is different from that in the classic Elder
problem and altered to a no-flux boundary (i.e., an impermeable boundary) because this scenario more
approaches the realistic condition [Post and Prommer, 2007]. Two outlet cells with fixed head are speci-
fied at the top left and right corners, allowing an outlet for fluid and salt mass. A homogeneous, isotropic
aquifer is assumed to comprise two interacting domains: mobile and immobile domains. Accordingly,
the total porosity is divided into two parts: mobile and immobile porosities. As noted above, the link
between the mobile and immobile zones is through a mass transfer rate coefficient (n). A broad range of
values of capacity ratios (b 5 0, 0.25, 1, and 4) and mass transfer rate coefficients (n51.0 3 1023�1.0 3

1026 d21) were selected to conduct sensitivity analysis, together with other simulation parameters listed
in Table 1. When varying b, the value of ht50.1 is kept constant. It should be noted that the values of
capacity ratio and the orders of magnitude of mass transfer parameters assumed are comparable to
those calibrated values in different field tests [e.g., Feehley et al., 2000; Culkin et al., 2008; Liu et al., 2007;
Gong et al., 2010]. To focus on the impact of kinetic mass transfer, we first assume that permeability is
independent on the mobile porosity. Then, a simple relationship between permeability and the mobile
porosity is considered to demonstrate the coupled effect of changing the mobile porosity and perme-
ability on solute loading.

Figure 1. Model geometry and boundary conditions for the modified Elder
problem. All boundaries are impermeable. The source zone is located at the
middle half of the top boundary. There is one fixed head node at the top left and
right corner, respectively.

Table 1. Simulation Parameters Used in Modified Elder Problema

Parameter Variable Value Unit

Model length L 600 M
Model height H 150 M
Intrinsic permeability k 4.845 3 10213 m2

Total porosity ht 0.1
Mobile porosity hm 0.02, 0.05, 0.08, 0.1a

Immobile porosity him ht – hm

Capacity ratio b5him/hm 0a, 0.25, 1, 4
Mass transfer rate coefficient n 1.0 3 1023 � 1.0 3 1026 d21

Longitudinal dispersivity aL 0 M
Transverse dispersivity aT 0 M
Molecular diffusion coefficient Dd 3.565 3 1026 m2 s21

Dynamic viscosity l 1.0 3 1023 kg m21 s21

Gravitational acceleration g 9.81 m s22

Specific storage Ss 1.0 3 1024 m21

Freshwater density q0 1000 kg m23

Source density at the top boundary qsource 1200 kg m23

Source concentration at the top boundary Csource 280 kg m23

aNo-mass-transfer case.
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3.2. Instability Descriptor
The stratification of a dense fluid overlying a lighter fluid can give rise to the onset of gravity-driven instabil-
ities. A commonly used descriptor of instability for the Elder problem is the dimensionless Rayleigh number
(Ra) given by [e.g., Simmons et al., 2001]:

Ra5
kq0gaH
lhDd

(3)

where k [L2] is intrinsic permeability; g [LT22] is acceleration due to gravity; a5(qsource2q0)/q0 is the density
contrast coefficient; H [L] is the vertical extent of the flow regime; l [ML21T21] is dynamic viscosity; Dd

[L2T21] is the aqueous molecular diffusion coefficient; and h is effective porosity, and equal to hm in the
dual-domain model. The critical Ra is 40 in the Horton-Rogers-Lapwood problem with the infinitely
extended horizontal porous layer and constant temperature at upper and lower boundaries [Horton and
Rogers, 1945; Lapwood, 1948], but is zero for the classic Elder problem [van Reeuwijk et al., 2009; Xie et al.,
2010]. The values of Ra in the classic Elder problems are around 400, which is considerably larger than the
critical Ra and hence can cause significant free convection processes. Inclusion of the immobile zone would
yield a smaller effective porosity and therefore a larger value of Ra, given a constant ht. Xie et al. [2011] indi-
cated that a smaller effective porosity results in a larger plume migrate rate. The presence of the immobile
domain, however, would reduce the solute mass in the mobile domain due to kinetic mass transfer and
hence reduce the density-driven flow velocity. These two controlling mechanisms complicate the plume
migration processes.

