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Abstract We study the combined effect of heterogeneity in the hydraulic conductivity field and tidal
oscillations on the three-dimensional dynamics of seawater intrusion in coastal aquifers. We focus on the
quantification of its impact on solute mixing and spreading of the freshwater–seawater interface. Three-
dimensional Monte Carlo realizations of log-normally distributed permeability fields were performed, and
for each realization, numerical variable density flow and solute transport simulations were conducted. Mix-
ing is characterized by the spatial moments of concentration. The enhanced solute mixing is quantified by
an effective dispersion coefficient. The simulations show that heterogeneity produces an inland movement
of the toe location along with a significant widening of the transition zone, which is linearly proportional to
the product of the arithmetic mean of the correlation lengths in the three spatial dimensions (ka) and the
permeability field variance (r2

lnk ). We find that once tidal oscillations are included, as the degree of hetero-
geneity increases, the combined effect of heterogeneity and tidal oscillations on mixing and spreading of
the interface reduces. This is explained by the fact that an increase in the log-permeability variance induces
an increase in both the effective permeability and the spatial connectivity, which implies a more uniform
hydraulic response to tidal forcing and, as a result, the degree of mixing decreases. This study also identifies
that the mixing behavior induced by tidal oscillations in heterogeneous coastal aquifers is controlled by the
effective tidal mixing number (ne

tm) which depends on the amplitude, the period, the storativity, and the
effective horizontal permeability.

1. Introduction

Groundwater flow and solute transport in coastal aquifers are influenced by the dependence of the fluid
density on solute concentrations. In addition, mixing of fresh groundwater and intruded seawater may be
affected by spatially and temporally nonuniform variations of the flow field in response to tidal oscillations,
which tend to be compounded by the heterogeneity of the hydraulic properties of the subsurface. The non-
linear nature of the flow system, as well as complexities arising from heterogeneity and the propagation of
temporal forcings, make that the accurate quantification of seawater intrusion is a challenging task.

In the past two decades, significant research has been devoted to the quantitative evaluation of the effects
of heterogeneity on transport in variable density systems. However, the focus in the literature has generally
been on the analysis of unstable convective flows, where a dense fluid overlies a lighter one [e.g., Schincariol
and Schwartz, 1990; Schincariol et al., 1997; Schincariol, 1998; Simmons et al., 2001]. In general, what is
observed is that spatial variability of hydraulic conductivity leads to greater vertical mixing and spreading of
the plume compared to homogeneous porous media. Hence, analysis based upon homogeneous assump-
tions could lead to nonrepresentative simulation of dense plumes [Prasad and Simmons, 2003]. These inves-
tigations provide invaluable insights into the role of heterogeneity for unstable solute plumes, yet only a
few attempts have been made to evaluate heterogeneity in the stable seawater intrusion problem.

Welty and Gelhar [1991, 1992] quantitatively assessed the effects of aquifer heterogeneity on variable den-
sity and viscosity flow and solute transport problems in isotropic media using a stochastic spectral perturba-
tion approach. Welty et al. [2003] extended their analysis to anisotropic porous media. They derived
analytical expressions for the macrodispersion coefficients and found that, for the one-dimensional case,
the effective longitudinal dispersivity is a complicated function of the mean concentration and
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concentration gradient, the correlation scale, the variance of the log permeability field, as well as the den-
sity contrast. However, their theoretical analysis (i) assumes local stationarity, whereby concentration gra-
dients are assumed to be locally constant,(ii) is based on the Boussinesq approximation, which only applies
when density gradients are effectively orthogonal to the velocity vectors [Kolditz et al., 1998], and (iii) is lim-
ited to weakly heterogeneous media. Furthermore, the stationary spectral approach is based on uniform
density driven flow in an infinite medium, thereby neglecting the role of boundary conditions. Therefore, it
is not clear a priori if these findings are transferable to seawater intrusion problems, in which the flow field
is mainly controlled by density gradients [Cooper, 1964], and is strongly influenced by transient effects
[Werner et al., 2013] as well as the imposed boundary conditions [Simpson and Clement, 2003].

Dagan and Zeitoun [1998] were the first to address the effect of heterogeneity in coastal aquifers. They
presented an exact closed form solution for the statistical moments of the interface in a stratified aquifer
of random permeability distribution. However, their theoretical analysis is based on the sharp interface
assumption and then neglects mixing. Only a limited number of studies exists that investigated the
impact of heterogeneity on solute mixing and spreading in seawater intrusion problems. Schwarz [1999]
investigated the impact of heterogeneity on the most widely known benchmark problem for stable
density-dependent flow, the Henry Problem [Henry, 1964]. Held et al. [2005] extended this study by using
homogenization theory to derive effective flow and transport parameters for an equivalent homogeneous
medium for both isotropic and anisotropic heterogeneous permeability fields. They demonstrated that
the effective longitudinal and transversal dispersivities of an equivalent homogeneous medium are com-
parable in magnitude to the local dispersion lengths of the heterogeneous medium. Similar conclusions
were obtained by Abarca [2006], who found that heterogeneity produces a seaward displacement of the
saltwater wedge along with a widening of the mixing zone. An important limitation of these studies is
they were restricted to a two-dimensional analysis, while solute transport in heterogeneous porous media
is known to critically depend on dimensionality [e.g., Beaudoin and de Dreuzy, 2013]. In fact, Kerrou and
Renard [2010] showed that as the degree of heterogeneity increases, the interface migrates seaward in
two-dimensional models while it migrates landward in three-dimensional models. Hence, the
heterogeneity-induced mixing in two and three-dimensional systems is qualitatively and quantitatively
different. However, the findings by Kerrou and Renard [2010] were obtained through analysis from a sin-
gle three-dimensional permeability realization and considering small-scale heterogeneity. Therefore, a
greater focus on three-dimensional heterogeneous systems is needed to gain insight into the mixing
dynamics in coastal aquifers.

