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Abstract A new semianalytical solution is developed for the velocity-dependent dispersion Henry
problem using the Fourier-Galerkin method (FG). The integral arising from the velocity-dependent
dispersion term is evaluated numerically using an accurate technique based on an adaptive scheme.
Numerical integration and nonlinear dependence of the dispersion on the velocity render the semianalytical
solution impractical. To alleviate this issue and to obtain the solution at affordable computational cost, a
robust implementation for solving the nonlinear system arising from the FG method is developed. It allows
for reducing the number of attempts of the iterative procedure and the computational cost by iteration.
The accuracy of the semianalytical solution is assessed in terms of the truncation orders of the Fourier series.
An appropriate algorithm based on the sensitivity of the solution to the number of Fourier modes is used to
obtain the required truncation levels. The resulting Fourier series are used to analytically evaluate the
position of the principal isochlors and metrics characterizing the saltwater wedge. They are also used to
calculate longitudinal and transverse dispersive fluxes and to provide physical insight into the dispersion
mechanisms within the mixing zone. The developed semianalytical solutions are compared against
numerical solutions obtained using an in house code based on variant techniques for both space and time
discretization. The comparison provides better confidence on the accuracy of both numerical and
semianalytical results. It shows that the new solutions are highly sensitive to the approximation techniques
used in the numerical code which highlights their benefits for code benchmarking.

1. Introduction

Density-driven flow (DDF) in porous media can take place in a wide range of media and over a large range
of scales such as geological strata, fibrous insulation, and catalytic reactors [Nield and Bejan, 2013]. The den-
sity variations of fluids arise due to the solute concentration and/or temperature changes. Nield and Bejan
[2013] provide a thorough assessment of convection in porous media due to the heat transfer and thermal
causes. Comprehensive reviews on DDF have been provided by Diersch and Kolditz [2002], Simmons et al.
[2001, 2010], and Simmons [2005]. Saltwater intrusion in coastal aquifers [Werner et al., 2013], infiltration of
dense leachate from waste disposal [Zhang and Schwartz, 1995], flow of dense salty plumes from high-
salinity lakes into groundwater resources [Simmons and Narayan, 1997], geothermal energy [Nield and Bejan,
2013], and carbon sequestration [Firoozabadi and Cheng, 2010] are just a few examples of DDF in
hydrogeology.

The DDF in porous media is often investigated numerically, using a large variety of numerical models [Voss
and Provost, 2002; Diersch, 2002; Langevin et al., 2007; Pruess, 2004; Zhang et al., 2008]. The development of
efficient and robust numerical techniques for solving a such problem is still of interest to the scientific com-
munity [Huyakorn et al., 1987; Putti and Paniconi, 1995; Xue et al., 1995; Knabner and Frolkovic, 1996; Frolkovic
et al., 1997; Ibaraki, 1998; Frolkovic and De Schepper, 2001; Ackerer et al., 2004; Soto Meca et al., 2007; Ackerer
and Younes, 2008; Lunati and Patrick, 2008; Camas and Tsai, 2009; Younes et al., 2009; Van Reeuwijk et al.,
2009; Hirthe and Graf, 2012; Albets-Chico and Kassinos, 2013; Povich et al., 2013; Lamine and Edwards, 2015]
and is even reinforced by the large sets of simulations required for the uncertainty and/or sensitivity analy-
sis [Dausman et al., 2010; Xie et al., 2012; Rajabi and Ataie-Ashtiani, 2014; Riva et al., 2015; Rajabi et al., 2015].
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As the number of users and developers increases, benchmarking of the numerical models for DDF simula-
tion in porous media has become a challenging task [Voss and Souza, 1987; Simmons et al., 1999; Johannsen
et al., 2002; Simpson and Clement, 2003; Weatherill et al., 2004; Oswald and Kinzelbach, 2004; Ataie-Ashtiani
and Aghayi, 2006; Van Reeuwijk et al., 2009; Voss et al., 2010, Fahs et al., 2014; Stoeckl et al., 2016]. In this con-
text, comparison against analytical or semianalytical solutions (when they exist) is considered as the best
way for numerical models validation because these solutions allow for confirming that the governing equa-
tions are correctly solved and for excluding the possibility of producing unphysical results [Voss et al., 2010].
In addition, beyond the benchmarking and verification purpose, exact solutions are also relevant because
they provide better physical insights into the studied problem than the numerical solutions, as they are free
of numerical errors. They provide also exact relations between physical parameters and variables that can
be very useful for conducting sensitivity and uncertainty analysis or for parameter estimation.

Due to the mathematical complexities that arise in the simultaneous solution of two coupled partial differ-
ential equations for fluid and solute mass conservations, there are very few DDF problems that have analyti-
cal or semianalytical solutions [Ataie-Ashtiani and Aghayi, 2006].

The solution of the Henry problem [Henry, 1964] is the most popular semianalytical solution used for bench-
marking DDF codes. Henry [1964] developed his semianalytical solution by double Fourier series to deter-
mine the steady state positions disperse saltwater intrusion interface. The original solution developed by
Henry [1964] considered only 78 terms Fourier series in the calculation. Later on, 138, 203, 424, and 6330
terms were taken into account by Segol [1994], Simpson and Clement [2004], Zidane et al. [2012], and Younes
and Fahs [2014], respectively. Considering a higher number of terms in the Fourier series allowed solving a
stable solution of a very narrow seawater interface transition for the Henry problem. Furthermore, the Henry
problem has been solved analytically for intermediate and low Peclet numbers using the perturbation anal-
ysis [Bolster et al., 2007]. Recently, Fahs et al. [2014] developed a new semianalytical solution for DDF in a
square porous box. They obtained solutions using Fourier series for cases that are largely less diffusive than
the standard Henry problem.

All the existing exact solutions take into account only the molecular diffusion coefficient in the mass trans-
port equation. The key process of mass dispersion in porous media, including velocity-dependent disper-
sion, has not been considered in any of these solutions [Werner et al., 2013]. Yet several studies have found
that velocity-dependent dispersion plays an important role in DDF systems [Rubin, 1973; Kvernvold and
Tyvand, 1980; Frind, 1982; Oldenburg and Pruess, 1995; Kalejaiye and Cardoso, 2005; Abarca et al., 2007; Has-
sanzadeh et al., 2009; Xie et al., 2010; Camas and Tsai, 2010; Emami Meybodi and Hassanzadeh, 2011; Jam-
shidzadeh et al., 2013; Nick et al., 2013]. Neglecting this aspect is a significant shortcoming of the available
semianalytical solutions. Therefore, an exact solution for DDF with velocity-dependent dispersion is of pri-
mary importance because it allows for benchmarking codes in more realistic configurations.

The aim of this paper is to develop an accurate semianalytical solution that includes velocity-dependent dis-
persion into a DDF problem. For this purpose a new type of dispersive (i.e., velocity-dependent dispersion)
Henry’s semianalytical solution is provided. The dispersive Henry problem has been suggested to be more
appropriate for code benchmarking since it is more realistic than the purely diffusive problem [Abarca et al.,
2007; Camas and Tsai, 2010]. However, as claimed by Abarca et al. [2007], the major drawback of the disper-
sive Henry problem is that there is no reference solution with which the results can be compared. For the
dispersive problem, only comparisons between codes are possible which undermines the main advantage
of the Henry problem as a benchmark test [Abarca et al., 2007].