3.3. Modeling Tool
Several computer codes are available for simulating variable density flow and solute transport. SEAWAT-
2000 is chosen here because it is developed by combining MODFLOW-2000 and MT3DMS into a single
computer program and the latter is a program implemented with an optional, dual-domain formulation for
modelling mass transport [Langevin et al., 2003]. The DDMT model coupled with the variable-density-flow
model has been previously used in studying the movement of the freshwater-seawater mixing zone
[Lu et al., 2009; Lu and Luo, 2010].

3.4. Spatial and Temporal Discretization
Previous studies on the Elder problem have pointed out that the grid size is a critical factor controlling the
accuracy of simulated plume profile [e.g., Voss and Souza, 1987; Park and Aral, 2003; Prasad and Simmons,
2005]. More recently, van Reeuwijk et al. [2009] showed that multiple bifurcation states are possible and sug-
gested numerical controls such as discretization may be important in selecting states. This implies that the
notion of grid convergence, aiming for a single solution is not dependent on grid size, does not make sense
in the context of highly unstable fee convection problems. In the current study, a uniform grid spacing with
Dx5Dz51m was used, similar to that adopted in previous studies [e.g., Voss and Souza, 1987; Prasad and
Simmons, 2003; Post and Prommer, 2007; Xie et al., 2010]. Due to symmetry, numerical simulations were car-
ried out in half of the domain in order to reduce the computational time.

Importantly, in the present study, because of the modified boundary condition at the bottom layer, the sys-
tem cannot reach a steady state condition, until the whole domain is filled with pure saltwater. Therefore,
the total simulation time in our study is increased to 50 years (i.e., 18,250 days), which is significantly longer
than that in the classic Elder problem. For the transport steps, during which heads are considered constant,
a uniform step size of 2 days is specified in the model input.

3.5. Measurable Characteristics
Several measurable characteristics, including Sherwood Number (Sh), total mass of solute (TM), solute centre
of gravity (COG), etc. were used to quantify the simulation results in previous studies on the Elder problem
[Prasad and Simmons, 2003, 2005; Post and Prommer, 2007; Xie et al., 2010], and will be used as well in the
current study. Since there are three conceptual domains involved in the DDMT model (i.e., mobile, immo-
bile, and total domains), each characteristic adopted is defined for these three domains. In addition, two
new dimensionless parameters (nonequilibrium state index and the difference of the Sherwood Number
between the mobile and immobile domains) are defined exclusively for the problems involving kinetic
mass transfer, as shown below.

Water Resources Research 10.1002/2016WR018724

LU ET AL. IMPACT OF KINETIC MASS TRANSFER ON FREE CONVECTION 3641



3.5.1. Sherwood Number (Sh)
Dimensionless Sherwood Number (Sh) is commonly employed to assess the ratio of actual mass transfer
due to free convection during the transient state to the rate of mass transfer due to diffusion, and is
expressed by [Nield and Bejan, 2006, equation (9.34)]:

Sh5
mH

WLsDdDC
(4)

where m [MT21] is the mass flux across the source boundary; W [L] is the width of the source zone and is
equal to unit for the current 2D problem; Ls [L] is the length scale of the source zone; and DC [ML23] is the
maximum concentration difference between freshwater and saltwater.

The solute diffused from the source zone into the aquifer system leads to the increase of total mass in both
mobile and immobile domains. Mass flux into the mobile domain is driven mainly by density-driven trans-
port, while mass flux into the immobile domain is completely through kinetic mass transfer from the mobile
domain. Hence, the mass fluxes into the two domains may be different, depending on n and b. Here we
define the dimensionless Sh for mobile and immobile domains, respectively:

Shm5
mmH

WLsDdDC
(5)

Shim5
mimH

WLsDdDC
(6)

where mm [MT21] and mim [MT21] are the mass flux in the mobile and immobile domains, respectively, and
m5mm1mim, and Sh5Shm1Shim. Note that Shm and Shim defined do not represent diffusive fluxes, but
quantify net mass fluxes in the two domains. The comparison of mass fluxes into the two domains allows
one identifies the dominant mechanism for solute transport in the aquifer system. A dimensionless parame-
ter E is defined hereby to evaluate which mechanism dominates the transient solute loading. The expres-
sion of E is given as:

E5Shm2Shim (7)