Moreover, the spatial variability of hydraulic parameters leads to complex time-dependent flow fields in
coastal aquifers influenced by tidal oscillations. The impact of temporal flow fluctuations on solute transport
has been the subject of several studies since the 1980s [e.g., Kinzelbach and Ackerer, 1986; Goode and Koni-
kow, 1990; Rehfeldt and Gelhar, 1992; Dentz and Carrera, 2003; Cirpka and Attinger, 2003a, and an exhaustive
overview of the subject is given by de Dreuzy et al. [2012]. The focus of most of these efforts was on the
analysis of the influence of temporal flow fluctuations on conservative solute mixing and spreading in het-
erogenous porous media. A key finding has been that temporal fluctuations parallel to the main flow direc-
tions only mildly impact on solute dispersion and have little influence on mixing if the medium is
homogeneous. However, aforementioned studies assumed pseudo steady state conditions, i.e., an aquifer
storativity of zero, which implies an instantaneous flow response to a hydraulic perturbation. With nonzero
storativity, fluctuations in the flow boundary conditions propagate through the aquifer with a spatially vari-
able speed, which leads to a more complex time-dependent flow field. In addition, none of these studies
has considered the role of density variations, which means that their outcomes are not necessarily transfera-
ble to seawater intrusion problems.

The focus of the present study is the development of mixing zones between fresh and saline groundwater
in heterogeneous coastal aquifers under the influence of tidal oscillations. The effects of tidal oscillations
on the freshwater-seawater interface has so far only been studied for homogeneous aquifers [see e.g., Li
et al., 2003]. It has been found that tides lead to enhanced transition zones in the case of the velocity-
dependent dispersion coefficient, especially for large values of the storage coefficient [Inouchi et al., 1990;
Pool et al., 2014]. Underwood et al. [1992] found that the enhanced mixing zone is controlled mainly by
short-term tidal fluctuations and their amplitude. Ataie-Ashtiani et al. [1999] numerically demonstrated
that the tidal activity causes the saltwater-freshwater interface to migrate landward. Recently, Lu et al.
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[2009] and Lu and Luo [2010] pointed out that tidal oscillations combined with kinetic mass transfer
effects may significantly widen the mixing zone. In most of these studies, the effect of tides on the seawater
and freshwater interface has been addressed mainly through qualitative analysis based on visual inspection of
the salinity contours. In order to systematically quantify tidal impacts on mixing and spreading behavior of
the interface in homogeneous coastal aquifers, Pool et al. [2014] evaluated the effects of tidally driven circula-
tion on four measurable diagnostics which characterize the transition zone and the interface location. The
enhanced solute mixing was also quantified by an effective dispersion coefficient derived from second cen-
tered moments of the concentration distribution. From a dimensional analysis and numerical simulations we
demonstrated that the key dimensionless parameter controlling the tide-induced mixing behavior is the tidal
mixing number (ntm) which depends on the tidal amplitude, the period and the hydraulic diffusivity. Thus, the
tidal mixing number provides quantitative guidance on the consideration of tidal effects in the analysis of sea-
water intrusion.

In the present study, we aim to extend these results to nonhomogeneous transport scenarios to quantify
the impact of heterogeneity on the tidally driven dynamics of flow and transport in the mixing zone. The
objective of this study is to systematically investigate the combined effect of spatial (i.e., heterogeneity) and
temporal (i.e., tidal oscillations) variability on solute migration and mixing in coastal aquifers. Emphasis will
be placed on the identification and the quantification of mixing and spreading processes in terms of
ensemble and effective averages in a stochastic modeling framework. To this end, we perform three-
dimensional variable-density flow and transport Monte Carlo simulations. More specifically, we generate
log-normally distributed random permeability fields assuming a spherical model for the autocorrelation
function of the log permeability. We then evaluate heterogeneity and tidal impacts on the four measurable
diagnostics previously defined in Pool et al. [2014]. Our results give new and counterintuitive insight into
the interplay between tidally driven flow dynamics and heterogeneity and contribute to the more realistic
simulation of coastal aquifer systems.

2. Concepts and Methods

2.1. Problem Statement
We consider a three-dimensional horizontal coastal aquifer of constant thickness b [L] with a specific fresh-
water discharge from inland qf [LT21]. A three-dimensional coordinate system is adopted, with the z axis
pointing vertically upward and the x axis pointing inland orthogonally to the shore. The tidal fluctuation of
the sea level is assumed to be sinusoidal and it is represented by time-varying pressures at all depths along
the shoreline, which when written here for convenience in terms of equivalent freshwater head
(h5p=qf g1z with p being the fluid pressure [ML21T2], qf the freshwater density [ML23], and g the gravita-
tional acceleration [LT22]) leads to

hðtÞjx505ð11�ÞAsin
2pt
s

2�z; (1)

where A [L] is the tidal amplitude, s [T] the period, and � the buoyancy factor given by �5 qs2qfð Þ=qf , with
qf and qs the freshwater and seawater densities, respectively, see Figure 1.