As for the standard diffusive Henry problem, the new semianalytical solution for velocity-dependent disper-
sion is obtained using the Fourier-Galerkin (FG) method by expanding the variables (the streamline function
and the concentration) into appropriate infinite double-Fourier series. These series expansions are substitut-
ed into the governing flow and mass transport equations which in their turn are then integrated over all
the domain in order to derive a final system of nonlinear equations with the Fourier series coefficients as
unknowns [see, e.g., Henry, 1964; Segol, 1994; Simpson and Clement, 2004; Zidane et al., 2012; Younes and
Fahs, 2014]. However, the nonlinear dependence of the dispersion tensor on the velocity components
makes impossible the analytical evaluation of the integrals arising from the dispersion terms. For this raison,
the initial solution of the Henry problem was limited to purely molecular diffusion. In this work, we show
that this problem can be managed by evaluating these integrals numerically. A specific technique with
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adaptive order is used to ensure the accuracy of the numerical integration [Mousavi et al., 2012]. On the other
hand, numerical integration requires the evaluation of the Fourier series on the integration points. This adds
significant complexity to the nonlinear system as it renders the solution very costly, impractical, and overly
complex to evaluate. To ease these challenges and render the solution approachable, we developed a specific
algorithm for the evaluation of the residual vector of the arising nonlinear system. The underlying idea of this
algorithm is to optimize the number of evaluation of the Fourier series on the integration points. Moreover,
the efficacy of the semianalytical solution is improved taking advantage of parallel computing on shared
memory architecture for all tasks related to residual and Jacobian evaluation and linear system resolving.

As in the standard Henry’ semianalytical solution, the Fourier series are used to evaluate the steady state
isochlor positions. Moreover, in this work, the Fourier series are used to evaluate analytically several global
patterns related to seawater intrusion as the toe length, the thickness of the mixing zone, the depth of the
freshwater discharge zone at the seaside boundary, and the saltwater flux that enters the aquifer. These pat-
terns are widely used to assess seawater intrusion [Ataie-Ashtiani et al., 1999; Abarca et al., 2007; Chang
et al., 2011; Lu et al., 2013, 2015; Pool et al., 2014, 2015; Riva et al., 2015; Hussain et al., 2015; Ketabchi et al.,
2016; Sebben et al., 2015]. However to our best knowledge, this is the first time that they are calculated
semianalytically. This represents an important feature of the presented semianalytical solution and provides
high-quality data that are very suitable for code benchmarking.

The semianalytical solution is developed for three scenarios by considering differences in molecular diffu-
sion, longitudinal and transversal dispersion coefficients. The accuracy of the developed solutions is investi-
gated in terms of the truncation orders of the Fourier series and the order of numerical integration. In
addition, these scenarios are also simulated using an in-house code [Younes et al., 2009] with variety of
numerical methods (for both spatial and time discretization) in order to assess the worthiness and benefit
of the new developed semianalytical solutions in DDF codes benchmarking.

2. Problem Description and Governing Equations

Henry problem describes seawater intrusion in a homogeneous confined aquifer (Figure 1a). The domain
under consideration is a rectangle of depth (d) and length (‘). Freshwater (c50) enters the domain with a
total flux qd L2T21½ �ð Þ from the left boundary (the inland). The sea boundary is subject to a hydrostatic pres-
sure and constant concentration (c51) corresponding to seawater salinity. The top and the bottom of the
domain are assumed to be impermeable. The hydrostatic pressure affected by density gradients leads to
seawater intrusion into the domain through the sea boundary until reaching equilibrium with the freshwa-
ter injected from the left boundary.

Fluid flow in saturated porous media is governed by the Darcy’s law [Bear, 1972; Huyakorn et al., 1987].
Using the freshwater head, Darcy’s law reads

q52
q0g
l

k rh1
q2q0

q0
ez

� �
; (1)

where q is the Darcy velocity LT 21½ �, q0 is the density of the freshwater ML23½ �, g is the gravitational acceler-
ation LT22½ �, l is the dynamic fluid viscosity ML21T21½ �, k is the intrinsic permeability of the porous media
L2½ �, h is the equivalent freshwater head L½ �, q is the density of the mixed fluid ML23½ �, and ez is the unit vec-

tor in the z direction.

Under steady state conditions and in the absence of the sources and sinks, the mass continuity of the fluid,
assuming the Boussinesq approximation is given by

r:q50: (2)

The solute mass transport is governed by the advection-dispersion equation [Bear, 1972; Huyakorn et al., 1987],

e
@c
@t

1qrc2r � eDmI1Dð Þrc50; (3)

where c is the dimensionless solute concentration 2½ �, Dm is the molecular diffusion coefficient L2T21½ �, e is
the porosity 2½ �, I is the identity matrix, and D is the dispersion tensor defined by
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D5 aL2aTð Þq3q
jqj 1aT jqjI; (4)

where aL and aT are the longitudinal and transverse dispersion coefficient, respectively L½ �.

The flow and transport equations are coupled via the following linear mixture density equation:

q5q01 q12q0ð Þc; (5)

where q1 is the saltwater density.

3. The Semianalytical Solution: Mathematical Development

The semianalytical solution is obtained using the stream function form of the governing equations. The con-
tinuity equation (2) implies the existence of the stream function given by

qx5
@w
@z

; qz52
@w
@x

; (6)

where qx and qz are the Darcy velocity components in the x and z directions and w is the stream function.

Using the stream function, the governing equations can be written as follows:

@2w
@z2 1

@2w
@x2 5

kg q12q0ð Þ
l

@c
@x
; (7)

Figure 1. (a) Henry problem domain and boundary conditions and (b) seawater intrusion metrics used for the assessment of the
semianalytical solutions.
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(8)

where Di;j are the coefficients of the dispersion tensor defined in equation (4).

For natural convection applications the dimensionless equations are usually derived by assuming that buoy-
ancy is the primary force [Guevara et al., 2015]. For seawater intrusion and in particular for Henry problem,
the dimensionless equations with periodic boundary conditions (essential for the Fourier series expansion)
can be obtained using the following dimensionless variables [see, e.g., Henry, 1964]:

X5
x
d

; Z5
z
d

; W5
w
qd

2Z; C5c2
X
n
; (9)

where n5‘=d is the aspect ratio.

With the change of variables according to equation (9), the system of governing equations writes
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where a5 lqd
kg q12q0ð Þd; bm5 eDm

qd
; Di;j5

Di;j

qd
.

The dimensionless dispersion tensor Dð Þ can be calculated in terms of the dimensionless velocities as
follows:

D1;15bL
Qx

2

jQj 1ra
Qz

2

jQj

� �
; D2;25bL ra

Q2
x

jQj1
Q2

z

jQj

� �
; D1;25D2;15bL 12rað ÞQx Qz

jQj ; (12)

where Qx5 qx d
qd

and Qz5
qz d
qd

are the dimensionless components of the Darcy velocity, bL5
aL
d and ra5

aT
aL

.

The boundary conditions for equations (10) and (11) are given by

@W
@X

0; Zð Þ5 @W
@X

n; Zð Þ5C 0; Zð Þ5C n; Zð Þ50:

W X; 0ð Þ5W X; 1ð Þ5 @C
@Z

X; 0ð Þ5 @C
@Z

X; 1ð Þ50

(13)

As for the diffusive Henry problem, the semianalytical solution is obtained using the FG method. With this
method the unknowns C and W are expanded in appropriate Fourier series that satisfy the boundary
conditions

W5
XNm

m51

XNn

n50

Am;nsin mpZð Þcos np
X
n

� �
; (14)

C5
XNr

r50

XNs

s51

Br;scos rpZð Þsin sp
X
n

� �
; (15)

where Nm (resp. Nr) and Nn (resp. Ns) are the truncation orders for the stream function (resp. concentration)
in the Z and X directions, respectively, and Am;n and Br;s are the coefficients of the Fourier series.