E compares the mass fluxes in mobile and immobile domains. When E> 0 (i.e., the mass flux in the mobile
domain is larger than in the immobile domain), mobile domain (or density-driven) dominated transport pro-
cess occurs. When E< 0, by contrast, the mass flux in the immobile domain is larger than that in the mobile
domain, indicating that solute loading is controlled by the immobile domain (or local mass transfer). Partic-
ularly, as E approaches 0, both domains contribute comparably to solute loading.
3.5.2. Total Mass of Solute (TM)
The total mass of solute (TM) is a parameter used to quantify the transient total amount of solute contained
in the aquifer system. Here we define a normalized TM, which is similar to the definition in Post and
Prommer [2007]:

TMm5
hm

ðhm1himÞLH

ðx5L

x50

ðz5H

z50
Cm

x;z dxdz (8)

TMim5
him

ðhm1himÞLH

ðx5L

x50

ðz5H

z50
Cim

x;z dxdz (9)

TM5TMm1TMim (10)

in which TMm, TMim, and TM are normalized total mass of solute in mobile, immobile, and total domains,
respectively; and Cm

x;z and Cim
x;z are normalized concentration values in the cell (x, z) of mobile and immobile

domains, respectively. Values of TMm, TMim, and TM vary between 0 and hm/(hm1him), 0 and him/(hm1him),
and 0 and 1, respectively. TMm5TMim5TM50 corresponds to the initial condition, that is, the entire aquifer
is filled with pure freshwater in both mobile and immobile domains. TMm5hm/(hm1him), TMim5him/
(hm1him), and TM51 represent the case where saltwater is completely occupied in the mobile, immobile,
and total domains, respectively. hm/(hm1him) and him/(hm1him) represent the mobile domain and immobile
domain content, respectively.
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3.5.3. Nonequilibrium State Index (NESI)
In the presence of DDMT, unsynchronized transport behavior may occur in mobile and immobile domains,
characterized by the difference of the concentration distribution between the two domains. Based on the
definition of TM, a dimensionless nonequilibrium state index (NESI) is defined to evaluate the transient
degree of the nonequilibrium state, which is expressed as:

NESI5
1

LH

ðx5L

x50

ðz5H

z50
Cm

x;z2Cim
x;z

� �
dxdz5 hm1himð Þ TMm=hm2TMim=him

� �
3100% (11)

By definition, NESI varies between 0 and 1, representing an average concentration difference between
mobile and immobile domains. A higher value of NESI reflects a stronger nonequilibrium condition, while a
lower one means the system is near the equilibrium condition. Particularly, as NESI50, the system can be
regarded as a perfect equilibrium condition, indicating the average concentration distribution in mobile
and immobile domains are exactly the same. Conversely, NESI51 represents an ideal condition that the salt-
water covers the entire mobile domain, but no saltwater enters into the immobile domain.
3.5.4. Solute Centre of Gravity (COG)
The solute centre of gravity (COG) is a statistical property of a contaminant plume thatcan be calculated by
the spatial moment equation. The spatial moment M(m, n) of order (m, n) is given as:

M m; nð Þ5
X

j

X
i

xm
i zn

j Ci;j (12)

where the summation is performed for all rows and columns in the domain; Ci,j is normalized concentration
value of the cell (xi, zj); xi [L] and zj [L] are coordinates; and m and n are integer power exponents that define
the moment order. The centre of gravity (x0, z0) is then calculated by:

x05M 1; 0ð Þ=M 0; 0ð Þ and z05M 0; 1ð Þ=M 0; 0ð Þ (13)

Equations (12) and (13) are directly employed to define COG in the mobile, immobile and total domains by

replacing Ci,j with Cm
i;j , Cim

i;j , and
hmCm

i;j 1him Cim
i;j

hm1him

� �
, respectively, where Cm

i;j and Cim
i;j are normalized mobile and

immobile concentration values of the cell (xi, zj). Note that x05300 m for all cases due to symmetry of the
model domain.