2.2. Numerical Methodology
The interplay between heterogeneity and mixing mechanisms in coastal aquifers is studied by performing
several sets of Monte Carlo simulations. A series of 50 log-normally distributed random conductivity fields
with a Spherical correlation function are generated using the GCOSIM3D code [Gomez-Hernandez and Jour-
nel, 1992]. The geometric mean of hydraulic conductivity (kg) for all the simulations is set to 10.6 m/d. The
log hydraulic conductivity fields are characterized by their mean, variance (r2

lnk ) and directional correlation
lengths in the three spatial dimensions (kx, ky, kz).

Field evidence suggests that the correlation structure of natural materials is usually anisotropic [e.g., Sudicky,
1986; Hess et al., 1992] and also increases with the domain size [e.g., Tennekoon et al., 2003; Teles et al.,
2004]. Here we consider stationary random hydraulic conductivity fields where directional correlation
lengths are assumed to be isotropic in the plane of sediment stratification (assumed to be horizontal), but
anisotropic in the vertical direction (kx5ky 6¼ kz). In addition to this base case scenario, in order to represent
preferential pathways for groundwater flow and solute transport (such as paleochannels, which are
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commonly found in coastal sedimentary environments), one scenario involving fully anisotropic correlation
lengths in the three spatial dimensions is also considered, with a larger correlation length perpendicular to
the coast (kx 6¼ ky 6¼ kz).

The model domain is a rectangular parallelepiped with an extent of Lx3Ly3Lz , discretized in grid cells of
size dx3dy3dz . The spatial extent of the system in terms of the directional correlation lengths and the dis-
cretization of a correlation length in cells should be both as large as possible, that is, dj � kj � Lj for
j 5 x, y, z, respectively [e.g., Ababou, 1989; de Dreuzy et al., 2007]. Here we take for Lj=kj values of 13.2, 19,2
and 5 and for kj=dj values of 10, 10 and 4, respectively, in order to ensure accuracy while keeping the com-
putational effort tolerable.

Fluid-density-dependent saturated flow and transport simulations were performed with SUTRA [Voss and
Provost, 2002]. The model domain was discretized into 506,880 cells to satisfy the accuracy and conver-
gence requirement for grid spacing in terms of the mesh Peclet number (Pe< 4) [Voss, 1984]. The following
boundary conditions were adopted: a prescribed constant flow rate of freshwater qf at the inland boundary
(with a salt mass fraction equal to x 5 0 kg/kg), and a dynamic prescribed equivalent freshwater head h(z,
t), equation (1), along the seaside boundary [see e.g., Robinson et al., 2007; Pool et al., 2014] adopting a non-
dispersion boundary condition for transport. This implies that the salt mass fraction equals that of seawater
(xs53:8631022kg=kg) for inflowing portions of the boundary or equals that of the resident mass fraction
for outflowing portions [Voss and Souza, 1987; Frind, 1982]. The top and bottom boundaries are assumed as
no flow of both salt mass fraction and water.

Heterogeneous models were initially run to steady state with no tides. Tidal oscillations were then superim-
posed and models were run until the dynamic quasi-steady state for both heads and concentrations had
been reached. Several sets of simulations were carried out to evaluate the impact of heterogeneity and tidal
oscillations on the interface. The employed values and statistical properties of depicted realizations of heter-
ogeneous permeability fields are provided in Table 1. Figure 1 depicts the model geometry, boundary con-
ditions and four realizations of the lnk fields with r2

lnk50:5, 1, 2, and 4. White lines represent the salt mass
fraction distribution (25%, 50%, and 75% normalized salinity contours) at the steady state under nontidal
conditions.

2.3. Variable of Interest
We evaluate heterogeneity and tidal effects on quantifiable diagnostics that characterize the transition
zone and the saltwater wedge location. We focus here on the four diagnostics described previously by Pool
et al. [2014] for a two-dimensional vertical cross section (i.e., y is constant), see Figure 2, and in the following
section we present their extension to a full three-dimensional system.

Figure 1. Four realizations of the lnk fields with r2
lnk50:5, 1, 2, and 4, boundary conditions, normalized salinity contours (25, 50, and 75%)

under nontidal conditions (white lines).
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1. Center of mass. The center of mass
(Cx ;Cz)(y, t) is defined by the ratio of the first
(Mð1Þðy; tÞ) over the zeroth moment
(Mð0Þðy; tÞ) of the concentration distribution,
and is given by

Cjðy; tÞ5 Mð1Þj ðy; tÞ
Mð0Þðy; tÞ ; (2)

where j5x; z and Mð0Þðy; tÞ and Mð1Þj ðy; tÞ
are given, respectively, by

Mð0Þðy; tÞ5
ð ð

xðx; y; z; tÞdxdz (3)

Mð1Þj ðy; tÞ5
ð ð

xðx; y; z; tÞjdxdz; (4)

with xðx; y; z; tÞ½MM21� the salt mass frac-
tion distribution (mass of dissolved salt per
unit mass of fluid).