The Fourier series are appropriately substituted into equations (10) and (11). The resulting equations are

multiplied, respectively, by the trial functions Cg;h54sin gpZð Þcos hp X
n

� �
(for g51::Nm and h50::Nn) and

Hg;h54cos gpZð Þsin hp X
n

� �
(for g51::Nm and h50::Nn) and then integrated over all the domain. All the
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arising integrals can be evaluated in closed form except the ones corresponding to the dispersion (the last
five terms in the equation (11)). Thus, numerical evaluation of the integrals related to the dispersion terms
associated to close form integrals for the others terms lead to the following system of nonlinear equations:

RF
g;h5-1ap2Ag;h

h2

n2 1g2

� �
n2
XNr

r50

h~Br;hKg;r2
2
p

Kg;0dh;050 ðg 51::Nm; h50::NnÞ; (16)

RT
g;h5-2bmp2Bg;h

h2

n2 1g2

� �
n2

p
4

XNm
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XNn

n50

XNr

r50

XNs

s51

Br;sAm;n s:m:gg;m;rhh;n;s2r:n:jg;m;rkh;n;s
� �

2g
XNn

n50

~Ag;nKh;n2-2

XNs

s51

sBg;sKh;s2
2
p

Kh;0dg;0

24
XNp

i51

WpiF
Disp Xpi ; Zpið Þcos gpZpið Þsin hp

Xpi

n

� �
50 g50::Nr; h51::Nsð Þ;

(17)

where RF and RT are the residuals corresponding to the flow and the transport equations, respectively. Np is
the number of integration points. Wp, Xp, and Zp are the integration weight and the coordinates of the inte-

gration points, respectively. FDisp is a function representing the dispersion terms in equation (11). It is given
by

FDisp5D1;1
@2C
@X2

12D1;2
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@X@Z

1D2;2
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1
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1
1
n
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1
@D1;2

@Z

� �

1
@C
@Z

@D1;2

@X
1
@D2;2

@Z

� �
:

(18)

The scalars and matrices coefficients of equations (16) and (17) are briefly recalled in Appendix A. The evalu-
ation of FDisp

� �
at the integration points can be obtained by expressing the coefficients of the dispersion

tensor and their derivatives in terms of the Fourier series coefficients.

The numerical integration is based on the Gauss’s rule. A globally adaptive scheme is used to insure the
accuracy of the results [Mousavi et al., 2012]. It subdivides the rectangular domain of the Henry problem on
a certain number of subsquares and uses, respectively, 7 and 15 points Gauss-Kronod rules to calculate two
estimations of the integral over each subsquare. The error over each subsquare is estimated by the differ-
ence between the consecutive (7 and 15) rules evaluations. The subsquares with largest errors (error greater
than a prescribed tolerance) are then bisected and the same procedure is performed to both subsides. This
process is repeated until the error criterion becomes fulfilled.

4. Efficient Implementation for Solving the Nonlinear System Arising
From the FG Method

Equations (16) and (17) form a nonlinear system of equations with Nm3 Nm11ð Þ1Ns3 Nr11ð Þ unknowns.
This system of equations becomes highly nonlinear when a large number of Fourier coefficients should be
used in order to obtain stable semianalytical solution. For this configuration, solving the system becomes
challenging due to serious convergence difficulties by the nonlinear solver and to gigantic CPU processing
time required for the iterative solution procedure that renders the semianalytical solution computationally
unaffordable. For this reason, in the early works on the semianalytical solution of the Henry problem [Henry,
1964; Segol, 1994; Simpson and Clement, 2004; Zidane et al., 2012], the developed solutions have been limit-
ed to exaggerated molecular diffusive cases for which stable solutions can be obtained with relatively small
number of Fourier coefficients.

Compounding these challenges, in the case of velocity-dependent dispersion, is the nonlinearity depen-
dence of the dispersion tensor on the velocity components. This nonlinearity strongly affects the conver-
gence of the nonlinear solver. Furthermore, as a result of this nonlinearity and as mentioned in the previous
section, the integrals related to the dispersion terms should be calculated numerically. This requires the
evaluation of the double Fourier series on the integration points and hampers the development of the ana-
lytical solution by the gigantic cost of computing required for these evaluations.

Water Resources Research 10.1002/2016WR019288

FAHS ET AL. NEW SEMIANALYTICAL SOLUTION FOR HENRY PROBLEM 7387



To alleviate these issues and to obtain the semianalytical solution in an affordable computational cost, a
robust implementation for solving the FG nonlinear system is developed in this work. The implementation
is based on the Powell algorithm of the IMSL Library which is a variation of the Newton’s method and has a
powerful pattern recognition ability to address nonlinearity problems [Press et al., 2007]. Despite all these
advantages, convergence and efficacy of the IMSL Powell nonlinear algorithm for solving the nonlinear sys-
tem of equations (16) and (17) may be severely affected if it is not handled robustly. In this work, we present
a sound implementation to solve this system with the IMSL solver. Our goal is to build an efficient imple-
mentation by reducing the computational cost by iteration (residual vector and Jacobian matrix) taking into
account the following simplifications.

4.1. Optimization of the Number of Fourier Series Evaluations on the Points of Integration
It is clear from equation (17) that the term related to the velocity-dependent dispersion should be evaluated
ðNr11Þ3Ns times to get the residual vector. For each evaluation, the function FDisp X; Zð Þ should be calculat-
ed on the Np points of integration. The expression FDisp X; Zð Þ involves the concentration and the stream
function and their derivatives with respect to X and Z. This means that the evaluation of the FDisp X; Zð Þ term
in the final residual vector requires O Np3ðNr11Þ3Ns3 Nr3Ns1Nm3Nn1Nm1Nsð Þð Þ operations. For large
number of Fourier coefficients and integration points, this evaluation becomes very computationally expen-
sive. However, a closer look to this term reveals that the term FDisp is the same for all the components of the
residual vector. This means that this term can be calculated at one time on all the integration points and
the results can be stored in memory and then directly used for the evaluation of the other residual vector
components. In this way, the number of operations required for the evaluation of the residual vector can be
reduced to be O Np3 Nr3Ns1Nm3Nn1Nm1Nsð Þð Þ. For instance, if we use Nr5Nm550, Ns5Nn5100, and
Np5104, the evaluation of the velocity-dependent dispersion on the residual vector requires about Oð5:23

1011Þ operations which takes more than 1 day of CPU time. The evaluation of the same term using the
aforementioned simplification requires Oð108Þ operations and takes only 10s of CPU time.

4.2. Simplification of the Nested Summations Term
The evaluation of the four nested summation term (equation (17)) becomes very expansive when higher
truncation orders of Fourier series should be used to correctly handle the velocity-dependent dispersion. To
overcome this difficulty, we show in Appendix B, how the evaluation of this term can be reduced to only
three nested summations. By this way, the number of operations required to evaluate this term can be
reduced from O Nm3Ns3 Nn11ð Þ3 Nn11ð Þð Þ to only O Ns3 Nn11ð Þ3 Nn11ð Þð Þ. This reduces considerably
the CPU time required for the evaluation of the residual vector and renders the solution affordable even
with high level of truncation orders. For the same example as in the previous section, the evaluation of the
residual vector with four nested summations requires more than 2 days whereas the evaluation of the sim-
plified form (involving triple nested summations) takes only 10 min of CPU time.

4.3. Parallel Computing
The computational efficiency of the semianalytical solution is improved by being amenable to parallel com-
putation. The code for the analytical solution was implemented in Fortran 90 and parallelized with OpenMP.
In this implementation, the residual vector is computed in parallel because its terms are independent from
each other. The same procedure is applied for the evaluation of the Jacobian matrix. Furthermore, the linear
system arising from the Newton method is solved using the parallel solver of the IMSL library. Several runs
of the semianalytical code are performed to evaluate the computational gain of the parallel computing.
These runs were performed on a single computer with two Intel Xeon E5-2690 series (2 3 12 cores) sharing
64GB of memory. For instance, without parallel processing the CPU time required to calculate the solution
with 10,000 Fourier coefficients and 10,000 integration pointes is around 18 h. When the three steps (residu-
al vector, Jacobian matrix, and linear system) are performed in parallel, the CPU time decreases to be
around 1.5 h.

4.4. Analytical Evaluation of the Jacobian Matrix
The IMSL nonlinear solver allows for a numerical evaluation of the Jacobian matrix (by finite differentia-
tion). However, in this work, we supplied the solver with the analytical Jacobian matrix to improve its con-
vergence and to reduce the computational effort. The evaluation of the Jacobian matrix is detailed in
Appendix C.
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Despite the techniques used in the IMSL nonlinear solver to improve the convergence when initial
guesses are far from the solution, the solver encounters convergence difficulties for some cases involving
a large number of Fourier coefficients. To overcome this problem, the developed implementation is rein-
forced by a simple procedure that allows using appropriate initial guesses. With this procedure, when the
nonlinear solver does not converge for a given truncation orders (Nm, Nn, Nr, and Ns), the truncation
orders are appropriately reduced (to be Nmi, Nni, Nri, and Nsi), the semianalytical solution is evaluated
with these new orders and the arising Fourier coefficients are used as initial guesses for the desired levels
(Nm, Nn, Nr, and Ns).