4. Results and Discussion

4.1. Effects on Plume Development
The simulation results show that the overall effects of DDMT on the transient plume profile varies signifi-
cantly depending on the selected values of mass transfer parameters. As an example, Figure 2 compares
the concentration distributions between the cases with and without DDMT effects where the total porosity
in the DDMT cases and effective porosity in no-mass-transfer cases are assumed the same, and also com-
pares the concentration distributions between the mobile and immobile domains for the DDMT case. As
shown, the temporal plumes developed in the case incorporating kinetic mass transfer differ substantially
from those in the case without such an effect. For example, the simulation results of the DDMT case indicate
that after 5 years, five separate fingers below the top boundary are developed in both mobile and immobile
domains, whereas only four fingers are generated in the corresponding no-mass-transfer case. Similarly,
after 10 years, three separate fingers are formed for the DDMT case, while only two fingers are present in
the no-mass-transfer case. A larger number of fingers in the mass transfer case represent a more unstable
system, which are mainly caused by a larger Ra resulting from a smaller effective porosity (i.e., mobile poros-
ity). Flach [2011] revealed that a larger permeability variance will lead to a lower mobile porosity by calibrat-
ing a DDMT model to a heterogeneous medium model. In this sense, our observations agree with the
finding by Prasad and Simmons [2003], who have shown that an increase in the permeability variance can
result in a greater degree of instability at earlier times. Interestingly, the snapshot after 20 years shows that
the finger number in the mobile domain is increased, while only one finger exists in the no-mass-transfer
case, showing an enhanced instability in the mass transfer case.

It also can be observed that the finger speed in the mobile domain is greater than that in the corresponding
no-mass-transfer case at early times. This is also caused by a smaller effective porosity and hence a larger
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flow velocity. However, the presence of the immobile domain can decrease the concentration gradient at
the tip of the finger and slow down the descent of solute at the later times. As a result, after 10 years most
of salts are accumulated at the top of the aquifer in the DDMT cases, while substantial salts have reached
the bottom of the aquifer in the case without mass transfer.

In addition, the simulation results indicate that at early times concentration distributions in the mobile and
immobile domains are significantly different. Specifically, after 1 year there is negligible mass existing in the
immobile domain, while substantial mass has already entered from the top source zone into the mobile
domain. During this initial period free convection processes have little been affected by mass transfer proc-
esses. As time increases, the concentration contrast between the two domains becomes less and less,
because the finger speed is reduced after the plume reaches aquifer bottom and the timescale of density-
driven solute transport is longer than a characteristic mass transfer timescale (i.e., 1/n) .

Figure 3 illustrates the impacts of b and n on the concentration distribution in the mobile domain. The left
panel demonstrates the effect of b on the plume profile. As pointed out above, a higher b corresponding to
a lower effective porosity will lead to a higher Ra, which can cause a higher degree of instability. As
expected, more fingers in the mobile domain are developed for the case with a higher b after 1.5 years. On
the other hand, the cases with the same b but with different n have the similar evolution in the plume pro-
file, while the magnitude of n only controls the evolution rate of the plume profile. For example, for the
case with b51 and n51024d21 and the case with b51 and n51025d21, similar plume profiles are obtained
after 1.5 years (see Figures 3e and 3f). However, the fingers in the case with a lower n descend faster, show-
ing weaker retention by the immobile zone. Therefore, the significant difference in the magnitude of n
could lead to the significant difference in the transient plume profile. For example, the plume profile after
1.5 years in the case with n51023 d21 (Figure 3b) is significantly different from that developed in the case
with n51024 d21 (Figure 3e). After 2.2 years, however, a similar plume profile is generated in the former
case (Figure 3d). Obviously, there is a time lag in plume profile between the cases with the same b but with
different n.

In addition to the assumption that ht is constant, one may be interested in how the value of him affects the
solute loading process in mass transfer cases with the same hm. To show this, three cases with hm50.05 and
him50.02, 0.05, and 0.08 are simulated with n51024d21 assumed. Concentration distributions in the mobile
domain at simulation times of 1, 5, 10, and 20 years are shown in Figure 4. It is not surprising that the initial
finger numbers are the same in three cases, because of the same Ra. In addition, it is obvious that a larger

Figure 2. Concentration distributions of the cases with and without DDMT at simulation times of 1, 5, 10, 20, and 50 years. For the case including mass transfer, transient concentration
distributions are shown in both mobile and immobile domains. Values of mass transfer parameters used are: b51 and n51024d21.
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him inhibits solute transport in the mobile domain. A larger him indicates that the media contain a larger
immobile volume capable of receiving mass transfer from the mobile domain, resulting in the time to reach
the equilibrium condition between the mobile and immobile domains becoming longer. Therefore, the
impact of a larger him on the solute transport in the mobile domain is similar to that of a lower n, as also
demonstrated in equation (1b). However, despite the fact that a larger him slows down the solute transport
in the mobile domain, it could lead to a higher TM at a later time because of a larger ht.