2. Width of the mixing zone and longitudinal mixing length. We compute the width of the mixing zone
from spatial moments of the scaled and normalized salt mass fraction distribution gzðz; tjx; yÞ, given by

gzðz; tjx; yÞ5 xðx; y; z; tÞðxs2xðx; y; z; tÞÞð
xðx; y; z; tÞðxs2xðx; y; z; tÞÞdz

(5)

The longitudinal mixing length is computed from the spatial moments of the distribution gxðx; tjy; zÞ,
which is defined analogously. Vertical and horizontal profiles of gzðz; tjx; yÞ and gxðx; tjy; zÞ are shown in
Figure 2 with dashed and dash-dotted lines, respectively. The spatial variance in the z direction r2

z ðx; y; tÞ
is derived from the first and second moments of gzðz; tjx; yÞ,

r2
z ðx; y; tÞ5fmð2Þz ðx; y; tÞ2mð1Þz ðx; y; tÞmð1Þz ðx; y; tÞg; (6)

with mð1Þz ðx; y; tÞ and mð2Þz ðx; y; tÞ given, respectively, by

mð1Þz ðx; y; tÞ5
ð

gzðz; tjx; yÞzdz (7)

mð2Þz ðx; y; tÞ5
ð

gzðz; tjx; yÞz2dz (8)

The spatial variance in the x direction
r2

xðy; z; tÞ is defined in analogy to
r2

z ðx; y; tÞ, Equation (6). The width
and longitudinal mixing length of the
transition zone are quantified by the
averaged standard deviations along
the aquifer thickness and interface
penetration, hrzi (y, t) and hrxi (y, t),
respectively.

3. Length of the toe. Three lengths of
the toe are defined, L%, as the dis-
tances between the seaside bound-
ary and the point where the 50%,
10% and 1% mixing contour lines
intersect the aquifer bottom, see
Figure 2.

Table 1. Parameters Used in Numerical Simulations

Parameter Value Description

Lx (m) 99 Domain x length
Ly (m) 144 Domain y length
Lz (m) 10 aquifer thickness
kg (md21) 10.6 geometric mean permeability
r2

lnk 0.5, 1, 2, 4 variance of the log-permeability
kx (m) 7.5–15 x correlation length
ky (m) 7.5 y correlation length
kz (m) 2 z correlation length
/ 0.25 Porosity
aLmax5aLmed (m) 1.65 Max./med. Long. dispersivity
aLmin (m) 0.165 Min. Long. dispersivity
aT (m) 0.165 Transverse dispersivity
Dm (m2/d21) 8.6e25 Molecular diffusion coefficient
l (kgm21d21) 86.4 Freshwater viscosity
qf (md21) 8.25e22 Freshwater influx at the inland
A (m) 0.521 Tidal amplitude
s (d) 0.5 Tidal period

Figure 2. Permeability field of a two-dimensional vertical cross section (y 5 0) in a
single three-dimensional heterogeneous realization (top). Variables of interest (bot-
tom): center of mass Cx ; Cz (y 5 0,t), gray color represents the mixing volume V m

(y 5 0,t), arrows the lengths of the toe defined with respect the 0.01, 0.1, and 0.5
normalized concentration contour lines, dashed and dash-dotted lines represent
the vertical and horizontal profiles of the scaled and normalized salt mass fraction
distribution gzðz; tjx; y50) and gxðx; tjy50; zÞ, equation (5), respectively.
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4. Mixing Volume. The mixing volume Vm (y, t)[L3/L] represents the mixing-zone volume bounded by 0.1
(xmin) and 0.9 (xmax) normalized concentration contour lines per unit length of coastline (Figure 2) and it
is defined as

Vmðy; tÞ5
ð
Va

H xðx; y; z; tÞ2xmin½ �H xmax2xðx; y; z; tÞ½ �dxdz; (9)

where Va (y, t) is the aquifer volume per unit length of coastline, and HðxÞ is the Heaviside step function,
which is 1 if the argument ½ � � 0 and 0 otherwise.

2.4. Effective and Ensemble Averages
In a stochastic modeling approach, the quantification of mixing and spreading in heterogeneous porous
media can be done either in terms of the spatial variance of the ensemble averaged concentration distribu-
tion (ensemble), or in terms of the average over the spatial variances in single realizations (effective) [e.g.,
Kitanidis, 1988; Rajaram and Gelhar, 1993; Attinger et al., 1999; Dentz et al., 2000]. In this study both effective
and ensemble averaged variables are computed using two different averaging procedures.

2.4.1. Ensemble Variables
In the evaluation of the ensemble variables, denoted here by an overbar (e.g., hrzi), salt mass fraction distri-
butions from the variable-density and transport simulations are averaged over all heterogeneous realiza-
tions prior to computing the four measurable diagnostics described in Section 2.3. To this end, we first
calculate the space averaged salt mass fraction distribution along the y coordinate (parallel to the shoreline)
in a single heterogeneous realization,

x2dðx; z; tÞ5 1
Ly

ðLy

0

xðx; y; z; tÞdy; (10)

and the ensemble averaged salt mass fraction distribution is obtained by averaging over the all realizations,
as follows,

�xðx; z; tÞ5 1
N

XN

i51

x2d
i ðx; z; tÞ; (11)

where N is the number of realizations and the subscript i denotes the ith realization.

The ensemble variables are then computed from equations (2) to (9) by substituting
xðx; y; z; tÞ ! �xðx; z; tÞ. Computed mixing and spreading based on �xðx; z; tÞ reflects the dispersion proper-
ties of the ensemble of all realizations [Dentz and Carrera, 2003, 2005].

