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Abstract The use of temperature-time series measured in streambed sediments as input to coupled
water flow and heat transport models has become standard when quantifying vertical groundwater-surface
water exchange fluxes. We develop a novel methodology, called LPML, to estimate the parameters for 1-D
water flow and heat transport by combining a local polynomial (LP) signal processing technique with a max-
imum likelihood (ML) estimator. The LP method is used to estimate the frequency response functions (FRFs)
and their uncertainties between the streambed top and several locations within the streambed from meas-
ured temperature-time series data. Additionally, we obtain the analytical expression of the FRFs assuming a
pure sinusoidal input. The estimated and analytical FRFs are used in an ML estimator to deduce vertical
groundwater-surface water exchange flux and its uncertainty as well as information regarding model qual-
ity. The LPML method is tested and verified with the heat transport models STRIVE and VFLUX. We demon-
strate that the LPML method can correctly reproduce a priori known fluxes and thermal conductivities and
also show that the LPML method can estimate averaged and time-variable fluxes from periodic and non-
periodic temperature records. The LPML method allows for a fast computation of exchange fluxes as well as
model and parameter uncertainties from many temperature sensors. Moreover, it can utilize a broad fre-
quency spectrum beyond the diel signal commonly used for flux calculations.

1. Introduction

Coupled fluid flow and heat transport has been studied in a variety of fields, from geothermal energy use
[e.g., Garg and Kassoy, 1981; Menberg et al., 2013] to plasma physics [e.g., Lopes Cardoso, 1995]. In hydrology,
heat is frequently used as an environmental tracer to describe flow processes through saturated porous media
such as streambeds [Anderson, 2005]. Heat transport in streambed sediments is influenced by (1) periodic and
nonperiodic temperature changes at the surface, (2) physical properties of the sediment, and (3) the motion
of water in the subsurface [Constantz, 2008]. As a measure of heat, temperature serves as a robust parameter
that can easily be obtained in the field. In recent years, the development of advanced distributed temperature
sensing equipment such as fiber-optic cables [Briggs et al., 2012; Selker et al., 2006; Vogt et al., 2010] and cost-
effective temperature loggers has made it possible to record high-resolution time series over extended peri-
ods and at multiple depths. These temperature-time series have then been used in heat transport models to
quantify groundwater-surface water exchange fluxes [Anibas et al., 2009; Essaid et al., 2008] and their spatial
and temporal variability [Jensen and Engesgaard, 2011; Lautz and Ribaudo, 2012; Schmidt et al., 2006]. When
combined with results from additional measurements such as hydraulic head, temperature can also aid in the
quantification of streambed hydraulic conductivity [Hatch et al., 2010; Lapham, 1989] or the assessment of
contaminant plumes near the sediment-surface water interface [Conant et al., 2004; Dujardin et al., 2014].

To solve coupled water flow and heat transport, temperature-time series can be analyzed with numerical
models, such as VS2DH [Healey and Ronan, 1996], Hydrogeosphere [Therrien et al., 2010], or STRIVE [Anibas
et al., 2009] or with analytical methods [e.g., Hatch et al., 2006; Luce et al., 2013; Onderka et al., 2013]. While
numerical models allow for a multidimensional evaluation of flow and transport processes, compared to
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analytical models, they require additional input to define model domain and geometry besides temperature
and thermal properties of the subsurface. Analytical models are simpler in their parameterization and hence
computationally less time-consuming, which is of advantage especially if time series range over several
months to years or have a high sampling resolution.

Heat transport through streambeds is mainly governed by (1) advection and (2) diffusion. In this work, we
define advection as the transport of heat by water moving through the streambed caused by pressure gra-
dients. Diffusion is the combined conductive heat flow through the sediment-fluid matrix and dispersive
heat flow caused by intrapore space velocity variations [Anderson, 2005].

The interaction between aquifers and surface water systems can be described by groundwater-surface
water exchange fluxes. An often used approach to quantify these exchange fluxes based on temperature-
time series analysis is to analytically solve the advection-diffusion equation after Stallman [1965]. This equa-
tion assumes vertical 1-D nonisothermal flow of heat and water through a homogeneous, saturated
medium. It is represented by the following partial differential equation:
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(1)

where, T (H) is the temperature of the subsurface dependent on the vertical position z and varying with
time t (T), qz (LT21) is the Darcy velocity or specific discharge in the vertical direction (a positive value means
downward flow), cw and c (L2T22H21) are the specific heat of the fluid and the fluid-sediment matrix,
respectively, while q and qw (ML23) represent the densities of the respective fluid-sediment matrix and the
fluid. In this study, qw and cw are considered constant. The volumetric heat capacity qc of the fluid-
sediment matrix can be deduced from:

qc5nqw cw1ð12nÞqscs (2)

where the sediment characteristics are given by the porosity n (-), while qs (ML23) and cs (L2T22H21) denote
the density and specific heat of the solids. D (L2T21) in equation (1) represents the effective thermal diffusiv-
ity or thermal dispersion coefficient [Rau et al., 2012a; Suzuki, 1960] and can be described by
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with

j5njw1 12nð Þjs (4)

where j (ML T23 H21) is the bulk thermal conductivity representing the combined thermal conductivity of
fluid jw and solid js. The parameter w (L) in equation (3) is the thermal dispersivity caused by variations in
intrapore space velocity; its importance for the determination of D is subject to ongoing scientific debate
[Anderson, 2005; Hopmans et al., 2002; Rau et al., 2012b; Rau et al., 2014]. Its influence definitely increases
with increasing values of exchange flux. In this work, w will be neglected.

Existing analytical models solve equation (1) for thermal steady state [e.g., Bredehoeft and Papadopulos,
1965; Schmidt et al., 2007] or thermal transient conditions [e.g., Holzbecher, 2005]. Widely used transient ana-
lytical models are those of Hatch et al. [2006] and Keery et al. [2007], who consider the subsurface a semi-
infinite half-space with a known temperature-time series at the streambed top as the upper boundary con-
dition. This input temperature signal is transmitted through the streambed where it is gradually attenuated
(amplitude damping) and delayed (phase shift), with long-wave signals penetrating the streambed deeper
than short-wave signals. From the measured temperature-time series, a single frequency is extracted and
amplitude damping and phase shift are evaluated as a function of vertical water flux. Both methods have
been integrated into the automated software routines Ex-Stream [Swanson and Cardenas, 2011] and VFLUX
[Gordon et al., 2012] and rely on amplitude ratios and/or phase shifts of the temperature signal between
two temperature sensors at different depths considering the streambed a linear system. Whereas amplitude
ratios can provide an idea about the magnitude and direction of the exchange flux, phase shifts can only
be used to estimate its magnitude. The original solutions of Hatch et al. [2006] and Keery et al. [2007] only
differ in their consideration of the dispersivity term in equation (3) and apply different data filtering techni-
ques. Whereas Hatch et al. [2006] use a two-way band-pass filter, Keery et al. [2007] use Dynamic Harmonic
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Regression (DHR). However, solutions based on amplitude ratios and/or phase shifts could in principle also
be applied by using other filtering techniques.