Figure 3. Concentration distributions in the mobile zone for the mass transfer cases. (a): b50.25 and n51023 d21; (b) and (d): b51 and n51023 d21; (c): b54 and n51023 d21; (e): b51
and n51024 d21; and (f): b51 and n51025 d21. Simulation time is 2.2 years in Figure 3d and 1.5 years in Figures 3a, 3b, 3c, 3e, and 3f.

Figure 4. Concentration distributions of the mass transfer cases (n51024d21) with the same mobile porosity (hm50.05) but different immobile porosities (him5 0.02, 0.05, and 0.08) at
simulation times of 1, 5, 10, and 20 years.
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4.2. Quantitative Assessment
4.2.1. Effects on Sherwood
Number (Sh)
In the conceptual model, source solute
enters into the aquifer system purely by
molecular diffusion. Therefore, the con-
centration of the boundary layer beneath
the source zone affects mass loading
rate, i.e., the value of Sh. Figure 5 shows
the variations of Sh and the average nor-
malized concentration in the top layer
(only the part beneath the source zone)
versus time for the case without mass
transfer. Obviously, the variation of Sh is
inversely proportional to that of the aver-
age concentration in the top boundary

layer, i.e., Sh decreases/increases with the increase/decrease of the average concentration in the top boundary
layer.

Five main stages of solute transport processes are identified from Figure 5. At early times of the loading
(A-B or A’-B’), vertical concentration gradients between the source zone and the top boundary layer are
very high so that the diffusion process is fast and accordingly, the average concentration in the top bound-
ary layer increases quickly. During this stage, the vertical concentration gradient between the source zone
and adjacent zone is becoming less and less, resulting in a decreasing behavior of Sh. This reduction in Sh
lasts about 2 years. By this time, the average concentration in the top boundary layer has reached over 90%
of that in the source zone. As the top boundary layer accumulates more and more solutes and becomes
thicker and thicker, instability fingers occur and descend into the deeper aquifer. As expected, the average
concentration in the top boundary layer experiences a decline period, leading to the rebound of Sh (B-C or
B’-C’). This stage continues about 2 years. This increasing phenomenon of Sh is terminated when the plume
first touches the bottom. Subsequently, the average concentration in the top boundary layer increases
again, followed by a sharp decrease of Sh. At the point D or D’, the tip of the finger reaches the bottom in
the interior. As a consequence, the increasing rate of average concentration in the top boundary layer and
the decreasing rate of Sh become mild. At the point E or E’, one thick finger is developed at the middle of
the domain. From then on, the average concentration in the top boundary layer slowly increases and Sh
slowly decreases correspondingly, forming the last stage of instability.

Figure 6 shows the sensitivity of b and n on Sht. For comparison, the evolution of Sh in the case without
mass transfer is also provided. In general, kinetic mass transfer between the mobile and immobile domain
enhances the oscillations of Sht curves. This oscillation behavior is more significant for the case with a
higher b (see Figure 6c). For a lower b50.25, the evolution of Sht is similar to that in the case without mass

Figure 5. Sherwood Number (solid line) and the average normalized concentra-
tion in the top layer beneath the source zone (dashed line) versus time curve for
the no-mass-transfer case. Points A, B, C, D, E, and F, and A’, B’, C’, D’, E’, and F’
separate five main stages.

Figure 6. Sensitivity of b and n on Sht for the cases including kinetic mass transfer. The black line is the evolution of Sh in the case without kinetic mass transfer. (a) b50.25; (b) b51; and
(c) b54.
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transfer. In addition, given a constant b the effect of n on Sht is not monotonic due to the complicated inter-
actions between the source zone, mobile zone and immobile zone in the top boundary layer. As can be
seen from Figure 6c, Sht of the case with n51024d21 is larger than that of the other mass transfer cases
within a relatively long period. The reason for this phenomenon can be explained by the variation of the
average concentration in the top boundary layer, which is an indicator of the variation of Sht.

