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Abstract Spatially periodic solute boundaries force symmetry across a model domain by ensuring that
concentrations and concentration gradients are identical at the same location on opposite boundaries.
They have been used in multiple publications on a hyporheic zone model of a single ripple or dune style
bed form, including variable density flow and reactive transport variants. We evaluate simulations of mul-
tibed form models without imposing spatially periodic transport to demonstrate that nonphysical solute
distributions arise from the periodic solute transport assumption. That is, the flow field within the single
bed form model leads to a transport scenario that violates the forced symmetry of periodic solute boundary
conditions, culminating in a physically unrealistic solute distribution. Our results show that lack of symmetry
between boundaries is a function of the vertical concentration gradient and two-dimensionless parameters
characterizing the hyporheic and underflow flow regimes, and the solute exchange between them. We
assess the error associated with the spatially periodic assumption based on an analysis of solute fluxes
across the lateral bed form model boundaries. While the focus is on steady state concentration distributions,
the implications for transient solute transport models are also discussed. We conclude that periodic solute
transport boundary conditions should be applied only to bed form models that have minimal vertical dis-
persive and diffusive solute transfer. This includes gaining systems and tracers such as temperature, for
which a temporally periodic flux reversal occurs across the top boundary.

1. Introduction

The hyporheic zone comprises the saturated subsurface sediments adjacent and beneath a stream that
interact with streamflow via a bidirectional exchange of mass and momentum [Robertson and Wood, 2010;
Bottacin-Busolin and Marion, 2010]. Exchanges of fluid and solutes between a stream and its hyporheic zone
occur across a variety of spatial and temporal scales [Krause et al., 2011]. An important hyporheic exchange
process is the flow of water through the streambed driven by the surface water pressure gradients arising
from streamflow over morphological structures such as ripples or dunes [Shum, 1992; Elliott and Brooks,
1997a; Cardenas and Wilson, 2007a]. Interaction between groundwater and surface water within the hypo-
rheic zone affects water quality in both the stream [Boulton et al., 1998; Storey et al., 2004] and the ground-
water [Fleckenstein et al., 2006; Krause et al., 2009]. Quantifying hyporheic zone chemical transformation
processes requires knowledge of the solute transport mechanisms associated with fluid fluxes in this region
[Jin et al., 2010].

Hyporheic exchange at the ripple or dune bed form scale (<1 m) was first described using dye tracers in a
laboratory experiment [Thibodeaux and Boyle, 1987]. Head measurements over a bed form by Fehlman
[1985] paved the way for numerical experiments investigating hyporheic exchange through streambed
sediments that initially featured two-dimensional, nonmigrating triangular bed forms [Savant et al., 1987;
Rutherford et al., 1995; Elliot and Brooks, 1997b], with measured pressure distributions applied as Dirichlet-
type boundary conditions along the surface-subsurface interface (SSI, Figure 1). More recent bed form
numerical investigations use computational fluid dynamics (CFD) approaches, where flow in both the sur-
face water (Navier-Stokes equations) and the subsurface sediments (Darcy’s equation) is simulated [Carde-
nas and Wilson, 2007a; Jin et al., 2010].

The bed form model originally used by Cardenas and Wilson [2007e] is featured in numerous hyporheic flow
and transport investigations, which are listed in Table 1. The physical dimensions vary slightly between
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studies, but in all cases the subsurface domain is bounded by a single triangular bed form (Figure 1), which
is assumed to be one of an infinite series of physically identical bed forms with identical head distributions
along the SSI. This is accomplished by using lateral boundaries that are spatially periodic with respect to
both flow and head. That is, at any given elevation, the flow rate and direction are identical at opposite
ends of the model domain. The flow fields that have been simulated this way are characterized, following
Cardenas and Wilson [2007e], by two separate flow regimes in the subsurface (Figure 1): (1) a hyporheic flow
cell in the upper part of the subsurface develops due to the head distribution applied at the SSI and (2)
underflow, which occurs beneath the hyporheic flow cells in the direction of streamflow due to the water
level gradient in the stream. An imposed head difference Dh [L] between lateral flow boundaries of the bed
form (Figure 1) accounts for the latter. It should be noted that certain situations exist where the underflow
is effectively stationary (e.g., surface standing waves over a zero gradient streambed) [Qian et al., 2008] or
where its direction may be vertical (e.g., gaining and losing systems) [Cardenas and Wilson, 2006].