Although both solutions are able to quantify vertical exchange fluxes at a daily resolution, they exhibit a
number of shortcomings:

1. Both solutions only use a single sinusoidal component of the temperature signal that needs to be
extracted from the time series. Other information contained in the time series is disregarded during anal-
ysis [Rau et al., 2010].

2. Temperature-time series from more than two vertically distributed sensors cannot be used simultane-
ously to calculate the flux.

3. It has been shown for field data that flux estimates can deviate when using either amplitude ratios or
phase shifts [Lautz, 2010; Rau et al., 2010]. Luce et al. [2013] propose to use the ratio of amplitude ratio
and phase shift as an additional parameter during data analysis. This, however, also requires that ampli-
tude ratios and phase shifts can be quantified with sufficient certainty.

4. All uncertainties in thermal parameters [Shanafield et al., 2011] or fluxes [Keery et al., 2007] have to be
assessed by post processing procedures such as Monte-Carlo simulations.

To overcome these limitations, we propose a novel method called LPML to solve equation (1) for thermal
transient conditions in the frequency domain. We assume the streambed a linear time-invariant system (LTI)
and use linear systems theory [Hespanha, 2009] to determine the steady state response of the thermal sys-
tem in the frequency domain. The advantage of representing the steady state response of an LTI system to
a sinusoidal excitation with a given frequency is that its steady state response is also a sinusoidal waveform
with the same frequency but with a possible amplitude and phase shift. This makes it possible to represent
the response of an LTI system to a sinusoidal excitation through complex numbers as a function of the fre-
quency (FRF). For a single sine wave, the amplitude of the FRF is a measure of the attenuation of the sinusoi-
dal excitation of a particular frequency. The phase of the FRF measures the phase shift between the exciting
sine wave and the response. In our heat transport problem, amplitude attenuation depends on advection
and diffusion, streambed parameters, and the excitation signal at the streambed top.

The methodology put forward here combines a local polynomial (LP) signal processing technique to extract
the estimated FRF from the temperature data and fits this FRF to the analytical FRF (obtained by solving the
partial differential equations) using a maximum likelihood (ML) estimator. The differences between these
FRFs and information on the error distribution are then used to derive a Maximum-Likelihood estimator
(ML) and estimate parameters, from which the vertical exchange flux and its uncertainty can be deduced.

Estimating the FRFs from measured temperature-time series using the LP method overcomes the problem
that input temperature deviates from a pure sinusoid. As complex transfer functions, the FRFs relate the
input frequency spectra of temperature-time series at the streambed top to the output frequency spectra at
different depths within the streambed. A comparable method has been proposed in fusion research by van
Berkel et al [2013] with the difference that they only use periodic data and do not apply the LP method.

We describe the mathematical background of the LPML method and present its applicability to quantify
vertical groundwater-surface water exchange fluxes. The LPML method is tested on two different data sets.
First, it is verified by reproducing known exchange fluxes and thermal conductivities from a simulated data
set created with the numerical model STRIVE.

Next, we use the LPML method to examine temperature-time series measured at various depths within a
streambed and to estimate average and time-variant fluxes and thermal conductivities. Estimated flux values
are also compared to estimates obtained with STRIVE and the amplitude method after Keery et al. [2007] imple-
mented in VFLUX and differences are outlined. Additionally, we apply the LPML method to briefly discuss the
impact of using variable frequency ranges on flux estimates and present its potentials and limitations.

2. The LPML Method

The work flow of the LPML method is demonstrated in Figure 1. To estimate the vertical flux qz or other
parameters in equation (1) such as the thermal conductivity, we work in the frequency domain. Data of all
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measured temperature-time series are transferred from the time domain to the frequency domain using
Fast Fourier Transform leading to information regarding the input and output frequency spectra of the
measurements. Using input and output spectra, one can find frequency response functions (FRFs) between
all consecutive measurement locations within the streambed. These transfer functions contain a real and an
imaginary part, which can be resolved into magnitude (amplitude in dB) and phase (in radians) information
per frequency. The LP method is used to find these FRFs and their uncertainties (variance) from the meas-
ured (non)-periodic temperature-time series. The variance is a parameter indicative of the quality of the
FRFs. The FRFs of the (non)-periodic data are then compared to analytical FRFs obtained considering the
input a pure sine function. The LP method also allows us to obtain information regarding the signal noise,
which can then be used together with both types of FRF to construct an ML estimator. With this estimator,
we determine parameters and their uncertainties that describe how well the FRFs fit. From these parameter
estimates, we can finally deduce physical parameters such as the vertical exchange flux. The following sub-
sections explain the methodology in detail.

2.1. Analytical Solution to the Frequency Response Function
The equation for vertical 1-D nonisothermal water flow and heat transport through a homogeneous, satu-
rated porous medium (equation (1)) can be rewritten as

@2T
@z2

1a
@T
@z

1bT1c
@T
@t

50 (5)

where the different parameters a; b; and c are constant. For the specific heat transport problem discussed
here, they are described by physical parameters defined in equation (1) as

Figure 1. Flow chart of the concept of the LPML method with its two main parts, the local polynomial method (LP) and the maximum like-
lihood estimator (ML).
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In case the thermal dispersivity w is negligible, we can assume that
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In this work, we assume a homogeneous, semi-infinite half-space with a known excitation signal T(0, t) at its
top represented by a temperature-time series. The classical way to solve this type of PDE is to use the tech-
nique of separation of variables. This can be achieved by considering the steady state response for a peri-
odic excitation Tð0; tÞ 5 cosðx; tÞ or by using the complex representation Tð0; tÞ 5 ReðejxtÞ of the
Fourier series with j5

ffiffiffiffiffiffiffi
21
p

. The response of the system can then be represented as

T z; tð Þ5ReðG z;xð ÞejxtÞ (11)

with G z; xð Þ as the FRF from the input at the boundary z0 to the position z at a certain angular frequency
x. The complex representation in the frequency domain makes it possible to rewrite equation (5) into an
ordinary differential equation

d2G
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1 b1jxcð ÞG50 (12)

The solution to equation (5) for the considered semi-infinite half-space equals

G z;x; hð Þ5ek x;hð Þz (13)

with

k x; hð Þ5 1
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where G z;x; hð Þ is the analytical expression of the FRF between the boundary temperature (the input) and
the temperature at position z for a given parameter vector h5 a b c½ �.