The average normalized concentrations in the top layer beneath the source zone versus time for the mass
transfer cases with b54 are shown in Figure 7. For the critical case with n51024d21, an effective mass transfer
period (approximately 10 years for the current setting) is identified for the effective contribution to solute load-
ing. This effective mass transfer process leads to the concentration in the mobile zone keeps lower than in
other cases, and hence, the highest value of Sht in Figure 6c. For the case with n51023d21, the average immo-
bile concentration in the top boundary layer is shortly increased to nearly the same value as the corresponding
mobile concentration because of the short mass transfer timescale. During this period, the average concentra-
tion in the corresponding mobile zone is decreased due to local mass transfer and then rebounded shortly to
a high value due to diffusion from the source zone. From then on, solute transport in the top boundary layer is
mainly driven by the density-dependent flow. For the case with an extremely large mass transfer timescale, for
example n51026d21, kinetic mass transfer contributes little to reducing the average concentration in the top
boundary layer, leading to an average concentration in the top boundary layer that is maintained at a rela-
tively high value and the concentration gradient between source zone and the top boundary layer is very low.
Consequently, Sht is the lowest in Figure 6c. Note that previous studies on DDMT have also shown a nonmono-
tonic effect of n on the transport behavior [Culkin et al., 2008; Lu et al., 2009, 2011].
4.2.2. Mechanism Controlling Solute Transport
Figure 8 shows the sensitivity of b and n on E. As shown, both parameters have a significant impact on E
than on n. For a small b, for example b50.25, E is positive within the simulation period for all four mass

Figure 7. The average normalized concentrations in the top layer beneath the source zone versus time curve for the mass transfer case
with b54.

Figure 8. Sensitivity of b and n on E. (a) b50.25; (b) b51; and (c) b54.
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transfer cases, indicating that the mass flux into the mobile domain is significantly greater than into the
immobile domain, and hence, density-driven transport controls the solute loading. However, with the
increase of b, negative E occurs, which means that kinetic mass transfer from the mobile domain into
the immobile domain contributes greater solute loading than density-driven transport. At large loading
times, E for all cases approaches zero, implying that both mechanisms control comparably the solute load-
ing. On the other hand, it is not surprising that a smaller n results in a higher value of E for all cases, because
it would lead to weaker mass transfer into the immobile domain.
4.2.3. Effects on Total Mass (TM)
Figure 9 shows the sensitivity of b and n on the TM in total, mobile and immobile domains. In comparison
to the TM of the no-mass-transfer case, as shown, the inclusion of the immobile zone and associated kinetic
mass transfer decreases the transient TM in the aquifer system. For a small b50.25 (Figure 9a1), the differ-
ence in the TM between the mass transfer case and no-mass-transfer case is small and also the effect of the
magnitude of n on the TM is small, particularly at early loading times. However, the variability of the TM in
the total domain is enhanced with increasing b. It is obvious that this variability is mainly caused by the var-
iability of the TM in the immobile domain. Furthermore, the TM evolution could be a nonmonotonic func-
tion of n. In Figure 9c1, for example, the TM in the total and immobile domains of the case with n51024d21

maintains the largest among the mass transfer cases. This nonmonotonic behavior of n on the TM is similar
to the effect on Sh. It is also that the TM curves could be overlap (Figure 9b1), showing a complex system
behavior due the presence of the immobile domain.
4.2.4. Effects on Nonequilibrium State Index (NESI)
Figure 10 shows the sensitivity of b and n on the NESI. Initially, NESI50 for all cases, representing that there
is no solute in the aquifer system at the initial condition. As solute enters into the mobile domain, the aver-
age concentration contrast between mobile and immobile domains characterized quantitatively by the
value of the NESI continuously increases until reaching a maximum. This increasing duration is shorter for
the case with a larger n. After that, the value of the NESI tends to decrease, although there are some oscilla-
tions existing in the cases with a high n. n dominates the value of the NESI; b also affects the value of the
NESI, to a lesser extent. Specifically, a smaller n and a higher b will lead to a greater NESI. A smaller n inhibits
mass transfer into the immobile domain and a higher b facilitates solute transport in the mobile domain
due to a smaller effective porosity. As a result, the difference of the concentration distribution between the
two domains is more significant, and therefore, a larger NESI. At sufficiently large times, the NESI for all cases
approaches zero because both mobile and immobile domains will be eventually filled by saltwater.