5. Analytical Evaluation of the Seawater Intrusion Metrics

The Fourier series expansions of concentration and stream function are used to analytically evaluate five
global nondimensional metrics related to seawater intrusion. These metrics are depicted in Figure 1b and
defined as follows:

1. The dimensionless seawater wedge toe location LToe5‘Toe=dð Þ: ‘Toe corresponds to the location where
the 50% isochlor intersects the bottom boundary of the domain.

2. The dimensionless spread of the concentration LS5‘s=dð Þ: ‘s is given by the distance between the 10
and 90% isochlors, evaluated along the bottom of the domain.

3. The dimensionless average width of the mixing zone WMZ5�w MZ=dð Þ: the width of the mixing zone wMZ

ðxÞ is defined as the vertical distance between the 10 and 90% isochlors. As in Abarca et al. [2007], �w MZ

is calculated by averaging wMZðxÞ on the interval between 0:23‘Toe and 0:83‘Toe. This restriction is
assumed in order to overcome boundary effects.

4. The dimensionless z coordinate of the adverse flows inflexion point (I) at the seaside boundary
ZI5zI=dð Þ: zI represents the z coordinate of the point separating the freshwater discharge zone and the

seawater inland flow zone.
5. The dimensionless saltwater flux QS5qs=qdð Þ: qs is the total salt water flux that enters the domain

through the seaside boundary.

The aforementioned metrics are widely used to investigate seawater intrusion in aquifers because they pro-
vide a quantitative idea about the depth of inland penetration of saltwater and the size of the contaminated
zone. For instance, variations of these metrics have been used to investigate the effect of velocity-
dependent dispersion [Abarca et al., 2007], aquifer heterogeneity [Lu et al., 2013], fractures [Sebben
et al., 2015], sea level rise [Chang et al., 2011; Ketabchi et al., 2016; Lu et al., 2015], and tidal fluctuation
[Ataie-Ashtiani et al., 1999; Pool et al., 2014, 2015] on seawater intrusion. They are also used as output model
data for parameter estimation, sensitivity, and uncertainty analysis [Riva et al., 2015; Hussain et al., 2015]. In
the published works on the exact solutions of the Henry problem, the Fourier series are only used to calcu-
late isochlors. Here we used them to evaluate all the aforementioned metrics analytically. In the following,
we explain how the Fourier series expansions can be used to compute all the considered metrics:

1. The penetration toe is defined by LToe5n2X�
50% (where X�

50% is the abscissa of the point where the 50%
isochlor meets the bottom surface of the domain). The relevant equation that allows obtaining X�

50% is
given by XNr

r50

XNs

s51

Br;ssin sp
X
n

� �
1

X
n

20:01s50; (19)

where s is the parameter corresponding to the isochlor (for the toe s550).

2. The same procedure is used to calculate LS which is defined as the difference between X�
10% and X�

90%
(the abscissas of the points where the 10 and 90% isochlors meet the bottom surface of the domain,
respectively). X�

10% and X�
90% can be calculated by resolving equation (19) for s510 and 90, respectively.

3. WMZ is calculated by averaging 20 values of wMZ computed analytically for 20 values of X ranging
between 0:23LToe and 0:83LToe . For a fixed value of X (let us say Xf ), wMZ is calculated as the difference
between Z�

10% and Z�
90% which can be obtained by resolving the following equation (for s510 and 90,

respectively):
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XNr

r50

XNs

s51

Br;scos rpZð Þsin sp
Xf

n

� �
1

Xf

n
20:01s50: (20)

4. ZI can be computed by resolving the equation QxðX5n; ZÞ50 which can be written as follows (using the
Fourier series expansion):

p
XNm

m51

XNn

n50

21ð ÞnmAm;ncos mpZð Þ1150: (21)

5. The dimensionless saltwater flux QS5qs=qdð Þ is calculated as the summation of the advective, diffusive,
and dispersive normal fluxes along the inland flow zone of the seaside boundary QS5QAdv

S 1QDiff
S 1QDisp

S

� �
.

Advective and diffusive saltwater fluxes can be expressed in terms of the Fourier series coefficients as
following:

QAdv
S 5

ðZI

0
Qx cð ÞjX5ndZ5W X5n; Z5ZIð Þ5ZI1

XNm

m51

XNn

n50

21ð ÞnAm;nsin mpZIð Þ; (22)

QDiff
S 52bm

ð1

0

@c
@X
jX5ndZ52

bm

n
p
XNs

s51

21ð ÞssB0;s11

 !
: (23)

The dispersive flux is given by

QDisp
S 52

ð1

0
D1;1jX5n

@C
@X
jX5n1

1
n

� �
dZ52bL

ð1

0
j@W
@Z
jX5n11j @C

@X
jX5n1

1
n

� �
dZ: (24)

The integral in equation (24) is calculated numerically as in Mousavi et al. [2012].

6. Semianalytical Solution: Accuracy and Physical Insight

In this section, the semianalytical solutions of the Henry problem are developed for three test cases with dif-
ferent dispersion coefficients. The nondimensional parameters used in these test cases are listed in Table 1.
The corresponding physical parameters are given in Table 2.

For all test cases the aspect ratio is fixed to be 3 (see Table 2). As in Zidane et al. [2012], a large domain size
is considered in order to limit the inland boundary effects on the semianalytical solution.

The accuracy of the semianalytical solution is investigated in terms of the truncation orders of the Fourier
series [Durran, 1999; Van Reeuwijk et al., 2009; Fahs et al., 2014]. The choice of the level of truncation orders
required to obtain an accurate solution is often ambiguous or implicitly described in the literature [see, e.g.,
Zidane et al., 2012]. In this work, we develop an appropriate way to resolve this ambiguity. We describe here
a specific procedure that consists of computing the semianalytical solution sequentially with an increasing
level of truncation orders until reaching the converged solution. The procedure used to increase the trunca-
tion orders is based on our first results that reveal the following behaviors:

1. The semianalytical solution is more sensitive to the truncation orders in the x direction (Nn and Ns) than
that in the z direction (Nm and Nr). The stable concentration requires largely more Fourier modes than
the stream function.

2. The dimensionless saltwater flux QSð Þ and
dimensionless z coordinate of the adverse
flows inflexion point ZIð Þ are more sensitive
to the truncation orders than the other varia-
bles of interest which is reasonable because
these metrics involve the first-order deriva-
tives of the Fourier series.

Table 1. The Nondimensional Parameters for the Three Test Cases

a bm bL ra

Test case 1 0.2637 0:1 0 0
Test case 2 0.2637 531024 0.1 0.1
Test case 3 0.2637 531024 0.001 0.1

Water Resources Research 10.1002/2016WR019288

FAHS ET AL. NEW SEMIANALYTICAL SOLUTION FOR HENRY PROBLEM 7390



Based on such observations, the technique used to increase the truncation order proceeds as follows: (i) the
truncation orders of the concentration in the x direction is Nsð Þ increased progressively (by 20) while keep-
ing the other truncation orders constant (Nm, Nn, and Nr) until the solution becomes insensitive to Ns, (ii)
the truncation orders Nm, Nn, and Ns are then kept constant and the procedure is repeated by increasing N
r (by 2), (iii) when the solution becomes relatively insensitive to Nr and Ns, the same procedure is applied to
increase the truncation orders of the stream function sequentially Nn (by 10) and then Nm (by 1). The sensi-
tivity of the semianalytical solution to the truncation orders is measured using QSð Þ and ZIð Þ. It is defined as
follows:

Senk
Y 5

���� 1
Yk

����
���� Yk2Yk21

Nck2Nck21

����; (25)

where Y refers to the variable of interest QSð or ZIÞ, superscript k represents the level of truncation order,
and Nc is the total number of Fourier coefficients Nck5Nrk3Nsk1Nmk3Nnk1Nsk1Nmk

� �
.