The analytical expression of the FRF describes the system for every frequency and depth. In the next step of our
method, we use the LP method to determine the FRFs and their uncertainties from the measured time series.

2.2. Extracting the Frequency Response Function Using the Local Polynomial Method
Under natural conditions, input temperature from the stream can deviate quite strongly from a pure sine.
Therefore, one needs to use one of the available methods to extract the FRF from input-output time domain
data: Different windowing and correlation-based methods are available when the measured data are non-
periodic and the system is dynamic [Barb�e et al., 2008; Bendat and Piersol, 1980; Welch, 1967]. These meth-
ods can be strongly affected by systematic (bias) and random (noise leakage) errors that are introduced
when transforming data from the time domain to the frequency domain. The LP method [Pintelon et al.,
2010a, 2010b] outperforms these windowing techniques by assuming that only the output is perturbed
with additive circular-complex normal noise. The LP method considers that the FRF G xð Þ is a smooth func-
tion of the frequency that can be approximated locally by a second-order polynomial system model GLP xð Þ.
The output spectrum Y xð Þ can then be described by

Y xð Þ5GLP xð ÞU xð Þ1Tr xð Þ1EðxÞ (15)

in a small frequency band around the angular frequency x of interest. The LP method uses the randomness
of the input data U xð Þ as well as the spectral smoothness of the FRF G xð Þ and the transient part Tr xð Þ to
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separate GLP xð Þ, Tr xð Þ, and the additive circular-complex normal noise E xð Þ. Hence, is it possible to deter-
mine the steady state response to a periodic excitation at x (e.g., the diel variation) by considering the
amplitude and the phase of the complex-valued GLP xð Þ. The part of the signal that cannot be explained by
the steady state response is defined as the transient part Tr xð Þ.

The separation of the FRF GLP xð Þ and the transient term Tr xð Þ is possible since GLP xð ÞU xð Þ is a random
spectrum while Tr xð Þ is a smooth one. The solution of the resulting least squares problem is used to deter-
mine GLP xð Þ and Tr xð Þ: The residual analysis of the least squares problem then characterizes E xð Þ. The
advantage of the LP method is that in addition to its efficiency, it provides both the FRF GLP xð Þ, and its var-
iance r2

GLP
xð Þ. These quantities are both used to develop an ML estimator.

2.3. The Maximum Likelihood Estimator for Water Flow and Heat Transport
This section derives the ML estimator for the advection-diffusion problem starting from the frequency
domain representation of the data (Figure 1). The ML estimator can use the knowledge regarding the noise
within the measured data during the estimation process and thus produce better results than least squares
or weighted least squares estimators.

In our case, the likelihood can be considered as the conditional probability of obtaining the FRF value
Gðzn;xk ; hÞ at various depths zn, for all angular frequencies xk evaluated in the parameter vector h. The
LP method permits the computation of the complex-valued transfer function GLP zn;xkð Þ and its var-
iance r2

GLP
zn;xkð Þ starting from the measurement of the temperatures at the surface, Tð0; tÞ and the

temperatures Tðzn; tÞ at various depths zn. It assumes that only the output spectrum is perturbed with
additive circular-complex normal noise. Hence, the output error model is equivalent to the ML estima-
tor. The ML cost function weighs the error with the uncertainty of the FRFs GLP zn;xkð Þ at different
depths and frequencies. This makes it possible to take the statistical properties into account, assuming
that the noise is additive and mutually independent. This ML cost function can be represented as

LML hð Þ5
XN

n51

XK

k51

jeMLðzn;xk ; hÞj2 (16)

where LML hð Þ denotes the likelihood, |.|2 the norm of a complex number, and eML the complex-valued resid-
ual least squares error which is

eML zn;xk ; hð Þ5 GLP zn;xkð Þ2Gðzn;xk ; hÞ
rGLP ðzn;xkÞ

: (17)

The Maximum Likelihood estimates

ĥ5 min
h

LMLðhÞ (18)

minimize the ML cost and can be obtained using nonlinear least squares minimization techniques such as
Gauss-Newton or Levenberg-Marquardt optimization methods [Fletcher, 1980].

Starting values for h necessary to initialize the minimization process do not influence the computed result as

1. only three parameters are involved and hence an exhaustive scan is feasible; and

2. the parameters are related to physical parameters, which allow for setting more adequate starting values.

2.3.1. Statistical Properties of the Maximum Likelihood Estimator
The general theory of ML estimators is used to solve some major practical issues, namely (a) tracking model
quality, (b) determining the uncertainty on the parameter estimates, and (c) determining the parametric
representation for the advective-diffusive heat transport.

1. Tracking the model quality can be achieved by using the value of the cost function in equation (16) and/
or using the correlations of the residual errors in equation (17) evaluated for ĥ [Pintelon and Schoukens,
2012]. The expected value and the variance of the cost in its minimizer ĥ can be computed in the absence
of modeling errors [Pintelon and Schoukens, 2012; Pintelon et al., 1997]. The expected value of the ML cost
function equals NK23=2. The factor NK originates from the observation that the ML cost is the sum of NK
uncorrelated squared normally distributed random variables. The correction factor 3/2 originates from
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the three real parameters that need to be estimated. Hence, the ML cost in its minimizers behaves like a
v2 distribution with NK23=2 degrees of freedom.

If NK � 1, one can approximate both the expected mean value and the variance of the cost with NK.
Thus, if no modeling errors are present, then the relationship

NK22
ffiffiffiffiffiffi
NK
p

< LML ĥ
� �

< NK12
ffiffiffiffiffiffi
NK
p

(19)

holds with a 95% probability. The cross correlation of the least squares errors in equations (16) and (17) is
an alternative method to the analysis of the cost function. This correlation test is basically a whiteness
test of these residuals. If some nonmodeled dynamics are still present in the residuals, then these will be
revealed by correlated errors.