2.4.2. Effective Variables
In order to quantify the actual spreading and mixing of the interface due to spatial and temporal fluctua-
tions, we also compute the effective variables, denoted here by the superscript ‘‘e.’’ To this end, we first
compute the four measurable diagnostics described in Section 2.3 for each vertical slice (s) along the shore-
line, that is, along the y coordinate, in single three-dimensional heterogenous realization. Subsequently, we
perform the averaging over the sy vertical slices (192 vertical slices) and then over the N realizations. Thus,
for example, in order to calculate the effective width of the mixing zone, the variance is first computed
from equation (6) for each vertical slice in a single three-dimensional heterogeneous realization and then
the effective width of the mixing zone is obtained by averaging along the y coordinate and over the N real-
izations, and it is given by

hrzieðtÞ5
1
sy

1
N

XN

i51

Xsy

j51

hrziiðjdy ; tÞ; (12)

where the subscript i denotes the ith realization.

3. Results and Discussion

In this section, we show the impact of heterogeneity on the mixing zone and the interface penetration. We
first focus on the effects of the heterogeneity scale (correlation length) and permeability contrast
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(log-permeability variance) on the diagnostics defined in Section 2.3 for the simulations without tidal influ-
ence. Subsequently, we present the results of the numerical simulations that incorporated tidal oscillations
in order to assess the influence of the combined effect of spatial (i.e., heterogeneity) and temporal (i.e., tidal
oscillations) variability on mixing and spreading of the freshwater-seawater interface. We then compare the
behaviors of the tidal and nontidal heterogeneous models.

3.1. Spatial Heterogeneity Effects
Held et al. [2005] and Abarca [2006] investigated the effect of heterogeneity in the Henry problem and
found that strong heterogeneity of the conductivity field in two-dimensional isotropic problems leads to
a seaward migration of the freshwater-seawater interface. This is because the resulting flow fields were
characterized by a braided network of preferential flow paths with some unconnected high permeability
zones close to the seaside boundary. The presence of these unconnected high permeability zones pro-
moted the creation of local seawater circulation cells which strictly limit the landward extent of the
interface. On the other hand, Kerrou and Renard [2010] demonstrated that for two-dimensional statisti-
cally anisotropic hydraulic conductivity fields increasing the log-permeability variance leads to a land-
ward migration of the interface. This behavior is attributed to the impact of the statistical anisotropy on
the effective hydraulic conductivity. In fact, in anisotropic heterogeneous media the effective horizontal
permeability, which controls the landward extent of the freshwater-saltwater interface [Abarca et al.,
2007], increases with the variance [see e.g., Renard and de Marsily, 1997; Sanchez-Vila et al., 2006]. Fur-
thermore, the effective permeability is also influenced by the space dimensionality [Dagan, 1986; Gelhar
and Axness, 1983]. In three-dimensional heterogeneous fields, flow lines can expand laterally to the
shoreline and converge to other high permeability zones, which enhances the emergence of preferential
channels and, therefore, connectivity [Silliman, 1996; Fiori and Jankovic, 2012]. Thus, the probability of
forming local convection cells in three dimensions is smaller than that in two dimensions. Therefore, the
saltwater wedge penetration in three-dimensional anisotropic heterogeneous aquifers is expected to
increase with the variance of the log permeability field. Kerrou and Renard [2010] obtained this result
from a single three-dimensional heterogeneous realization. Our numerical results confirm this intuition
and provide evidence that in three-dimensional statistically isotropic in the plane of stratification and
anisotropic media increasing the degree of heterogeneity causes the freshwater-seawater interface to
migrate landward. This is illustrated in Figure 3, which shows numerical results for the ensemble salt
mass fraction distributions (�xðx; z; tÞ, equation (11)) and salt mass fraction distributions in a single heter-
ogeneous realization (xðx; y; z; tÞ) for different log-permeability variances and different correlation
lengths perpendicular to the coast.

Note that as kx increases (Figure 3b), the landward penetration of the saltwater wedge increases compared
to that for the isotropic case. This is because an increase in kx induces larger continuous high velocity chan-
nels perpendicular to the coast leading to stronger preferential flow.

Figure 4 shows the plan view of the horizontal component of the center of mass obtained for all heteroge-
neous realizations as well as their ensemble (Cx ) and effective (Ce

x ) averages. As the variance of the log per-
meability fields increases, the saltwater interface and its center of mass migrate landward. Note that a
larger correlation length perpendicular to the coast leads to a wider distribution of the results (see Figure 4,
error bars). This is a consequence of the lack of ergodicity due to the large horizontal correlation scales con-
sidered compared to the travel distances [Dagan, 1990].

In order to better assess the effects of heterogeneity on the freshwater-seawater interface, numerical results
for the four diagnostics are displayed in Figure 5 as a function of the product of the arithmetic mean of the
correlation lengths (ka5

X
kj=3) and the permeability field variance (r2

lnk ). This scaling allows us to collapse
our data for different log-permeability variances and correlation lengths onto a single curve. In this way it
becomes apparent that the landward extent of the lengths of the toe increases linearly with kar2

lnk for low
to moderate heterogeneous permeability fields (r2

lnk � 1) but tends to stabilize, albeit slightly, for larger val-
ues of the variance (r2

lnk 5 4), Figure 5a. This result may be attributed to the fact that although an increase
in the variance causes the horizontal effective permeability to increase such that promotes the landward
migration, it also causes a decrease in the effective vertical permeability and, therefore, in buoyancy forces,
that resists it. Our results also show that increased heterogeneity leads to a significant landward migration
of the horizontal component of the center of mass (Figure 5b), which scales linearly with kar2

lnk , but has little
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influence on its vertical component (Figure 5c). The latter migrates only slightly upward as the heterogene-
ity of the permeability field increases.