The convergence of the semianalytical solutions is assumed to be achieved when the relative sensitivity of
both QSð Þ and ZIð Þ becomes less than 1024. The same relative tolerance 1024

� �
is prescribed for the IMSL

nonlinear solver and the numerical integration procedure. A flowchart of the algorithm used to obtain the
stable analytical solution is presented in Figure 2.

6.1. Results for Test Case 1
Test case 1 is the standard purely diffusive Henry problem. Its first semianalytical solution has been
obtained by Henry [1964] using only 78 Fourier modes. Several researchers have claimed that the accuracy
of this solution is doubtful. Voss and Souza [1987] showed that Henry’s truncation does not contain enough
modes in the Fourier series to accurately represent the solution. Segol [1994] revised the semianalytical solu-
tion of Henry by using new truncation orders with 138 Fourier modes. The Segol’s solution have been
proved to be more accurate than the original Henry’s solution [Oldenburg and Pruess, 1995; Herbert et al.,
1988; Bue�s and Oltean, 2000; Abarca et al., 2007; Younes et al., 2009]. Zidane et al. [2012] reevaluated the
solution using 424 terms. Their solution shows a closer agreement with the numerical results than Segol’s
solution. In this work, the solution is reevaluated in order to highlight the benefits of the new proposed
semianalytical solutions with velocity-dependent dispersion. The procedure described in the previous sec-
tion converges with 1868 Fourier modes Nm58ð , Nn540, Nr510, and Ns5140). Relatively low number of
Fourier modes is required to obtain a stable semianalytical solution because the concentration and stream
function distributions are relatively smooth.

The accuracy of the new semianalytical solution is investigated by comparison against the existing ones. To
do so, we computed the solution using 138 and 424 Fourier modes as suggested by Segol [1994] and Zidane
et al. [2012], respectively. The converged semianalytical isochlors (10, 50, and 90%) of the present work
(using 1868 modes) as well as the ones obtained using the truncation orders suggested by Segol [1994] and
Zidane et al. [2012] are assembled in Figure 3. This figure shows a satisfactory agreement between the three
solutions regarding the position of the isochlors at the bottom of the domain. However, the solutions move
apart from each other at the top of the domain (upper right corner). The reason for this latter departure is
the spurious oscillations observed mainly on the 10% isochlor with the solutions obtained using 138 and

Table 2. Dimensional Parameters for the Three Test Cases

Domain dimensions mð Þ ‘53 and d51
Freshwater recharge m2s21ð Þ qd56:631025

Permeability m2ð Þ k51:020431029

Porosity e50:35
Fresh water density kg m23ð Þ q051; 000
Salt water density kg m23ð Þ q151; 025
Gravity m s22ð Þ g59:81
Viscosity kg m21s21ð Þ l51023

Test case 1 Test case 2 Test case 3

Molecular diffusion m2s21ð Þ Dm518:8631026 Dm59:4331028 Dm59:4331028

Longitudinal dispersion mð Þ aL50 aL50:1 aL50:001
Transverse dispersion mð Þ aT 50 aT 50:01 aT 50:0001
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424 Fourier modes. These oscillations are introduced by the Gibbs phenomena due to the insufficient level
of truncation orders in the Fourier series [Voss and Souza, 1987]. The magnitude of these oscillations is rela-
tively small on the 25% isochlor which is in agreement with the finding of Segol [1994] and Zidane et al.
[2012]. However, as can be seen in Figure 3, these oscillations considerably affect the 10% isochlor and lead
to inaccurate results.

The converged values of LToe , LS, WMZ , ZI , and QS obtained using 1868 Fourier modes are summarized in
Table 3. The corresponding values obtained using the truncation orders as in Segol [1994] and Zidane et al.
[2012] are given in Table 4. These tables provide a judgment about the accuracy of the solutions obtained
using 138 and 424 Fourier modes. It shows an excellent agreement between the three solutions regarding
LToe and LS. For these metrics, the relative error of the solution obtained with 138 (resp. 424) Fourier modes
is less than 0.5% (resp. 0.25%). This is consistent with the results obtained in Figure 3 which show similar iso-
chlors at the bottom of the domain. The width of the mixing zone cannot be obtained analytically with the

Figure 2. Flowchart of the algorithm used to obtain the semianalytical solution.

Figure 3. Semianalytical main isochlors (10, 50, and 90%) for test case 1 (with 1868, 424, and 138 Fourier modes).
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138 and 424 Fourier modes due to the
unphysical oscillations on the 10% iso-
chlor (see Figure 3). As a consequence,
it was impossible to compare the solu-
tions based on WMZ . For ZI and QS,
Table 4 shows a very weak agreement
between the solutions because these
metrics require high truncation orders
as they involve the derivative of
the Fourier series with respect to the
space direction (see Table 3 for the
converged solution). Results by 138
Fourier modes present relative errors
of about 5 and 34% for ZI and QS,
respectively. Smaller errors are found
for the 424 Fourier modes (about 4
and 27%, respectively).

6.2. Results for the Test Case 2
In this test case, a more realistic
value is used for the nondimensional
molecular diffusion coefficient. A

high value of bL is used to clearly highlight the dispersion mechanisms in seawater intrusion. The con-
centration distribution is sharper than the first test case because the molecular diffusion is reduced by
a factor of 200. The stable solution is obtained using 4725 Fourier modes (Nm515, Nn590, Nr520, and
Ns5160).

The semianalytical 10, 50, and 90% isochlors and velocity field are shown in Figure 4a. This figure shows
that the profiles of the isochlors differ considerably from those arising from the purely diffusive Henry prob-
lem. It shows a relatively S-shaped mixing zone which is wider at the top of the domain than the purely dif-
fusive case. This shape of the mixing zone is caused by the velocity-dependent dispersion effect as it will be
explained later on in this section. Figure 4a shows clearly that the saltwater invades more the domain than
the test case 1. The molecular diffusion decrease renders the buoyancy effect more pronounced and leads
to more saltwater penetration in the freshwater zone.

The seawater intrusion metrics are given in Table 3. As expected, Table 3 shows also that WMZ as well as
LS in the second case is less than the first test case. This is also due to the decrease of the molecular diffu-
sion which represents one of the major factors affecting the width of the mixing zone. Furthermore, as a
result of buoyancy effect growing, ZI in the second test case is greater than the first test case. Table 3
shows also that saltwater/freshwater mass flux ratio (QS) for the test cases 1 and 2 are almost equivalent.
For the first test case, the advective and diffusive fluxes are calculated to be 0.216 and 0.852, respectively.
For test case 2, the advective flux decreases to be 9:85 31022. This decrease is caused by the inlet veloci-
ty deceleration which is the result of molecular diffusion decrease. The inlet velocity deceleration is linked
to the saline water convective pattern which dominates more significantly the processes when the molec-

ular diffusion is decreased. The diffusive flux is
proportional to the molecular diffusion coeffi-
cient. It decreases from 0.852 in the test case 1
to 1:6631023 in the test case 2. However, the
inland dispersive flux enhances the saltwater
intrusion and mainly in the top of the domain.
This flux is only induced by longitudinal disper-
sion as it can be shown from equation (24). It is
calculated to be 0:961. More than 98% of this
salt flux enters the domain from the top of the
seaside.