2. Determining the uncertainty on the estimates can be easily done by considering the Jacobian matrix JML

JML zn;xk; hð Þ5 @eMLðzn;xk ; hÞ
@h

(20)

which is used during the optimization scheme. This Jacobian matrix can also help us determine the Fisher
information matrix Fi using the following approximation:

FiðhÞ �
XN

n51

XK

k51

Jh
MLðzn;xk ; hÞJMLðzn;xk ; hÞ (21)

where Jh
ML represents the Hermitian matrix. According to Pintelon and Schoukens [2012], an estimate of

the covariance matrix C on the estimates ĥ then equals

Cĥ5 FiðĥÞ
h i21

(22)

3. As shown above, the parameterization of the identification method in equation (5) can be different from
the physical parameterization in equation (1). In addition, it is possible that some of the physical parame-
ters are known, e.g., from literature or field measurements. In this case, they can either be fixed during
the optimization process, or imposed as a (non)-linear constraint. This changes the number of free param-
eters in h to be estimated, and hence slightly alters the expected cost value. However, if NK is sufficiently
large, this change is negligible. If there is an invertible relationship between the old and the new parame-
ter representation, h’ hð Þ, an invertible Jacobian matrix exists such that

Jh!h’ 5
@h’ðhÞ
@ht (23)

where ht is the transpose of h. The Maximum-Likelihood framework then guarantees that if ĥ is an ML
estimate, h’ hð Þ is also an ML estimate in the new parameterization and that

Ch’ 5Jh
h!h’ Cĥ Jh!h’ (24)

After optimization, the estimates ĥ5 â ĉ½ � can be used to compute q̂z and D̂ according to

q̂z5âĉ
qc

qw cw
(25)

D̂52
1
ĉ

(26)

The covariance matrix on q̂z and D̂ is determined using equation (23) and the Jacobian matrix

Jh!h’ 5

1
ĉ

qc
qw cw

2
â

ĉ2

qc
qw cw

0
1

ĉ2

2
6664

3
7775 (27)

3. Model Application and Verification

We implemented the LPML method in MATLAB 2011bVR (The MathWorks, Inc., Natick, Massachusetts, USA)
and tested its applicability on two data sets. To show that the LPML method is able to correctly extract a
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priori known exchange fluxes and thermal conductivities based on equation (1), the first data set comprised
a simulated temperature-time series with depth, used as input to the LPML method. Measured
temperature-time series from the Slootbeek River, Belgium were then used to estimate vertical exchange
fluxes and thermal conductivities with the LPML method under natural conditions.

3.1. Verification on Simulated Data
A temperature distribution with depth was created with the numerical heat transport model STRIVE based
on known boundary conditions and parameter settings for upwelling vertical exchange flux
(qz 5 286.4 mm d21) and thermal conductivity (j 5 2.5 Wm21K21). STRIVE is based on the ecosystem mod-
eling platform FEMME [Soetaert et al., 2002]. It uses the explicit finite difference approach after Lapham
[1989] and has been applied to deduce vertical fluxes by inverse modeling across different stream and
lakebed settings [Anibas et al., 2009; Anibas et al., 2012]. Similar models numerically solving heat transport
are e.g., VS2DH [Healey and Ronan, 1996] or a modified MT3DMS [Hecht-Mendez et al., 2010].

A temperature-time series from the streambed top of the Aa River, Belgium was used as upper model
boundary. This time series ranges over 520 days (supporting information Figure S1) and is based on meas-
urements from Anibas et al. [2009]. The lower boundary at 5 m depth was set constant to the average
groundwater temperature of 12.2�C. The model domain was vertically discretized in 500 model nodes with
a thickness of 0.01 m each and all model input parameters were set constant over the entire depth. Since
analytical flux estimation methods use information from few discrete positions within the riverbed, simu-
lated temperature-time series were extracted and used as input to the LPML method from depths of 0.05,
0.10, and 0.20 m. They represent the shallow depths where temperature measurements are commonly per-
formed under field conditions.

Applying the LPML method, values for q̂z 5 286.4 mm d21 and ĵz 5 2.5 Wm21K21 were estimated with
parameter uncertainties rq̂ z

5 0.01 mmd21 and rĵ 5 0.0001 Wm21K21. These results show that the LPML
method is able to retrieve the original parameters used in the simulation with STRIVE. The actual model
cost (i.e., the calculated value of the ML cost function) of 2927 was only slightly different from the expected
statistical distribution of the cost with the expected model cost (i.e., the expected value of the ML cost func-
tion) of 2339 and a standard deviation of 48. This implies that only small amounts of residual modeling
errors are still present. This small discrepancy can be due to modeling errors in STRIVE introduced by the
discretization of the partial differential equation during simulation. Figure 2a shows the estimated fre-
quency response function GLP (i.e., the estimated FRF G excited with a random input using the LP method)

Figure 2. (a) Estimated frequency response functions GLP of the simulated data set. At all depths, GLP (black line) remains larger than its standard deviation rGLP (gray line). With increas-
ing depth and frequency, the standard deviation approaches GLP . (b) Comparison of the estimated frequency response function GLP (black line) and the frequency response function G
(gray line) assuming a sine input at three depths of the simulated data set. Both types of FRF are in good agreement. With increasing frequencies, GLP becomes less smooth.
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and its standard deviation rGLP versus the frequency range used in our analysis for 0.05, 0.10, and 0.20 m
depth. It can be seen that GLP reduces gradually for increasing depth and frequency. This is expected, as
temperature signals are attenuated with depth. High-frequency components are attenuated more strongly
than low-frequency components. For all three depths, standard deviations are well below GLP with a local
minimum at the frequency of 1 d21. Standard deviations generally increase for higher frequencies as the
output signal strength decreases while the noise level remains constant. At higher frequencies, less data are
available to determine the frequency response. At the frequency of one per day, i.e., the diel signal, the exci-
tation signal is strongest and thus rGLP is smallest.

Figure 2b compares the FRFs G assuming a pure sine input and the estimated FRFs GLP from the LP method
at the three depths. This information is then used in the ML estimator. G and GLP coincide well, however,
the differences between the respective FRFs steadily increase above a frequency of 1.1 d21 as well as with
depth. This is again due to increasing signal attenuation in depth and due to the fact that at higher frequen-
cies less usable information is available compared to the constant noise. The results show that the LPML
method is able to extract the correct values of exchange flux and thermal conductivity with minimal param-
eter uncertainties from a simulated data set.