Solute transport bed form model experiments in previous studies (Table 1) have assumed that, analogous
to the flow conditions, the concentration and concentration gradients at the lateral boundaries are spatially
periodic. This assumption is reasonable for situations where underflow is nonexistent or completely vertical.
For scenarios with lateral underflow, however, due to the diffusive and dispersive mass transfer that occurs
between the hyporheic flow cell and the underflow in the presence of concentration gradients, true spatial
periodicity for solute concentrations can never occur. Depending on the direction of the concentration gra-
dient between the hyporheic flow cell and the underflow, water in the underflow will either gain or lose

Figure 1. The Darcy domain of a typical bed form model with spatially periodic lateral boundaries for both flow and concentration.

Table 1. Recent Single Bed Form Publicationsa

References Transport K (m/s) aL (m) aT (m) h

Bardini et al. [2012] Reactive 1.0 3 1024 to 5.0 3 1023 1023 1024 0.4
Cardenas et al. [2008] Reactive 1.0 3 1024 to 1.2 3 1023 1022 1023 0.3
Jin et al. [2011] Variable density 2.5 3 1024 to 4.4 3 1023 NP NP 0.46
Jin et al. [2010] Solute 1.0 3 1023 1023 to 1021 1024 to 1022 0.3
Sawyer and Cardenas [2009] Solute 1.8 3 1024 1023 1024 0.3
Cardenas et al. [2008] Solute 2.0 3 1023 1023 to 1021 1024 to 1022 NP
Cardenas and Wilson [2007a] Solute 1.22 3 1023 NP NP 0.325
Sawyer et al. [2012] Thermal 5.1 3 1025 to 1.8 3 1024 NA NA 0.3
Cardenas and Wilson [2007b] Thermal 1.0 3 1023 to 5.0 3 1022 NA NA 0.3
Cardenas and Wilson [2007c] Thermal 1.0 3 1023 to 5.0 3 1022 1022 1023 0.3
Cardenas and Gooseff [2008] None 2.0 3 1023 NA NA NP
Cardenas and Wilson [2007d] None 1.0 3 1023 NA NA NP
Cardenas and Wilson [2007e] None 1.0 3 1023 NA NA NP

aAll investigations include the use of a bed form model with spatially periodic lateral boundaries. Missing values are either not
printed (NP) or not applicable (NA).
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solutes from or to the hyporheic
flow cell. Thus, the underflow will
exit the bed form with a different
concentration than when it
entered the bed form through
the upstream boundary.

While truly periodic conditions
can thus never develop, spatial
periodicity may be approached
when diffusive and dispersive
transfer between the two flow
domains is small. Our objective is
to investigate the degree to
which solute concentration pat-
terns deviate from spatial perio-
dicity for a range of model
parameters used in previous
studies (Tables 1 and 2). To this
end, we examine the steady state
behavior of a solute beneath a

bed form by modeling a series of multiple adjacent bed forms and evaluate the concentrations and concen-
tration gradients across each to infer the error imposed by spatially periodic solute boundaries (SPSB).

2. Methodology

Previous multibed form numerical investigations comprise studies, examining the effects of heterogeneity
[Salehin et al., 2004; Sawyer and Cardenas, 2009], suspended particle filtration [Karwan and Saiers, 2012] and
in conjunction with flume experiments [Janssen et al., 2012]. We model three scenarios with a solute source
along the SSI: (1) a no-flow bottom boundary, (2) a gaining system, and (3) a losing system [Cardenas and
Wilson, 2007a, 2007d; Jin et al., 2010; Sawyer and Cardenas, 2009]. We vary the number of bed forms to
assess whether the model converges to a periodic solution.