Figure 9. Sensitivity of b and n on the TM. The black line is the evolution of the TM in the case without kinetic mass transfer. (a) b50.25; (b) b51; and (c) b54.
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4.2.5. Effects on Solute Centre of Gravity (COG)
Figure 11 shows the sensitivity of b and n on temporal trends in COG. In all cases, the COG initially decreases
because of the descent of the first salt fingers and then slightly rebounds after the first fingers touch the
bottom of the aquifer. The timescale for the COG to achieve the minimum varies depending on the magni-
tudes of b and n. In general, this timescale is shorter for the case with a larger b and a smaller n, because
the former results in a smaller mobile porosity and the later inhibits mass transfer, which facilitates the
density-driven transport in the mobile domain. It is shown that the minimum COG in the case with b54 and
n51023d21 is significantly lower than in other mass transfer cases (Figure 11a1). Similar to the case without
mass transfer effects, the COG in all mass transfer cases asymptotically approaches the vertical centre
(75 m) of the domain with increasing time of the solute loading.

Comparing the COG in different domains, it is found that the COG in the total domain has a similar trend to
that in the mobile domain, which indicates that the solute plume in the mobile domain controls the COG in
the total domain. To some extent, the difference in COG between the mobile and immobile domains
reflects the equilibrium state of the system. Similar to NESI, the difference in COG between the two domains
is dominated by n and is more significant in the case with a smaller n, while it becomes less with increasing
simulation time. In the cases with a high n, however, the COG curves in the mobile, immobile and total
domains almost coincide (see Figures 10a1, 10b1, and 10c1), implying that the solute plumes in the mobile
and immobile domains descend simultaneously because of the fast mass transfer rate.
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Figure 11. Sensitivity of b and n on the COG of the solute plume. (a12a4) b50.25; (b12b4) b51; and (c12c4) b54. For a specific b, n51023, 1024, 1025, and 1026d21.

Figure 10. Sensitivity of b and n on the NESI. (a) n51023d21; (b) n51024d21; (c) n51025d21; and (d) n51026d21.
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4.3. Consideration of the Permeability-Porosity Relationship
The results above are base on the assumption that permeability is independent of the mobile porosity.
However, there is a close relationship between permeability and porosity (i.e., mobile porosity) in reality,
which has been described by various empirical equations [e.g., Costa, 2006]. In general, permeability
increases with increasing mobile porosity. For simplicity, we assume a simple linear relationship between
the mobile porosity and permeability. This assumption leads to a constant Ra when varying the value of b.
Figure 12 shows transient concentration distributions in the mobile domains in the no-mass transfer case
and two mass transfer cases at simulation times of 1, 5, 10, 20, and 50 years. For the two mass transfer cases,
b50.25 and 4, implying that the values of porosity and permeability are 80% and 20% of those of the no-
mass transfer case, respectively, with the consideration of the assumed relationship between permeability
and porosity. In addition, n51025d21 is adopted for both mass transfer cases.

As shown, the numbers of fingers at the simulation time of 1 year in these three cases are exactly the same,
confirming that the value of Ra determines the instability of the system despite of different values in three
cases. With increasing simulation time, however, the value of permeability dominates the plume evolution
rate in the mobile domain. Specifically, a larger permeability corresponds to a higher rate of plume evolu-
tion in the mobile domain. Therefore, the largest rate occurs in the no-mass-transfer case and the least one
in the mass transfer case with b54. Due to the larger plume evolution rate in the mobile domain and a
smaller immobile porosity, the plume in the immobile domain in the case with b50.25 evolutes faster than
in the case with b54, as shown in Figure 13. As such, the transient TM is the largest in the no-mass-transfer
case and the least in the case with b54.

5. Summary and Conclusions

A numerical study has been conducted to investigate kinetic mass transfer effects on unstable density-
driven flow and transport in porous media through a modified Elder problem. The first-order DDMT model
coupled with the variable-density-flow model is employed to describe the transport behavior. Simulation
results show that the effect of kinetic mass transfer on solute loading may be significant and varies highly
depending on mass transfer parameters including capacity ratio and mass transfer rate coefficient. The
main findings based on the assumption of a constant total porosity are as follows:

1. In comparison to the no-mass-transfer case, a higher degree of instability and a significantly more unsta-
ble system is developed in the mass transfer case, in which the total porosity remains the same as that in

Figure 12. Concentration distributions of the cases with and without DDMT at simulation times of 1, 5, 10, 20, and 50 years. For the case including mass transfer, transient concentration
distributions are shown in mobile domains. The capacity ratio and permeability of the mass transfer case in the middle column and the right column are: 0.25 and 0.8 k, and 4 and 0.2 k,
respectively, in which k is the permeability of the no-mass-transfer case. For the two mass transfer cases, n51025d21.
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the no-mass-transfer case. This is mainly caused by a reduced effective porosity and a corresponding
larger Rayleigh number.