3.2. Application of LPML on a Measured Data Set
The measured data set comprises temperature-time series versus depth measurements from the Slootbeek,
a small tributary to the Aa River. The measurement location ML1 was situated about 150 m upstream of the
confluence of the Slootbeek with the Aa. At that location, the streambed consisted of a mixture of sand and
silt. Temperature data were obtained using a multilevel-temperature lance with a data logger from UIT,
Dresden, Germany, which measured temperature at the streambed top and streambed temperatures at
depths of 0.15, 0.17, 0.20, 0.25, 0.35, and 0.55 m, designated sensors 2–8 (supporting information Figure S2).
Sensor accuracy was 0.07�C. For our analysis, we used measurements over a period of 90 days (17 February
to 12 May 2012) with a 10 min resolution.

As it is common for streambed temperature distributions, the temperature profiles (supporting information
Figure S3) measured at ML1 show high fluctuations at the streambed top, whereas temperature amplitudes
decrease with increasing depth. Phase shifts are also visible between subsequent signals. Over the 90 day
period, the temperature over all seven sensors ranged from 6.5 to 14.6�C with an arithmetic mean tempera-
ture of 10.2�C.

3.2.1. Comparison With a Numerical Model
By using this 90 day data set, fluxes obtained with the LPML method were compared to those obtained
with STRIVE. Input values for the LPML method were j 5 1.8 Wm21K21, qw cw 5 4.18 3 1026 Jm23K21, and
qc, which according to equation (2) equaled 3.07 3 1026 Jm23K21 if we assume qscs 5 2.05 3 1026

Jm23K21 and n 5 0.48.

For a better comparability of both models, the thermal conductivity j was fixed to 1.8 Wm21K21, a common
value for the soil type found at the measurement location [e.g., Kasenow, 2001; Stonestrom and Blasch,
2003] and supported by Anibas et al. [2011], who previously conducted experiments at the Aa river about
300 m away from the measurement location. Vertical flux estimates obtained with both models are repre-
sentative for the entire 90 day period (Table 1). Flux estimates obtained with both models show similar
upwelling conditions, and vary by less than 1 mmd21. The flux estimated with the LPML method is 244.3
mmd21 with a standard deviation of 0.6 mmd21. The flux estimate obtained with STRIVE lies within two
standard deviations of the LPML result. The LPML model quality is expressed by the actual model cost value,
which is about eight times higher than the model cost expected with our pure sine function. This high dif-
ference indicates that there might actually be heterogeneities present.

Figure 3a shows the frequency response GLP and its standard deviation rGLP versus the frequency range.
From the seven sensors used for the analysis, only three are shown (i.e., 0.15, 0.25, and 0.55 m). Again, it can
be seen that GLP reduces gradually with depth and with increasing frequency. The standard deviations are
well below GLP for 0.15 and 0.25 m, as well as for the other depths not shown. Only at 0.55 m depth and for
frequencies above 1.1 d21, it can be observed that GLP exceeds rGLP . The LPML method automatically dis-
carded data with these characteristics from further analysis in the ML estimator. In general, rGLP depends on
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the length of the temperature-time series, from which GLP is deduced, as well as on the respective fre-
quency, the depth of the output signal, and the signal to noise ratio.

Figure 3b compares measured and modeled data at 0.15, 0.25, and 0.55 m depth. It can be seen that at
0.25 m depth GLP and G show the best agreement. The LP method overestimates the frequency response at
0.15 m depth, while it is underestimated at 0.55 m depth. It can also be noted that GLP becomes more per-
turbed with noise for increasing frequencies as the usable signal information decreases. The larger differen-
ces between expected and actual model costs and the higher discrepancies between GLP and G as
compared to the simulated data set can be explained by a mix of (1) measurement errors, (2) uncertainties
in the parameterization, (3) geological heterogeneity in the subsurface, and (4) nonvertical flow compo-
nents. It can be seen that the additional noise component is especially pronounced in frequencies larger
than 1.1 d21.

Results shown in Table 1 indicate that the LPML method can be used to estimate vertical exchange fluxes
from a measured temperature-time series; differences to STRIVE lie within two standard deviations or a 95%
confidence interval. The computation of the LPML method using MATLAB is fast, taking in our case several
seconds for one run as compared to several hours needed by STRIVE. On the other hand, numerical models
such as STRIVE or the recently developed 1DTempPro [Voytek et al., 2013] based on VS2DH [Healey and
Ronan, 1996] can also deal with e.g., stream stage data, hydraulic heads, subsurface discretization, or inclu-
sion of heterogeneity of the streambed sediments. However, a reasonable parameterization of these
aspects requires additional input data, e.g., from soil samples or hydraulic head measurements.

Table 1. Parameter Estimates for ML1 Using Temperature-Time Series From All Seven Sensors

Parameter Unit STRIVE LPML

LPML

Expected Cost Actual Costra

qz
b mmd21 243.5 244.3 0.6 803 6504

qz
c mmd21 – 236.3 0.8 803 6399

j Wm21K21 – 1.72 0.01

ar 5 standard deviation.
bqz 5 optimized vertical Darcy flux. Bulk thermal conductivity j was fixed to 1.8 Wm21 K21.
cj and qz were optimized simultaneously.

Figure 3. (a) Frequency response functions GLP of the data set obtained from temperature-time series at location ML1 in the Slootbeek
River. At the shallow depths 0.15 and 0.25 m, GLP (black line) remains larger than its standard deviation rGLP (gray line). At 0.55 m, rGLP

becomes larger than GLP for frequencies larger than 1.1 d21; this information is excluded from further analysis. (b) Comparison of the esti-
mated frequency response function GLP (black line) and the frequency response function G (gray line) assuming a pure sine input at three
depths of the measured data set. GLP becomes more variable with increasing frequencies and depth. At 0.25 m, GLP and G show the best
agreement.
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3.2.2. Comparison of LPML With an Amplitude-Based Analytical Model
Fluxes obtained with the LPML method after modeling the 90 day time series were compared to those
obtained with the amplitude method after Keery et al. [2007] implemented in VFLUX [Gordon et al., 2012].
VFLUX is a MATLAB-based model platform for estimating vertical exchange fluxes applying the analytical
solutions after Hatch et al. [2006] or Keery et al. [2007]. Besides temperature data, these analytical solutions
require input parameters that were chosen as n 5 0.48, qw cw 5 4.18 3 1026 Jm23K21, qscs 5 2.05 3 1026

Jm23K21, and j 5 1.8 Wm21K21.