An increase in the variance results in more prominent high permeability zones as well as low permeability
zones. The resulting flow field induces significantly mixing and spreading of the interface because the salt-
water wedge advance more rapidly through the most permeable channels, but is retarded by low perme-
ability barriers. Therefore, as the degree of random heterogeneity increases, the width of the mixing zone,
the longitudinal mixing length and the mixing volume increase. One would expect that the increase in the
width of the mixing zone becomes asymptotic with the log-permeability variance because the vertical
enhancement of the transition zone is limited by the aquifer thickness. However, a higher degree of hetero-
geneity (r2

lnk � 4) is needed to achieve this degree of mixing and define this dependence precisely. On the
other hand, a strong linear dependency on kar2

lnk exists of the longitudinal mixing length and also of the
mixing volume (Figures 5e and 5f). When the variance is increased from 0.5 to 4, the longitudinal mixing
length becomes 2 and 2.5 times greater for the cases with kx5ky and kx52ky, respectively. A similar
increase is observed in the mixing volume. These results suggest that as the permeability field variance
increases, the freshwater-seawater interface becomes longitudinally elongated and dispersed. This fact may
be attributed to the small vertical correlation length compared to the horizontal correlation lengths.

Note that the ensemble and effective averages of the center of mass are almost identical for moderate het-
erogeneous permeability fields and the landward penetration of the effective center of mass is larger than
that for the ensemble average only for highly heterogeneous permeability fields (r2

lnk 5 4), Figure 4. On the
other hand, notable differences can be observed between the ensemble and effective averages of the
width of the mixing zone, the longitudinal mixing length and the mixing volume. Although for all these
diagnostics both averages behave in the same way with the variance, the ensemble averages suggest a
higher degree of mixing of the interface. As for transport of contaminant plumes in heterogeneous porous
media [see e.g., Rajaram and Gelhar, 1993, 1995; Dentz and Carrera, 2007], this is because the ensemble salt
mass fraction distribution tends to significantly overestimate the degree of mixing and spreading of the sol-
ute due to local variations of the transition zone from realization to realization.

In order to investigate the effect of aquifer thickness on our model outcomes, selected additional simula-
tions involving a smaller aquifer thickness (Lz) of 5 m were carried out. To address such set up, a series of 30
Monte Carlo simulations with quasi-anisotropic correlation scales (kx 5 ky 6¼ kz). Numerical results are
depicted by black crosses in Figure 5. The aquifer thickness has an impact on the shape and penetration of
the interface. Thus, the length of vertical connected, high velocity channels decreases with decreasing Lz,
which leads to a seaward migration of the interface compared to the one obtained from the case with a

Figure 3. Ensemble concentration distribution (�xðx; z; tÞ, equation (11)) and concentration distribution in a single realization (xðx; y; z; tÞ) for the range of variance considered
r2

lnk50:5,1,2, and 4 and for (a) the isotropic (kx5ky ) and (b) anisotropic (kx52ky ) cases.
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larger aquifer thickness. However, it should be pointed out that the mixing behavior with r2
lnk considering

different values for the aquifer thickness is qualitatively the same. Thus, even with a small aquifer thickness,
an increase in the variance leads to a landward and upward migration on the center of mass and a linear
increase in the width of the mixing zone, the longitudinal mixing length and the mixing volume.

3.2. Combined Effect of Spatial Heterogeneity and Temporal Fluctuations
In coastal aquifers with a large storativity the response of the flow field to tidal oscillations is noninstantane-
ous. This is because an increase in the storativity causes the amplitude to decay exponentially with distance
from the coastline while the phase lag increases [Jacob, 1950]. As a result, the delayed nonuniform ground-
water flow response induces mixing [Pool et al., 2014]. Moreover, as the tidal amplitude increases, the flow
velocity in the saltwater wedge and therefore dispersion increases. The impact of tides is thus expected to
be significant for large tidal amplitude or storativity values.

Figure 4. Plan view of the center of mass obtained for all heterogeneous realizations, gray lines, and ensemble (Cx ) and effective averages (Ce
x ), dashed and solid lines, respectively, for

(a) kx 5 ky and (b)kx 5 2ky, for different variances of the log-permeability field.
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Figure 6 illustrates the four diagnostics obtained once tidal oscillations are included by varying independ-
ently the tidal amplitude and the specific storage coefficient relative to the nontidal situation as a function
of kar2

lnk . Only the effective averages are shown as they represent the physical spreading and mixing of the
interface. Tidal fluctuations have the largest impact on the most saline part of the interface (50% mixing
isolines, Figure 6a dots). Only in low to mildly heterogeneous flow fields (r2

lnk � 1) with a larger storativity
(Ss 53.6e-4 m21), tidal forcing induces a seaward migration of L50% and a landward migration of L1%,
leading to a landward migration of the center of mass compared to the nontidal situation (Figure 6b). In all
other cases, however, a seaward retreat of the 50% mixing isoline (L50%) is observed, whereas L1% remains
almost unaltered. As a result, the center of mass migrates seaward as well (Figure 6b). These results suggest
that the tidal forcing causes the mixing zone to broaden mainly at the bottom of the aquifer. The same
result has been observed in homogeneous aquifers [Pool et al., 2014]. The broadening causes the slope of
the interface to steepen and the center of mass to move upward (Figure 6c).