Here we also examine a fourth scenario, in which the solute boundary along the SSI is replaced with a time-
variant, sinusoidal thermal boundary to reflect the diurnal temperature cycle. Unlike the solute boundary,
the temporal variation in the thermal forcing produces a reversal of the thermal gradient, and it is hypothe-
sized that as a result, spatial periodicity of the temperature field may develop.

To constrain our suite of experiments to scenarios of practical interest, we adopt the method of Qian et al.
[2008], who showed via dimensional analysis of the governing equations for the bed form model that the
following variables control the net mass flux across the SSI: the amplitude of the variation in head distribu-
tion along the SSI of a single bed form a [L]; the longitudinal dispersivity aL [L]; the bed form length L [L];
and the stream slope s (5Dh=L). They combined these variables in two-dimensionless parameters: a steep-
ness ratio, R5a=ðLsÞ5a=Dh and a length-scale parameter, k5aL=L. Qian et al. [2008] showed that R values
ranging from 1 to 1000 are of practical interest and that values greater than 100 appear to produce similar
solute distributions. They also showed that k values for bed forms found along a gravel streambed are typi-
cally between 0.001 and 0.1.

2.1. Flow Models
We use the finite difference groundwater modeling code MODFLOW-2005 [Harbaugh, 2005], which was
modified by Laattoe et al. [2013] to include a spatially periodic boundary (SPB) condition to solve for
groundwater flow. Periodicity of flow is achieved with the following relationships at the lateral boundaries:

hð0; zÞ5hðL; zÞ1Dh; (1)

uð0; zÞ5uðL; zÞ; (2)

vð0; zÞ5vðL; zÞ; (3)

Table 2. Parameters Used in Numerical Experiments

Parameter Symbol Value Units

Bed form depth D 2.0 m
Bed form length L 1.0 m
Length to bed form crest Lc 0.9 m
Bed form height Hb 0.05 m
Grid spacing in x direction Dx 0.01 m
Grid spacing in y direction (approx.) Dz 0.01 m
Fixed difference between lateral SPB Dh 1022, 1023, 1024 m
Amplitude of interface head distribution A 0.022785 m
Hydraulic conductivity K 1023 m s21

Longitudinal dispersivity aL 1021, 1022, 1023 m
Dispersivity ratio aT/aL 1/3 m
Molecular diffusion Dm 1029 m2 s21

Porosity h 0.3
Bulk density qb 2200 kg m23

Thermal diffusivity DTh 1.36 3 1026 m2 s21

Thermal distribution coefficient Kd 1.9 3 1024 m3 kg21

Bulk thermal conductivity Ko 1.71 W m21�C21

Specific heat capacity of water cw 4187 J kg21�C21

Density of water qw 1000 kg m23

Specific heat capacity of sand cs 795.53 J kg21�C21
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where h represents the hydraulic head [L], and u and v are the horizontal (x) and vertical (z) components of
the pore water velocity [L T21], respectively. The left and right vertical faces of the SPB are denoted by (0,z)
and (L,z), respectively.

We model three flow scenarios, each with a different bottom boundary condition. The first group of
simulations features a no-flow condition at the base. The second group of simulations considers a
gaining stream scenario, which is accomplished by applying a Neumann-type boundary condition
along the model bottom boundary. The prescribed fluid flux across the bottom boundary is fixed at 3
3 1023 m s21, producing a gaining scenario comparable to those used in previous investigations [Car-
denas and Wilson, 2006, 2007c]. The third group of simulations considers losing stream scenarios, for
which the bottom boundary flux was of equal magnitude but opposite in direction to the gaining
scenarios.

Physical dimensions of the single bed form models are consistent with previously published investigations
in Table 1, except for the model depth (D), which, in a similar manner to Bottacin-Busolin and Marion [2010],
is increased in the present study to 2L to minimize the effect of the bottom boundary on the solute distribu-
tions. Grid cells have 0.01 m width in the horizontal direction and heights that vary between 0.01 and
0.01025 m, to accommodate variations in the bed form height. We model Dh at 0.01, 0.001, and 0.0001 m
so that R values for simulations are 2.27852, 22.7852, and 227.852 covering the range examined by Qian
et al. [2008]. We adopt the interface head distribution from the CFD-type bed form study by Cardenas and
Wilson [2007a, Figure 3], to apply as a Dirichlet-type boundary along the SSI. The head distribution features
a maximum found approximately midway along the rising face, and steep head gradients lead to a mini-
mum head at the peak of the bed form (Figure 2).