As amplitude methods can only incorporate data from two sensors simultaneously, we used temperature-
time series of sensors two and five for both models (supporting information Figure S2). Only considering
the frequency of 1 day, which usually is the most prominent one under natural flow conditions, the ampli-
tude method estimated a mean exchange flux of 270.7 mmd21 while with the LPML method a 15% higher
flux estimate of 280.9 mmd21 was obtained with a standard deviation of 11.1 mmd21. The phase shift
method after Keery et al. [2007] was not used for comparison as it yielded flux estimates for only about 50%
of the time series with an average magnitude of 309.3 mmd21. This supports findings from Lautz [2012]
and Rau et al. [2010] who discuss reasons for the commonly observed offset between flux estimates from
both approaches.

The advantage of the LPML method lies in its possibility to use a much wider range of frequencies and mul-
tiple sensors simultaneously, increasing the amount of data available for parameter estimation. When using
the LPML method with frequencies up to 1.5 d21, the analysis results in a flux estimate of 261.4 mmd21

with a standard deviation of 1.6 mmd21. This flux estimate is about 13% lower than with the amplitude
method. The differences in flux estimates obtained with LPML and the amplitude method can be attributed
to the method of analysis. While the LPML method extracts the FRFs and estimates parameters with a ML
estimator, Keery et al. [2007] use DHR to isolate the diel signal from the time series and then use amplitude
ratios or phase shifts between the temperature signals at both depths. In cases where these sinusoidal sig-
nals cannot be isolated, amplitude methods cannot calculate a usable amplitude ratio and/or phase shift
difference for every time step. In cases where the phase angle between amplitudes of the two time series
was negative, it was automatically set to zero by VFLUX, to calculate the amplitude ratio. Gordon et al.
[2012] propose additional resampling for the DHR to reduce noise and improve the data structure. Such
procedures are not necessary with the LPML method and no data had to be excluded from the analysis.

3.3. Simultaneous Optimization of Flux and Thermal Conductivity
Originally, analytical solutions of Hatch et al. [2006] and Keery et al. [2007] require knowledge of the
thermal parameters of the subsurface before fluxes can be estimated. Luce et al. [2013] demonstrate a
method to estimate diffusivity based on the amplitude ratio and phase shift information. This information,
however, depends on the offset between the flux estimates of both methods, which require reasonable val-
ues that are often not available. In comparison, the LPML method simultaneously optimizes a, (equation
(6)), b (equation (7)) and c (equation (8)). In the groundwater-surface water, exchange problem discussed
here, b is always zero. If not defined otherwise, the LPML method computes both vertical exchange flux
(equation (25)) and bulk thermal conductivity (equation (26)) or effective thermal diffusivity. When optimiz-
ing both parameters for the 90 day time series, the flux was estimated at 236.3 mmd21, which is about
20% less than the flux estimate in 3.2.1 (Table 1). On the other hand, rq̂ z

is with 0.8 mmd21 about 33%
larger than rq̂z

in 3.2.1. The thermal conductivity was estimated to be 1.72 Wm21K21, which is about 5%
less than the initial value of 1.8 Wm21K21. The standard deviation rĵ was with 0.01 Wm21K21 much smaller
than the standard deviation of the flux. With a value of 6399, the model cost proved to be 1.6% smaller
than in 3.2.1.

From a methodological point of view, a lower model cost is not surprising as two parameters are optimized.
This, however, does not imply that optimizing flux and thermal conductivity simultaneously is preferable. A
slight change in j may lead to a rather pronounced difference in the flux estimate, so qz is sensitive with
respect to j. A major problem is that during the optimization of j other soil thermal parameters remain con-
stant; in this case a volumetric heat capacity of 3.07 3 1026 Jm23K21 was assumed. A decrease of j by 5%
infers that qc should also be slightly different, which would again influence the estimated qz and j values.
This underlines the importance of choosing representative thermal parameters from literature [e.g., Cote and
Konrad, 2005; Stonestrom and Blasch, 2003] or of deriving them through field or laboratory experiments.
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3.4. Analyzing Temporal Variability of Exchange Flux
To analyze temporal variations in exchange flux, the LPML method can be used to optimize parts of
temperature-time series in a consecutive manner (i.e., using a moving window by applying the Short-Time
Fourier Transform). The window length can be chosen relatively freely within the limits of the analyzed
temperature-time series, depending on the frequency information used in the analysis. However, increasing
the frequency range only makes sense if the higher frequency components contain usable information.
Additionally, the mathematical requirements for the LPML method have to be fulfilled, i.e., sufficient
degrees of freedom of the LP method [Pintelon et al., 2010a]. In general, a shorter window will always pro-
vide a better temporal resolution of the flux but the signal will become noisier. A trade-off has to be made
between the frequency range included in the analysis and the window length. Amplitude methods are in
theory capable of estimating a daily flux using data from just 1 day if amplitude propagation in depth can
be determined sufficiently. However, Hatch et al. [Hatch et al., 2006] and Gordon et al. [Gordon et al., 2012]
point out that due to edge effects of the applied filtering techniques data at the beginning and end of each
time-series should be discarded when using the amplitude method.

The LPML method provides a more flexible solution: Using 2 days of data enables us to get rid of the edge
effects by estimating both the FRF and the transient part (i.e., the edge effects). Additionally, the LPML pro-
vides an uncertainty assessment for longer time windows.

By applying a 10 day rectangular moving window on the 90 day temperature-time series of location ML1,
using sensors two to eight and frequencies of up to 1.5 d21, we calculated the variability in the vertical
exchange flux together with the uncertainty bounds (Figure 4a). A constant thermal conductivity of 1.8
Wm21K21 was assumed. Over the entire period, fluxes vary from 2147 mmd21 in mid-March to 21 mmd21

(i.e., infiltration) at the beginning of April 2012 but mostly upwelling conditions prevail.