It should be pointed out that the tidally induced solute mixing and spreading of the interface behave quali-
tatively and quantitatively in the same way for different values of the aquifer thickness and the effective
diagnostics follow an identical trend as a function of r2

lnk (see Figure 6 where crosses represent results con-
sidering a thinner aquifer, Lz 5 5m, with Ss equal to 7.4e-5 m21 and a tidal amplitude (A) of 1m). Therefore,
these results suggest that the aquifer thickness appears to weakly affect the tide-induced mixing dynamics.

Figure 5. (a) Length of the toe based on the 50%, 10%, and 1% mixing contour lines, (b, c) horizontal and vertical component of the center
of mass, (d) width of the mixing zone, (e) longitudinal mixing length, and (f) mixing volume as a function of the product of the arithmetic
mean of the correlation lengths (ka) and the variance (r2

lnk ). Full and empty dots represent cases for kx 5 ky and kx 5 2ky, respectively. Black
crosses denote the effective variables considering a thinner aquifer (Lz) of 5m.
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The width of the mixing zone, the longitudinal mixing and the mixing volume all respond in a similar man-
ner to tides, and increase with increasing tidal amplitude and storativity (Figures 6d and 6e). However, the
most remarkable and unexpected feature that becomes apparent from Figure 6 is that tidal effects decrease
with the variance of the log permeability field and the correlation length. As can be seen from Figures 6d
and 6e, for the case with Ss 5 3.6e-4 m21 and kx 5 ky, when r2

lnk is increased from 0.5 to 4 the impact of
tides on the interface considerably decreases and the resulting width of the mixing zone, longitudinal mix-
ing length and mixing volume are reduced by at most 12%, 20% and 28%, respectively. This behavior is
counterintuitive as one would expect that the impact of the tidally driven circulation increases with the log-
permeability variance because the degree of mixing and spreading is enhanced in strongly heterogeneous
flow fields [see e.g., Cirpka and Attinger, 2003; Dentz and Carrera, 2003].

In order to understand this behavior, we derive effective transverse and longitudinal dispersion coefficients,
which have been often used to quantify and characterize solute spreading and mixing in heterogeneous
media [see e.g., Kitanidis, 1988; Rajaram and Gelhar, 1993; Attinger et al., 1999; Dentz et al., 2000].

The effective longitudinal and transverse dispersion coefficients are defined as the growth in time of the
effective spatial variance of the concentration distribution (Equation (12)) normalized by the product of

Figure 6. Numerical results for (a) the length of the toe based on the 50% (dots) and 1% (triangles) mixing contour lines, (b, c) horizontal
and vertical components of the center of mass, (d) width of the mixing zone, (e) longitudinal mixing length, and (f) mixing volume with
respect to the nontidal situation as a function of the product of the arithmetic mean of the correlation lengths (ka) and the variance (r2

lnk ).
Full and empty dots represent cases for kx 5 ky and kx 5 2ky, respectively. Crosses denote numerical results considering an aquifer thick-
ness of 5 m with Ss equal to 7.4e25 m21 and A 5 1 m.
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inland freshwater inflow and the lon-
gitudinal mixing length or the width
of the mixing zone under nontidal
conditions, which read as

De
jðtÞ5

1
2hrnt

j i
eqf

dhr2
ji

eðtÞ
dt

; (13)

with j 5 x,z for the longitudinal and
transverse dispersion coefficients,
respectively.

Figure 7 displays the temporal behavior
of the effective transverse and longitu-
dinal dispersion coefficients showing
the effect of increasing the log-
permeability variance and considering
two different values of the storage coef-
ficient. Tidal oscillations lead to a con-
siderable and accelerated widening of
the mixing zone at early times, and
then the induced growth of the transi-
tion zone evolves to an asymptotic
long-time value when the new dynamic
steady state is reached. Consequently,
the effective dispersion coefficients
increase toward their maximum at the
first tidal cycle, and then evolve asymp-
totically to zero when the quasi-steady
state is attained. The same behavior is
observed for tidally induced solute
spreading in homogeneous media
[Pool et al., 2014].

The aforementioned negative correla-
tion between the degree of heteroge-
neity and the magnitude of the

impact of tidal oscillations on mixing and, as a consequence, the effective dispersion coefficients, can be
understood from the fact that an increase in the variance leads to an increase in both the effective perme-
ability and the spatial connectivity [see e.g., Renard and de Marsily, 1997; Fiori and Jankovic, 2012]. This pro-
motes a less delayed, and therefore more uniform, response of the flow field to tidal oscillations, which
results in a lower degree of mixing. Furthermore, numerical results show that the variance of the log perme-
ability fields affects the temporal behavior of mixing. Thus, the induced uniform response to the tidal oscil-
lations when the variance is increased leads to a decrease in the time to reach the dynamic quasi-steady
state (see inset in Figure 7).