Our multibed form models comprise 11 bed forms (numbered sequentially from left to right). The
porous medium is considered homogeneous and isotropic, and flow is in steady state. The flow fields
in each individual bed form are derived from single bed form models subject to the spatially periodic
flow constraints at the lateral boundaries according to equations (1)–(3). The same flow conditions as
in the single bed form models (Figure 2) are enforced in the multibed form models by specifying the
heads (Dirichlet-type boundary condition) at all nodes along the model perimeter. The top, left, and
bottom boundary nodes of bed form 1 (i.e., the most upstream bed form) in the multibed form model
are equal to those in the single bed form model. Fixed heads along the top and bottom boundaries of
downstream bed forms are less by Dh relative to the bed form immediately upstream. The right
boundary heads of bed form 11 are assigned fixed values equivalent to the left boundary of bed form
1 less 11 times Dh. We verify periodicity by ensuring fluid flux between the two lateral boundaries of
each bed form varies by less than 1027%. The parameters used in the flow model are presented in
Table 2. Both single and multibed form models are executed with calculations in double precision and
head convergence criteria set at 10214 m.
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Figure 2. Top boundary head distributions used in single bed form models and solutions to the different R scenarios. Heads are normalized as h* 5 (h 2 hmin)/(hmax 2 hmin), where h is
the nodal head value and hmin and hmax are, respectively, the minimum and maximum head for each simulation. Dashed lines delineate the hydraulic divide between hyporheic flow
cells and underflow.
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2.2. Solute Transport Models
We simulate transport in the multibed form model with MT3DMS, which implements the following general
form of the mass transport equation for solutes [Zheng and Wang, 1999]:

11
qb

h
Kd

� � @ðhCÞ
@t

5r � ðhD � rCÞ2r � ðqCÞ1qsCs; (4)

where C is concentration [M L23], t is time [T], h is porosity, qb is the bulk density [M L23], Kd is the distribu-
tion coefficient [L3 M21], q [L T21] is the specific discharge vector, D [L2 T21] is the hydrodynamic dispersion
tensor (i.e., D 5 Dmech 1 Dm, where Dmech [L2 T21] is the mechanical dispersion tensor and Dm [L2 T21] is the
molecular diffusion coefficient), qs [L T21] is the volumetric flow rate per unit volume representing fluid
sources or sinks, and Cs [M L23] is the concentration of the source.
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Figure 3. Steady state solutions to solute transport simulations with no-flow bottom boundaries.
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We set the initial concentration in the domain to zero everywhere, i.e., Cðx; z; t50Þ50. The solute flux into
the domain through the top, left, and bottom (in the gaining scenarios) boundaries we implement by a
Cauchy condition. Cauchy-type boundary conditions in MT3DMS consider only advective transport and
ignore dispersive mass flux across boundaries [Zheng and Wang, 1999]. We assign flow entering across the
top boundary a concentration of 1.0 g L21 while inflow across the lateral and bottom boundaries has a con-
centration of zero. In all cases outflow has the ambient groundwater concentration. Our no-flow bottom
boundary simulations feature a Neumann condition for solutes along the lower boundary with a concentra-
tion gradient of zero, ensuring no mass exchange at the base of the model.