2. The magnitude of the capacity ratio (b) controls the macroscopic plume profile, while the magnitude of
the mass transfer rate (n) determines the plume evolution rate. The higher the value of b, the more
unstable the system. A larger n yields a lower mobile plume evolution rate. In addition, n dominates the
average concentration difference between the mobile and immobile domains characterized by the none-
quilibrium state index (NESI).

3. There are two mechanisms controlling solute transport: the density-driven transport in the mobile zone
and local kinetic mass transfer between the mobile and immobile domains. The magnitude of b controls
the mechanism driving solute loading. For a large b, solute loading is dominated by the density-driven
transport, while with decreasing b local mass transfer dominated solute loading may occur at later times.
At large times, however, these two mechanisms equally contribute to the solute loading.

4. In the presence of the immobile domain and associated kinetic mass transfer, the oscillations of the
Sherwood Number (Sh) are enhanced and more significant in the case with a smaller b. The variation
of average mobile concentration in the top boundary layer is an indicator of the variation of Sh, reflect-
ing the stage of instability. Sh could be a nonmonotonic function of mass transfer timescale due to the
complicated interactions between source zone, mobile zone and immobile zone in the top boundary
layer. For a very large or very small n, mass transfer makes a very limited contribution to the enhance-
ment of solute loading during the effective period (first 10 years in the current setting with b54), while
a critical n can cause the immobile concentration to increase from zero to mobile concentration during
that period.

5. Without any exception, the inclusion of the immobile domain decreases the transient total mass (TM) in
the aquifer system. For the case with a smaller b, the TM in the entire aquifer exhibits smaller variability
for different n and is close to that in the no-mass-transfer case. With increasing b, by contrast, the TM in
the entire aquifer is highly affected by the magnitude of n due to the increased contribution from the
immobile zone. Also, the effect of n on the TM in the total and immobile domains may be nonmonotonic,
which is similar to the effect on Sh.

6. In all cases, the solute centre of gravity (COG) initially decreases because of the descent of the first salt
fingers, followed by a slight rebound after the first fingers touch the bottom of the aquifer, and finally
asymptotically approaching the vertical centre (75m) of the domain. The COG in the total domain has a
similar trend to that in the mobile domain, indicating that mobile concentration distribution determines
the COG in the total domain.

7. When assuming that permeability increases linearly with the mobile porosity, Ra is constant regardless of
the values of permeability and the mobile porosity, leading to the same instability of the unstable
density-driven system. The rates of plume evolution in both mobile and immobile domains, however, are

Figure 13. Transient concentration distributions in the immobile domains at simulation times of 10, 20, and 50 years. The capacity ratio
and permeability of the mass transfer case in the left column and the right column are: 0.25 and 0.8 k, and 4 and 0.2 k, respectively, in
which k is the permeability of the no-mass-transfer case. For the two mass transfer cases, n51025d21.
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higher in the aquifer system with higher permeability. Therefore, higher permeability results in a higher
transient TM.

The DDMT model used in the current study is not new and has been extensively used in describing trans-
port behavior in a wide variety of laboratory and field settings, this is the first application to an unstable
variable-density flow problem. These initial results suggest that kinetic mass transfer is an important process
and is expected to be important in other variable-density flow settings. Studies are required to explore the
application of DDMT models to real-world unstable variable-density flow problems across a range of differ-
ent hydrogeologic settings and spatial and temporal scales.

The DDMT model offers a physically based alternative to classic advection-dispersion models. However, the
successful use of this model still remains a persistent challenge in all areas of solute transport modelling,
particularly in the calibration of mass transfer parameters. Future work is also required to develop an effec-
tive method for estimating mass transfer parameters in variable-density flow problems. Moreover, as the
DDMT model is capable of simulating the preferential movement of water and solutes in structured porous
media, comparison of the application of the DDMT model and the discrete fracture network (DFN) in under-
standing, modelling and predicting free convection processes is of particular interest.
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