Table 3. Seawater Intrusion Metrics Obtained Analytically and Numerically With
the Advanced Code (ADV_code) and Standard Code (STD_code) for the Three
Test Cases (Ne is the Number of Mesh Elements)

Test Case 1 Test Case 2 Test Case 3

Semianalytical Results
Nc 1,868 4,725 19,120
LToe 0.624 1.256 1.594
LS 0.751 0.368 0.088
WMZ 0.757 0.295 0.090
ZI 0.419 0.527 0.684
QS 1.068 1.061 0.300
Numerical Results With ADV_code
Ne 7,500 12,288 76,800
LToe 0.624 1.251 1.599
LS 0.752 0.359 0.094
WMZ 0.756 0.293 0.091
ZI 0.420 0.519 0.695
QS 1.071 1.080 0.286
Numerical Results With STD_code
Ne 7,500 12,288 76,800
LToe 0.624 1.212 1.515
LS 0.752 0.402 0.117
WMZ 0.756 0.372 0.132
ZI 0.426 0.509 0.686
QS 1.059 1.041 0.220

Table 4. Seawater Intrusion Patterns Obtained Analytically for
Test Case 1 Using the 138 and 424 Fourier Modes

Segol
[1995]

Zidane et al.
[2012]

Nc 138 424
LToe 0.621 0.623
LS 0.754 0.753
WMZ NC NC
ZI 0.400 0.402
QS 0.700 0.777

NC, nonconvergence.
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The test case 2 (with large value of bL) is mainly considered in order to provide physical insight into the
dispersion mechanisms in the context of seawater intrusion. To demonstrate the effect of velocity-
dependent dispersion on the shape of mixing zone, we evaluate the solution of this test case using the
constant dispersion model, for which the coefficients of the dispersion tensor are assumed to be constant
[Kalejaiye and Cardoso, 2005; Pang and Hunt, 2001; Frind, 1982]. The values of these coefficients are obtained by
averaging the velocity-dependent dispersion tensor overall the domain. They are calculated to be D1;150:102,
D2;251:4731022, and D1;25D2;151:1531022. The result of the comparison between the velocity-dependent
and constant dispersion models is depicted in Figure 5 which shows good agreement between the

Figure 4. Semianalytical isochlors and velocity field for the velocity-dependent dispersion Henry problem: (a) test case 2 (using 4725 Fouri-
er modes) and (b) test case 3 (using 19,120 Fourier modes).

Figure 5. Comparison between velocity-dependent dispersion model and constant dispersion model for the test case 2 (results obtained
using 4725 Fourier modes).
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degrees of seawater penetration for both models. This agreement is seen as good evidence that the dis-
persion tensors used for both models are equivalent. Figure 5 shows also that the isochlors of the con-
stant dispersion model have the same profile as the purely diffusive case which underlines that the origin
of the S-shaped mixing zone is mainly the velocity-dependent dispersion. This is consistent with the
experimental finding of Kalejaiye and Cardoso [2005]. These authors observed an S-shaped mixing zone
experimentally and proved that in response to the constant dispersion model, the S-shaped mixing zone
can be predicted with the velocity-dependent dispersion model. A similar result is also obtained numeri-
cally by Abarca et al. [2007] for equivalent ranges of dispersion coefficients (aL and aT ). Moreover, it is also
evident from Figure 5 that the origin of the high spreading on the mixing zone at the top of the domain
is the velocity-dependent dispersion.

The semianalytical solution of the test case 2 is also used to understand the effects of longitudinal and
transverse dispersion on the mixing zone. In general, it is known that longitudinal dispersion is domi-
nant where salt concentration gradient is parallel to the velocity field while transverse dispersion
affects the flow and transport where the flow velocity field is perpendicular to the salt concentration
gradient. This can be explained by reformulating the dispersive flux in terms of the dot product of the
velocity and concentration gradient vectors. Considering equation (4), the dispersive flux can be written
as follows:

qdisp
x

qdisp
z

" #
5

aT jqj
@c
@x

2
qx

jqj q:rCð Þ
� �

1
qxaL

jqj q:rCð Þ

aT jqj
@c
@z

2
qz

jqj q:rCð Þ
� �

1
qzaL

jqj q:rCð Þ

2
6664

3
7775: (26)

Equation (26) reveals that longitudinal (resp. transverse) dispersion is an increasing (resp. decreasing) func-
tion of q:rCð Þ.

The velocity and the concentration gradient fields are calculated using the Fourier series and illustrated in
Figure 6. From this figure, we can clearly see that the velocity field is almost parallel to the concentration
gradient at the top of the domain. This means that in this region the mixing zone in mainly controlled by
longitudinal dispersion coefficient aL. And since in this test case the value of aL is relatively large, the result-
ing mixing zone is accordingly wide. In the middle of the domain the velocity becomes relatively perpendic-
ular to the concentration gradient. Hence, in this region, the mixing zone is mainly controlled by the
transverse dispersion coefficient aT . A close analysis of Figure 6 can be performed by evaluating the magni-
tude of the longitudinal and transverse dispersive fluxes within the mixing zone. The distribution of the
ratio of the transverse dispersive flux to the longitudinal dispersive flux (as magnitude) in the mixing zone
is illustrated in Figure 7a. This figure confirms the results of Figure 6. It shows clearly that in the top and bot-
tom of the mixing zone (cyan color), the longitudinal dispersion flux is more than 10 times greater than the
transverse dispersion flux. The same thing can be observed below the 80% isochlors in the middle of the
mixing zone. Above the 80% isochlors the mixing zone is controlled by the transverse dispersion. These

Figure 6. Velocity vectors and salt concentration gradient for test case 2.
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results are similar to the numerical results obtained by Abarca et al. [2007] except at the top of the domain
where the authors have modified the mass boundary condition of the Henry problem in order to include
the effect of freshwater discharge on the saltwater concentration.

6.3. Results for the Test Case 3
For test case 3, the concentration distribution is very steep since the molecular diffusion and the dispersion
coefficients are very small. The stable solution is then obtained using 19,120 Fourier modes corresponding
to Nm540, Nn590, and Nr542.

The semianalytical 10, 50 and 90% isochlors and velocity field are plotted in Figure 4b and the correspond-
ing seawater intrusion metrics are given in Table 3. The results show that the decrease of the longitudinal
and transverse dispersion coefficients improves the realism of the semianalytical solution. Figure 4b shows
that as results of the reduction in dispersion coefficients, the isochlors display a sharp distribution, resulting
in a very narrow mixing zone with isochlors that resemble those observed in real coastal aquifers [Oberdor-
fer and Buddemeier, 1986; Tellam et al., 1986; Yechieli, 2000; Abarca et al., 2007]. It also shows that, in contrast
to test case 2, there is almost no mixing at the top of the domain. As explained previously, the origin of the
mixing in this zone is the longitudinal dispersion which is reduced by a factor of 100 in the test case 3. The
fact that there is no mixing near the seaside at the top of the domain also improves the realism of the semi-
analytical solution because in the real situation the freshwater discharge washes out the saltwater and pro-
hibits the saltwater intrusion from this zone.

Figure 4b shows that the decrease of the dispersion coefficient leads to a greater penetration of the mixing
zone. This is also confirmed by the dimensionless toe penetration (Table 3) which is greater in the test case

Figure 7. Ratio of the transverse dispersive flux to longitudinal dispersive flux within the mixing zone: (a) test case 2 and (b) test case 3.
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3 than the test case 2. Actually, as for molecular diffusion, the decrease of the dispersion coefficient enhan-
ces the buoyancy forces and results in more saltwater penetration than the test case 2.

Table 3 shows that WMZ as well as LS in the test case 3 are less than the test case 2. The decrease of WMZ is
mainly related to the decrease of the transverse dispersion coefficient which is the major factor controlling
the mixing. Besides that, the bottom of the mixing zone is controlled by the longitudinal dispersion (as
shown in the previous test case). Hence, the decrease of LS is mainly caused by the decrease of aL. Table 3
shows that as for molecular diffusion, the decrease of the dispersion coefficients yields to ZI reduction
caused by the buoyancy forces that become predominant in this case. It shows also that QS for the test case
3 is smaller than for the test case 2. The dispersive flux decreases to be 0.233 because it is proportional to
the longitudinal dispersion coefficient. The advective flux is calculated to be 4:1931022. It decreases also
due to the inlet flow deceleration. However, the diffusive flux increases with the decrease of the dispersion
coefficient because the concentration gradient becomes sharper at the top of the seaside boundary. But its
contribution is relatively poor since this flux is overly small (2:5131022). As for the previous test case, we
plot in Figure 7b the ratio of the transverse dispersive flux to the longitudinal dispersive flux (as
magnitude).