To evaluate the influence of the window length on the flux estimates, we compared time-dependent verti-
cal exchange fluxes for three different window lengths; 3, 10, and 20 days. It can be seen that shortening
the window leads to higher maxima and lower minima as well as stronger variations in flux estimates (Fig-
ure 4b), while increasing the window length tends to smooth the curve. However, the general trend over
time is preserved as can be seen especially for periods 20–50. Standard deviations, although not shown in

Figure 4. (a) By applying a moving window with a length of 10 days on the entire 90 day data set of location ML1, the vertical exchange
flux is presented with temporal resolution. They gray band (3r) indicates the uncertainty of the flux estimate. (B) Range and variability of
the vertical exchange flux decrease when increasing the length of the moving window from 3 to 10 and to 20 days. However, the general
trend is preserved.
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Figure 4a also depend on the window length. As the window length increases, the average of the standard
deviations in percent decreases. In general, percent standard deviations are highest for near zero flux esti-
mates. In those cases a distinction between upwelling or downwelling conditions can prove difficult.

For the same 90 day period using a 10 day window, we compare daily exchange fluxes obtained with
VFLUX averaged over 10 days, the LPML method using sensors 2–8 and the LPML method only using sen-
sors 2 and 5 as described in 3.2.2 (Figure 5). It can be observed that both LPML curves show a similar behav-
ior. However, when data from more sensors is incorporated, flux maxima and minima slightly change. It
should be noted that an analysis of different sensor pairs showed that sensor pair 2 and 5 is the one with
the least uncertainty on the flux estimate and thus seems to have most influence on the flux estimate. How-
ever, further analyses regarding optimal sensor spacing and pairs seems necessary. On the other hand, esti-
mates obtained with VFLUX (sensors 2 and 5) produce a much smoother curve, i.e., peaks and troughs are
less pronounced.

Exchange flux has already been demonstrated to be time-variant by Keery et al. [2007], Rau et al. [2010], or
Gordon et al. [2012]. This temporal variability is caused by natural and anthropogenic processes that influ-
ence the vertical hydraulic gradient and the hydraulic conductivity of the streambed. However, flux esti-
mates are also influenced by the thermal parameters of the streambed. The flux varies with different
thermal conductivities using the same 10 day window and assuming a constant volumetric heat capacity of

Figure 5. Vertical exchange fluxes calculated with LPML and VFLUX when a moving window with a length of 10 days is used. Flux esti-
mates from VFLUX are mostly higher and individual peaks/troughs are less pronounced.

Figure 6. Vertical flux estimates applying a 10 day moving window on the 90 day data set of location ML1 and considering different
streambed thermal conductivities. (1) j 5 1.8 W m21K21; (2) j 5 1.72 W m21K21; (3) simultaneous optimization of flux and thermal con-
ductivity for each 10 day window; (4) j 5 1.64 W m21K21, the average of the estimates from 3. When thermal conductivities remain con-
stant in time, flux patterns look similar and values only slightly decrease with decreasing j. When j and flux are estimated simultaneously,
the flux pattern over the 90 days differs considerably.
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3.07 3 1026 Jm23K21 (Figure 6). Three cases were defined with thermal conductivities set constant and
one where it was allowed to vary for each window:

1. j 5 1.8 Wm21K21, a value chosen from literature as explained above (Figure 4a).

2. j 5 1.72 Wm21K21, a value that is based on results from 3.3;

3. Flux and thermal conductivity are simultaneously optimized for each 10 day window.

4. j 5 1.64 Wm21K21. This value represents the average of all thermal conductivity estimates from (3).

In cases where the thermal conductivity value was set constant, the estimated flux patterns are similar and
flux estimates decrease with decreasing j. The differences between cases (1), (2), and (4) range from 10.0 to
35.5 mmd21. When thermal conductivities and fluxes are estimated simultaneously, the flux pattern looks
differently, with flux values ranging from 2102 to 19 mmd21 and thermal conductivities between 1.29 and
2.17 Wm21K21. Although thermal conductivity values can vary slightly over time due to sedimentation, col-
mation and erosion processes changing the streambed composition this range is unrealistic as are the
extreme short-term fluctuations encountered in our analysis. An analysis such as in (3) seems thus infeasi-
ble. To obtain more realistic fluxes in time it is, therefore, advised to use the LPML method with constant
thermal conductivities. A simultaneous estimation of flux and thermal conductivity, however, seems possi-
ble for longer time-series, such as our 90 day data set, where average parameter values can be acquired.
Further investigation on simultaneous estimation is recommended.

3.5. Use of Different Frequency Ranges With LPML
Although the vast majority of studies estimates fluxes by only making use of the daily temperature signal,
other frequencies of the spectrum might also substantially influence flux estimates. Lautz [2012] and Gordon
et al. [2012] highlight the usefulness of subdaily signals while Molina-Giraldo et al. [2011] discuss the use of
seasonal temperature signals for the quantification of groundwater-surface water exchange fluxes. Subdaily
oscillations can be prominent in dam-regulated rivers, rivers receiving discharge from waste-water treat-
ment plants or industrial processes, systems fed by glacial melt water, or very shallow streams that experi-
ence large direct solar radiation. Under these conditions, fluxes might vary considerably over short periods
of time. Seasonal oscillations on the other hand could be used to estimate fluxes from greater depths as
these signals penetrate deep into the subsurface.

The LPML method allows for the selection of multiple frequencies that carry information and discards
those frequencies that mostly carry noise. It is, thus, not limited to isolating any one frequency before flux
estimation. In Figure 7, we show flux estimates obtained with the LPML method for the 90 day time series
using 14 different frequency ranges from 1/90 to 15/90 d21 up to 1/90 to 1.8 d21. These values are frac-
tions of the 90 day data set. The thermal conductivity was set to 1.8 Wm21K21. Increasing fluxes are indi-
cated when higher frequencies are included in the analysis (Figure 7). The highest flux value of 247.3
mmd21 was obtained when all frequencies from 1/90 to 1 d21 were included. The lowest flux value with

Figure 7. Vertical flux estimates obtained for location ML1 over the entire 90 days using different frequency information. The dark gray
box is the used frequency range of 1/90–15/90 d21 which leads to the first estimate indicated as dot at the right hand limit of the box. The
light gray box shows the increasing frequency ranges from 1/90 up to 108/90 d21. The highest flux value is obtained using all frequency
information between 1/90 and 1 d21. As flux estimates stabilize, including frequencies above 1.5 d21 does not seem to bring much addi-
tional gain.
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224.9 mmd21 was obtained when only low-frequency components from 1/90 to 30/90 d21 were used. A
physical reason why this period representing three-monthly to monthly frequencies shows the smallest
flux could not be determined. Above a frequency of 1.5 d21, flux estimates stabilize around 245.0
mmd21. Standard deviations for flux estimates including temperature signals with a frequency of 1 d21

or above stabilize around 0.9 mmd21 whereas lower frequencies show standard deviations of up to two
times that value.