We hypothesize the departure of solute concentration patterns from spatial periodicity to be a function of
the model parameters that control mass exchange between the hyporheic flow cells and underflow.
The dimensional analysis of Qian et al. [2008] showed that the ratio of longitudinal to transverse dispersivity
ðaT=aLÞ significantly affects the transport solution. However, commensurate with previous investigations,
we maintain a fixed value of 1/3 [Zheng and Bennett, 1995; Bottacin-Busolin and Marion, 2010]. Our simula-
tions adopt the k values 0.1, 0.01, and 0.001 used by Qian et al. [2008] which, due to our fixed bed form
length of 1 m, double as aL values. We assign effective porosity a value of 0.3 for all models. Our transport
simulations are time-dependent, based on the steady state flow fields, and transport calculations are in dou-
ble precision with concentration convergence criteria set to 10214 g L21. Other relevant model parameters
are located in Table 2. We use an upstream weighted finite difference solution technique to solve the
advective component of all simulations ensuring mass conservation [Zheng and Bennett, 1995]. Our simula-
tions are run until the concentration field reaches a steady state, which we observe to be when the total
mass gain is less than 0.1% from the previous transport step per bed form.

We extend the number of bed forms simulated using multibed form models by assigning the concentra-
tions along the right boundary of bed form 10, obtained after the solute concentrations reach steady state,
to a Cauchy condition along the left boundary of bed form 1. Taking the concentrations of the tenth bed
form minimizes any potential boundary effects that occur at the right boundary of bed form 11 due to the
neglecting of the dispersive solute flux across the model boundary. Each repetition of this process extends
the number of consecutive bed forms by 10, allowing for an extensive number of bed forms (and spatial
convergence of solutes) to be assessed.

A comparison of vertical mass flux in each bed form and advective mass transfer between bed forms is per-
formed using the analysis method of Qian et al. [2008]. The vertical mass flux at any vertical position z, inte-
grated over one bed form length L, is separated into dispersive (Jdisp) and advective (Jadv) components:

JdispðzÞ5
1
L

ðL

0
2Dzz

@C
@z

dx1

ðL

0
2Dzx

@C
@x

dx

� �
(5)

and

JadvðzÞ5
1
L

ðL

0
vCdx: (6)

We also analyze mass transfer across lateral boundaries between bed forms and expect values in the hypo-
rheic flow cell to be comparatively larger than in the underflow due to greater fluid fluxes and concentra-
tions. By restricting our analysis of lateral boundary mass transfer to the underflow only, we obtain better
resolution of differences between bed forms. To this end, we adopt the dimensionless advective mass flux
(Jadh L/(CoKa/h)) of Qian et al. [2008] for comparison of lateral boundary mass transfer between bed forms,
where

JadhðL; zÞ5
ðH

0
uCdz (7)

and H [L] is the depth in the model where the flow divide intersects the bed form boundary.

2.3. Thermal Transport Models
We simulate thermal transport in MT3DMS according to Ma and Zheng [2010], by replacing C in equation
(4) with temperature T (�C), Kd [L3 M21] with a thermal distribution coefficient cs=cwqw (where cs [M L2 T22

H21] and cw [M L2 T22 H21] are the specific heat capacities of solid and fluid, respectively, and qw [M L23] is
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the density of the fluid), and Dm [L2 T21] with a bulk thermal diffusivity term jo/hqwcw (where jo [W
m21�C21] is the bulk thermal conductivity of the porous matrix). Ma and Zheng [2010] also showed that
density and viscosity effects are minor in thermal transport simulations with variations in temperature of
less than 15�C across the domain, and hence changes in fluid density and viscosity induced by temperature
variation are assumed negligible. The thermal transport parameters used in the study are presented in
Table 2.

We replace the Cauchy-type solute boundary along the top of the model with a spatially constant, time-
variant thermal condition for temperature, which varies 10�C in a diurnal cycle according to

TðtÞ5Tave1Tamp½sin ð2pt=sÞ�; (8)

where T [�C] is the temperature of inflowing water, Tave [�C] is the average temperature, Tamp [�C] is the
amplitude of the variation, and s [T] is the oscillation period. We adopt the following parameters:
Tave520�C, Tamp55�C, and s524 h. We assign the average temperature as the initial temperature in all cells
and the bottom, left, and right boundaries are assigned a time-invariant thermal Cauchy condition with
T(t) 5 20�C.

We use equation (8) to alter the stream temperature every 6 min throughout a 5 day model run. In a similar
manner to previous investigations [Cardenas and Wilson, 2007b, 2007c], we check phase-averaged tempera-
tures for each bed form to determine the time for conditions to stabilize (between days 3 and 4), after
which we use a 24 h period for analysis.