This figure shows that the effect of the transverse dispersion on the mixing is more significant than test
case 2. The mixing zone is mainly controlled by transverse dispersion. The influence of the longitudinal dis-
persion is very limited and confined at the interface at the vicinity of the 95% isochlors and to a smaller
degree at the top of the mixing zone near the seaside boundary.

Note that for Figures 6 and 7, the mixing zone is defined between the 5 and 95% isochlors (instead of 10
and 90%) in order to provide more details about the behavior of the dispersive salt flux near the very high
and very low isochlors.

To facilitate the validation of numerical codes, the 10, 50, and 90% isochlors for the three aforementioned
test cases are digitalized analytically using the Fourier series. The digitalized data are provided in Tables
D1–D3. The semianalytical code as well as the data corresponding to the isochlors can be downloaded from
the website https://lhyges.unistra.fr/FAHS-Marwan.

7. Worthiness of the New Semianalytical Solutions for Code Benchmarking:
Comparison Against Numerical Solutions

A good benchmark should be unambiguous and as representative as possible of real field processes. From
the physical point of view, it is evident that including velocity-dependent dispersion improves the realism
of the Henry’s semianalytical solution. The new solution with velocity-dependent dispersion can serve as
reference solution and render the Henry benchmark quite obvious for code validation and inter-code com-
parison. The extension of the semianalytical to several local data (seawater intrusion metrics) improves the
measurability of the Henry problem and provides high-quality data that are suitable for numerical codes
benchmarking. Besides that, our objective in this section is to assess some additional benefit of the new
developed semianalytical solution for code benchmarking. We aim to show that the new cases for which
semianalytical solutions are sought (with velocity-dependent dispersion) are more sensitive to the techni-
ques used in the numerical codes for solving the governing equations and can, in consequence, serve as
good tests for code benchmarking. To this end, we investigate the above three test cases numerically using
an advanced in-house code (ADV_code) developed by Younes et al. [2009]. In this code, the flow equation is
discretized using the Mixed Hybrid Finite Element (MHFE) method [Bue�s and Oltean, 2000; Younes and Ack-
erer, 2010], the convection term of the transport equation is solved using the Discontinuous Galerkin (DG)
finite element method [Bue�s and Oltean, 2000; Arnold et al., 2002] and the diffusion and velocity-dependent
dispersion terms are treated with the multipoint flux approximation (MPFA) method [Aavatsmark, 2002;
Younes and Fontaine, 2008]. The method of lines is used for the time integration with the ordinary differen-
tial equations (ODE) solver DLSODIS [Hindmarsh, 1985]. The combination of the MHFE, DG, MPFA, and the
method of lines was shown to be more accurate and robust for simulating DDF problems than standard
numerical methods [Younes et al., 2009; Fahs et al., 2014]. The numerical code (ADV_code) allows only for
transient simulations. For the comparison against the semianalytical solutions, a large computing time is
used to assure steady state conditions.
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7.1. Sensitivity to the Mesh Size
The three test cases are simulated using several levels of mesh refinement in order to investigate their sen-
sitivities to the mesh size. Triangular meshes used for the simulations are obtained by subdividing the
domain into subsquares and by subdividing each subsquare into four equal triangles (by connecting the
center of the square to its four nodes). The mesh independent solutions for the three test cases have been
obtained using grids with 75325, 96332, and 240380 subsquares, respectively. This corresponds to a
7500, 12,288, and 76,800 mesh elements, respectively.

The numerical and semianalytical solutions are compared based on the isochlors and seawater intrusion
metrics. Numerical and semianalytical isochlors are illustrated in Figure 8. The numerical values of LToe , LS,
WMZ , ZI , and QS are summarized in Table 3. Figure 8 and Table 3 show an excellent agreement between the
numerical and semianalytical solutions. Hence, they provide better confidence in the accuracy of both
numerical and semianalytical results.

Figure 8. Numerical, semianalytical, and uncoupled isochlors: (a) test case 1, (b) test case 2, and (c) test case 3 (Ne is the number of mesh
elements).
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The simulations show that test cases 2 and 3 are more sensitive to the mesh size than the test case 1. The
origin of this sensitivity is the buoyancy forces. The effect of these forces is very weak and quite limited in
the test case 1. This can be confirmed by comparing density-coupled and density-uncoupled numerical sol-
utions as in Simpson and Clement [2003]. In the density-uncoupled case the buoyancy effect is omitted and
the solute transport acts as a tracer. In this case, the salt intrusion is induced by the hydrostatic pressure of
the heavier saline water. Figure 8a shows that there is no significant difference between the density-
coupled and density-uncoupled models. This confirms that the buoyancy effects in the test case 1 are very
limited. By consequence, accurate numerical solution can be obtained with relatively coarse mesh. Howev-
er, for the test case 2 the molecular diffusion is reduced by a factor of 200. Figure 8b shows that the coupled
isochlors move inland significantly farther than the uncoupled ones. This means that the effect of the buoy-
ancy forces becomes more pronounced than the test case 1. As a consequence, a fine mesh should be used
to obtain a stable numerical solution. For the test case 3 the longitudinal and transverse dispersion coeffi-
cient are less than that for the test case 2. The difference between the coupled and uncoupled isochlors
becomes highly significant (Figure 8c). The buoyancy forces dominate the diffusive forces and by conse-
quence an adequate simulation of this case requires very fine mesh discretization.

7.2. Sensitivity to the Spatial Discretization Technique
Several techniques have been implemented in the literature for the discretization of the spatial derivatives
of the DDF equations [Huyakorn et al., 1987; Knabner and Frolkovic, 1996; Frolkovic et al., 1997; Bue�s and
Oltean, 2000; Ackerer and Younes, 2008; Lunati and Patrick, 2008; Younes et al., 2009; Albets-Chico and Kassi-
nos, 2013; Povich et al., 2013; Lamine and Edwards, 2015]. Therefore, benchmark solutions that could be sen-
sitive to the spatial discretization technique would be an appropriate tool for intertechniques comparison
purposes. In order to provide an example of the sensitivity of the new developed semianalytical solutions
to the spatial discretization technique, we simulated the three test cases using a variant of ADV_code that is
based on the standard finite volume (FV) method. This variant is denoted by STD_code. It can be easily
obtained by reducing the spatial order of the DG method in the ADV_code from piecewise linear to con-
stant approximation. The obtained scheme corresponds to the standard FV method which is widely used in
existing DDF codes and it is considered here to imitate the behavior of the standard DDF numerical codes.
For the simulation with the STD_code, we used grids with 7500, 12,288, and 76,800 elements, as done is the
previous section with ADV_code. The results of these simulations show that, for the test case 1, both codes
converge almost to the same solution (see Figure 9a and Table 3). For test case 2, some minor differences
can be observed on the isochlors (Figure 9b). More important differences can also be noted for the seawater
intrusion metrics (Table 3) and particularly for LS, and WMZ (about 17 and 27%, respectively). For the test
case 3, the discrepancy between the results of the STD_code and ADV_code becomes more significant and
persists in both isochlors and seawater intrusion metrics (see Figure 9c and Table 3). The departure between
the results of these codes is attributable to the numerical diffusion introduced by the FV scheme. This con-
clusion can be confirmed by the fact that the biggest error has been observed on LS and WMZ . For the test
cases 2 and 3, the advection dominates salt transport processes. Hence, standard numerical methods such
as standard finite elements or FV introduce numerical diffusion. This numerical diffusion cannot be removed
unless very fine meshes are used. Additional runs of the STD_code with finer meshes have been performed
in order to obtain the accurate solutions. This is finally reached with STD_code using grids with 30,000
(12,288 with ADV_code) and 97,200 (76,800 with ADV_code) mesh elements for test cases 2 and 3, respec-
tively. The results of this section show clearly that the solutions developed in this work are much more sen-
sitive to the spatial discretization technique than the standard Henry’s solution.