Note that the impact of tidal oscillations on the longitudinal dispersion coefficient is larger than on the
transverse dispersion coefficient. This is because in heterogeneous porous media dimensionality has a
larger effect on the longitudinal than on transverse macrodispersion [Beaudoin and de Dreuzy, 2013]. Further
to this, the effect of the log-permeability variance on the degree of mixing tends to be magnified as the
storativity decreases. Thus, when r2

lnk is decreased from 4 to 1, the effective longitudinal and transverse
coefficients become roughly 2.7 and 1.3 times larger for the cases with Ss equal to 7.4e25 and 3.6e24 m21,
respectively.

For homogeneous aquifers [Pool et al., 2014] we demonstrated that tidally induced mixing and spreading is
controlled by the tidal mixing number, ntm5

ffiffiffiffiffiffiffiffiffiffiffi
sk=Ss

p
=A, which depends on the tidal amplitude, the period

and the hydraulic diffusivity. The tidal mixing number provides quantitative guidance on when tidal effects

Figure 7. Time evolution of the (a) transverse and (b) longitudinal effective disper-
sion coefficients when tidal fluctuations are included, showing the effect of
increasing the variance of the log permeability field. The inset magnifies the effects
of the storativity and the variance on the behavior of De

x between 50 and 150 days.
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on the location and shape of the freshwater-seawater interface are small. It was found that tidal effects can
be neglected when (ntm > 600).

Here in order to include the effect of the heterogeneous aquifer properties, we define the effective tidal
mixing number in terms of the effective horizontal permeability (ke

x ). The effective horizontal permeability is
determined for all considered cases from their geometric mean (kg), the variance of the log permeability
fields (r2

lnk ) and the quasi- (kx 5 ky 6¼ kz) and fully anisotropic correlation scales (kx 6¼ ky 6¼ kz). We use the
expression proposed by Ababou [1996] which is a generalization of Matheron’s conjecture [Matheron, 1967]
for the case of anisotropic correlation structures in three dimensions, and reads as

ke
x 5kgexp r2

lnk
1
2

2
1
d

kh

kx

� �� �
; (14)

where d is the number of dimensions and kh is the harmonic mean of the correlation lengths.

The effective averages of the four diagnostics relative to the nontidal results as a function of the effective
tidal mixing number, ne

tm5
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ske

x=Ss

p
=A, are shown in Figure 8. Results for the homogeneous case studied in

Figure 8. Numerical results of the effective lengths of the toe based on the 50% and 1% (a) mixing contour lines, (b, c)the center of mass,
(d) the width of the mixing zone, (e) the longitudinal mixing length, and (f) the mixing volume with respect to the nontidal situation in
terms of the effective tidal mixing number, ne

tm5
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ske

x=Ss

p
=A, accounting for heterogeneity. Black dots represent the numerical results for

homogeneous media presented in Pool et al. [2014]. Full and empty dots represent cases for kx 5 ky and kx 5 2ky, respectively. Crosses
depict numerical results considering a thinner aquifer with Ss equal to 7.4e25 m21 and A 5 1 m. Gray color represents cases for
ne

tm � 600.
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Pool et al. [2014] are included for comparison. Remarkably, the transport behavior induced by tidal oscilla-
tions in heterogeneous coastal aquifers can be quantified by a single number, the effective tidal mixing
number. Moreover, the observed behavior is qualitatively and quantitatively the same as the one observed
in homogeneous coastal aquifers as a function of ntm. Thus, tidal impacts on mixing and spreading of the
interface in heterogeneous permeability fields become significant for ne

tm � 600.

4. Summary and Conclusions

We have systematically investigated the combined effect of heterogeneity and tidal oscillations on mixing
and spreading of the freshwater-seawater interface in coastal aquifers. The induced mixing is characterized
by the spatial moments of the concentration distribution in terms of ensemble and effective averages in a
three-dimensional stochastic modeling framework.

Numerical results provide evidence that in three-dimensional anisotropic flow fields heterogeneity leads to
a landward migration of the saltwater wedge. This effect is enhanced by the increase in the correlation
length perpendicular to the coast, such that promotes the emergence of preferential pathways for ground-
water flow and solute transport. We also found a linear dependence of the mixing behavior with the prod-
uct of the arithmetic mean of the correlation lengths (ka) and the permeability field variance (r2

lnk ).

Surprisingly, when tidal oscillations are included, as the degree of random heterogeneity increases, the
impact of tides on the freshwater-seawater interface reduces. This counterintuitive behavior is due to the
effect of the log-permeability variance on the spatial variability of the flow field in response to tides. Thus,
increasing r2

lnk leads to an increase in both the effective permeability and the spatial connectivity, which
results in a less delayed and uniform response of the tidal oscillations and, therefore, in a lower degree of
mixing.

Similar as for homogeneous media, we demonstrated that the key dimensionless parameter controlling
tide-induced mixing and spreading for heterogeneous media is the effective tidal mixing number, defined
in terms of the tidal amplitude, the period, the storativity and the effective permeability (ne

tm5
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ske

x=Ss

p
=A).

Therefore, we propose to use the effective tidal mixing number as the key dimensionless parameter in order
to evaluate and quantify tidal impacts in heterogeneous coastal aquifers.

Further analysis considering multiple constituent tidal signals, waves and other physical factors, such as
beach morphology, is required to explore the implications of these findings for the understanding of mixing
and reaction processes in coastal groundwater systems and for the quantification of submarine ground-
water discharge.
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