According to Figure 7, including frequency components above 1.1 d21 to determine the average flux of the
90 day time series provides little additional information as short-wave signals only demonstrate a limited
influence on the flux estimate. As stated previously, these signals diminish quickly and thus have a smaller
impact during optimization.

In general, we advise to use a frequency range large enough to ensure that the signals of interest (daily,
annual, event-based) are completely included in the analysis. This frequency range will usually be smaller
for short time-series and shallow temperature measurements where low-frequency components play only a
minor role. The use of a range of frequencies rather than of only a single one is recommended as this allows
for a use of more information during flux calculations. Moreover, it is a prerequisite for the determination of
the uncertainties.

4. Limitations of the LPML Method

As has been shown, the LPML method can provide a valuable addition or alternative to existing analytical
solutions to the 1-D heat transport equation. Like other heat tracer methods, the LPML method is also sub-
ject to certain limitations.

1. The LPML method considers the subsurface a homogeneous, semi-infinite half-space with thermal and
hydraulic parameters assumed constant over the entire model domain. However, under natural condi-
tions these assumptions can be violated and considerable heterogeneity might exist [Chen, 2000; Kalbus
et al., 2009; Salehin et al., 2004] that could influence fluxes.

2. As demonstrated in 3.4, the LPML method can calculate fluxes for short windows of varying frequency con-
tent. In our analysis, we could reduce the window size to 2 days by including all frequencies up to 10 d21

into the analysis. By doing so, we considerably increased the uncertainty on the estimates. The reduction of
the window length limits the possibility to apply statistics to calculate these parameter uncertainties.

3. As a physical parameter, j is related to qc; which is treated as constant here. An optimization of j with
the LPML method can introduce bias because the simultaneous optimization of all thermal parameters in
equation (1) like qc is not possible. Hence, when j is optimized, one should verify that the used qc values
are realistic.

4. 1-D analytical solutions used for flux estimation do not consider the impact of nonvertical flow compo-
nents. Investigations by Lautz [2010] and Roshan et al. [2012] demonstrate that errors in vertical flux esti-
mates increase with the magnitude of a horizontal flow component. Cuthbert and Mackay [2013] on the
other hand suggest that the existence of nonvertical flow components does not necessarily lead to erro-
neous flux estimates. Rather is it the form of the flow field (divergent or convergent flow lines) that deter-
mines whether the use of analytical 1-D solutions is appropriate. Nonvertical flow components can be
determined by applying a heat pulse technique, where heat is actively induced into the streambed and
temperatures are measured using a multisensory array surrounding the heat source [Angermann et al.,
2012; Lewandowski et al., 2011].

5. None of the existing analytical solutions, including the LPML method, consider the temperature depend-
ency of density, viscosity, and hydraulic conductivity. So far, these effects can only be studied with
numerical models as discussed by Lautz [2010] and Ma and Zheng [2010].

Aside from these limitations, it should also be noted that the uncertainties on the exchange fluxes esti-
mated with the LPML method are limited by the same assumption made before, i.e., a homogeneous sub-
surface, only vertical flow and constant thermal parameters. Even though an uncertainty on a flux estimate
might be small, the difference between the estimated flux and the actual flux remains unknown and could
be much larger.
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5. Conclusions

We propose the LPML as a novel method to quantify vertical groundwater-surface water exchange flux
using temperature-time series data. The LPML method combines a LP signal processing technique with an
ML estimator to determine flux and with certain limitations thermal conductivity as well as their parameter
uncertainties. The LP method transfers temperature data to the frequency domain and extracts the FRFs
and uncertainties for all frequencies between the input signal at the streambed top and any temperature
sensor within the streambed. Additionally, analytical FRFs are obtained assuming the input a pure sine func-
tion. Both types of FRF are used to construct an ML estimator that ultimately allows us to deduce exchange
flux and/or thermal conductivity, their uncertainties as well as information regarding the model quality by
minimizing a cost function. The LPML method has been implemented in MATLAB and will be freely avail-
able to the scientific community. The LPML method is distinctly different from the analytical solutions after
Hatch et al. [2006] and Keery et al. [2007]. These methods use amplitude and phase differences of the tem-
perature signals with a period of 1 day to estimate exchange flux. The LPML method has the following
advantages:

1. It can incorporate the full spectral information or any part thereof from the available temperature-time
series (from subdaily to seasonal signals). This is advantageous as the excitation signal at the streambed
top also contains frequency components with a period different from 1 day. It can also deal with nonperi-
odic temperature signals and requires no frequency filtering techniques.

2. It can analyze temperature-time series simultaneously from more than two depths within the streambed.
This allows for easily assessing data gathered with multilevel-temperature lances as used in this study
(supporting information Figure S2).

3. The LPML method provides estimates on parameter uncertainties and determines model quality using a
cost function without conducting post processing analysis. To the knowledge of the authors, none of
the other models used for the estimation of exchange fluxes is able to provide this type of information
yet.

4. As the LPML method estimates the bulk parameters a and c, it can in principle be used to determine any
of the parameters shown in equations (25) and (26), provided sufficient knowledge regarding the ones
not estimated. For long data sets of at least several weeks, keeping the limitations in mind, the LPML
method can be applied to determine both vertical exchange fluxes q and average thermal conductivity j
by optimizing both parameters simultaneously.

The new methodology was tested and verified on both simulated and measured data and results were suc-
cessfully compared to those obtained with the numerical model STRIVE as well as the analytical amplitude
method of Keery et al. [2007] implemented in VFLUX. The LPML method presents a useful alternative or
extension to the already available techniques that use heat as a natural groundwater tracer.

Some major limitations previously found with analytical solutions to the 1-D heat transport equation remain
when using the LPML method, such as not being able to consider streambed heterogeneity or nonvertical
flow components. Also, temperature measurement devices can show measurement errors (e.g., due to
instrument drift) and sudden changes in seepage can occur that are not immediately translated into detect-
able temperature changes in depth. This could lead to erroneous flux estimates. It is thus recommended to
combine heat tracer methods with other techniques as outlined by Kalbus et al. [2006], Rosenberry and LaB-
augh [2008] or Engelhardt et al. [2011].
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