7.3. Sensitivity to the Temporal Integration Technique
In contrast to the space discretization, time integration has received little attention in the literature of DDF
problems and was often limited to the one step first order methods. However, recent studies have
highlighted the effect of the temporal integration technique on the accuracy and robustness of the DDF
numerical codes [Diersch and Kolditz, 1998; Diersch, 2009; Younes et al., 2009; Younes and Ackerer, 2010;
Hirthe and Graf, 2012]. Therefore, as for the spatial discretization, it is relevant to have a benchmark solution
that can be used as a reference to compare and/or to validate temporal integration techniques. Aiming to
show the usefulness of the new developed semianalytical solutions for such purposes, we simulated the
three above test cases using a variant of the ADV_code based on the one step Backward Euler method
(ADV_Euler_code). As mentioned previously, in the ADV_code the order of integration is updated
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automatically between 1 and
5 depending on a posteriori
estimated error. The ADV_Eu-
ler_code is obtained by fixing
the integration order of the
ADV_code at one. We com-
pared the results of ADV_-
code and ADV_Euler_code in
terms of accuracy and com-
putational time. For an ade-
quate comparison, we used
the same grid (12,288 mesh
elements) and same duration
of simulation (tmax 517h) for
the three test cases (this dura-
tion is used to insure steady
state solutions). The intercom-
parison of the ADV_code
and ADV_Euler_code shows
that the order of temporal
integration does not affect
the accuracy of the numerical
solutions since similar results
are obtained with both codes
for all test cases. However, the
major impact of the order
of time integration is related
to the computational time
because higher order of inte-
gration allows for large time
step sizes and by conse-
quence less CPU time. The
CPU times for the ADV_code
for the three test cases are
490, 910, and 1635 s, respec-
tively. With ADV_Euler_code
the corresponding CPU times
are 505, 1374, and 5232 s.

These results indicate that the CPU times for both codes are almost similar for the test case 1. Figure 10a
illustrates the time steps size used by the adaptive higher order and first order technique, respectively. It
shows that similar time step sizes are used for both techniques. Hence, test case 1 appears to be somewhat
insensitive to the order of time integration. For this test case, the steady state solution is reached quickly (at
t � 4h) and therefore there is no benefit in using higher-order time integration method. However for the
test cases 2 and 3, simulations require longer computational time because velocity-dependent dispersion
produces slow convergence to the steady state solution [Abarca et al., 2007]. In addition, velocity-
dependent dispersion reinforces the nonlinear coupling between the flow and transport processes and
increases by consequence the computational time. For test cases 2 and 3 the steady state solutions are
reached much later than the purely diffusive case (at t � 4h). For these test cases, higher-order integration
technique allows for a significant gain in CPU time. Figures 10b and 10c show that for test cases 2 and 3
higher-order technique becomes more valuable since it allow using large time steps size. In conclusion,
these results show clearly the sensitivity of the new developed semianalytical solutions to the order of tem-
poral integration and highlight their usefulness for benchmarking temporal integration techniques in DDF
codes.

Figure 9. Comparison between the results of the advanced code (ADV_code) based on the
DG method and the standard code (STD_code) based on the FV method: (a) test case 1,
(b) test case 2, and (c) test case 3.
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8. Conclusion

In this work we developed a
new semianalytical solution
for the Henry problem with
velocity-dependent dispersion.
As for the classical purely diffu-
sive Henry problem, the new
solution is sought using the
Fourier-Galerkin method (FG).
The integrals related to the
dispersion terms are evaluat-
ed numerically using an adap-
tive higher order integration
scheme. A specific algorithm
is developed to assess the
accuracy of the solution in
terms of the truncation orders
of the Fourier series. A sound
implementation with OpenMP
parallel programing has been
develop to improve the effi-
ciency of the iterative proce-
dure used for solving the
nonlinear system arising from
the FG method and to make
the semianalytical solution
computationally affordable.
The obtained Fourier series
are used to evaluate analyti-
cally the principal isochlors,
dispersive fluxes and metrics
related to seawater intrusion.

Three test cases were investi-
gated by considering differ-
ences in molecular diffusion
and dispersion coefficients. The
first case with exaggerated
molecular diffusion corre-
sponds to the classical purely
diffusive Henry problem. Its
solution is evaluated here for
the sake of comparison. The
second and third test cases are
proposed as new benchmarks.
They deal with large and small
longitudinal transverse disper-
sion coefficients, respectively.
For both of them more realistic
molecular diffusion coefficient

has been used. The semianalytical solutions of the three test cases show that the saltwater intrusion at the top of the
domain is mainly induced by the longitudinal dispersive flux. Transverse dispersive flux is responsible for the mixing
in the middle of the domain near the relatively low isochlors. The semianalytical results show also that decreasing the
dispersive coefficients induces a decrease of the total saltwater flux and yields to more expanded saltwater wedge.
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Figure 10. Time steps size used by the ADV_code (based on variable order integration
method) and ADV_Euler_code (based on first-order integration method): (a) test case 1,
(b) test case 2, and (c) test case 3.
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The three test cases were simulated using an in-house numerical code based on the method of lines and
advanced spatial discretization schemes. Excellent agreement was found between numerical and semiana-
lytical solutions for all studied test cases. Simulations show that the test cases 2 and 3 are more suitable for
benchmarking DDF codes because they are more realistic and more sensitive to the techniques used for
numerically solving the governing equations.

Appendix A: The Coefficients of the Nonlinear System

-15
2 if h50

1 if h 6¼ 0
;
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where di;j is the kronecker symbol.
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Appendix B: Simplification of the Nested Summations Term

The term with four nester summations can be reformulated as the summation of the following subterms:

Tem1g;h5
XNm

m51

XNn

n50

XNr

r50

XNs

s51

s:m:Br;sAm;ngg;m;rhh;n;s; (B1)

Term2g;h52
XNm

m51

XNn

n50

XNr

r50

XNs

s51

r:n:Br;sAm;njg;m;rkh;n;s: (B2)

Let us develop the first term. The evaluation of the second term can be simplified in the same way. Using
the expression of gg;m;r as in equation (A5), Tem1g;h can be written as follows:

Tem1g;h5
XNm

m51

XNn

n50

XNr

r50

XNs

s51

s:m:Br;sAm;n dm1r;g1dr2m;g1dm2r;g
� �

hh;n;s: (B3)

Using the property of the Kronecker function (dm1r;g5dm;g2r ; dr2m;g5dr2g;m and dm2r;g5dm;g1r ) the summa-
tion on m can be dropped and the Tem1g;h can be evaluated as three nested summations as follows:
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In the same way,Tem2g;h can be simplified to be

Tem2g;h52
XNn
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Appendix C: The Analytical Jacobian Matrix

The analytical evaluation of the Jacobian matrix is obtained by differentiating the residuals RF and RT with
respect to the Fourier coefficients. These derivatives are given by
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Appendix D: Digitalized Isochlors Positions

To facilitate code benchmarking, the main isochlors for the three considered test cases are digitalized ana-
lytically and provided in the following Tables:

Table D1. Positions of the 10, 50, and 90% Isochlors for Test Case 1

Z

X

10% Isochlor 50% Isochlor 90% Isochlor

0.050 2.018 2.382 2.773
0.100 2.029 2.402 2.791
0.150 2.045 2.431 2.816
0.200 2.067 2.466 2.844
0.250 2.093 2.507 2.871
0.300 2.124 2.552 2.896
0.350 2.159 2.600 2.917
0.400 2.198 2.649 2.936
0.450 2.243 2.699 2.952
0.500 2.291 2.748 2.964
0.550 2.344 2.795 2.972
0.600 2.402 2.838 2.979
0.650 2.464 2.877 2.985
0.700 2.531 2.909 2.989
0.750 2.603 2.934 2.992
0.800 2.678 2.951 2.993
0.850 2.755 2.965 2.995
0.900 2.827 2.978 2.996
0.950 2.899 2.985 2.997
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