3. Results and Discussion

3.1. No-Flow Bottom Boundary Scenarios
The steady state concentration distributions of 33 bed forms are presented in Figure 3, for various combina-
tions of the dimensionless parameters R and k.

To facilitate comparison, dimensionless advective (JadvL/(CoKa/h), cf. equation (6)) and dispersive (JdispL/
(CoKa/h), cf. equation (5)) values for the 6th, 16th, and 26th bed forms are plotted (Figure 4) against dimen-
sionless depth (D* 5 z/(Hb 1 D)). Each graph corresponds to the simulations presented in Figure 3. Positive
vertical flux values indicate downward migration of solute deeper into the bed form away from the SSI. Ver-
tical transport into the sediment in the hyporheic flow cells of each model is dominated by advection while
dispersive fluxes prevail in the underflow (Figure 4). The transition from advective to dispersive dominated
vertical transport is also an indicator for the depth of the flow divide between the hyporheic cells and
underflow. These observations are consistent with the findings by Qian et al. [2008] and Jin et al. [2010].
Parameters L and a remain constant throughout the investigation. Consequently, all changes to the dimen-
sionless parameter R reflect changes in s the stream slope. An increase in stream slope (decrease in R)
increases the horizontal flux of the underflow, which restricts the depth penetration of the hyporheic flow
cell [Cardenas and Wilson, 2007e]. An order of magnitude decrease in dispersive flux is observed with an
order of magnitude increase in R, which can be attributed to the weaker vertical concentration gradient, a
direct consequence of the reduced horizontal flux in the underflow. All graphs reveal vertical flux differen-
ces in Jadv above the hydraulic divide as well as differences in Jdisp across and below the divide. Both Jdisp

and Jadv flux values decrease with increasing bed form number, and peaks in Jdisp are located deeper in the
sediment as bed form number increases. This is indicative of solute concentrations fronts reaching to an
ever greater depth with increasing distance downstream.

The continuously increasing solute concentrations in the underflow of downstream bed forms act to
weaken the vertical concentration gradient across the divide between the two flow regimes, which reduces
the vertical solute fluxes in the hyporheic flow cells (Figure 4). This is because, once steady state conditions
have been attained, the mass in each bed form remains constant. As the conditions approach steady state,
less mass is lost from the hyporheic flow cell to the underflow, and the net mass flux across the SSI
decreases to compensate for this. This implies that the deviation from spatial periodicity causes a potentially
significant variation along the streambed of the net solute flux across the SSI, which cannot be captured by
a single bed form model using SPSB.

Figure 5 shows the dimensionless advective mass flux (Jadh L/(CoKa/h)) between bed forms, with Jadh given
by equation (7). The plots in Figure 5 display a continuous increase of the horizontal advective mass flux
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between bed forms in the underflow, which is a consequence of the dispersive mass transfer from the
hyporheic flow cell into the underflow. A horizontal line in this graph therefore represents spatial solute
periodicity with mass transfer across the lateral boundaries identical for all bed forms. The rate of increase
reduces gradually downstream, but the fact that the lines do not become horizontal indicates that spatial
periodicity of the concentrations is not achieved for any of the combinations of R and k considered. It
should be noted that L remains fixed at 1.0 m for all experiments and aL was varied. Simulations with
k 5 0.1 show significantly greater horizontal mass fluxes in the underflow but also present more
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Figure 4. Horizontally integrated vertical mass fluxes for simulations with a no-flow bottom boundary. Positive values are indicative of mass migration deeper into the bed form. Advec-
tion dominates the transport of solutes in the hyporheic flow cells. In all cases, dispersion is the primary transport mechanism for solute crossing the flow divide and penetrating the
underflow. Spatial periodicity in this figure is represented by identical plots which overlie each another.
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pronounced curvature in Figure 5, specifically for R 5 200. This is caused by the zero-concentration gradient
boundary assigned to the base of the model, which acts to weaken the vertical concentration gradient
(Figure 3).

These results confirm that, due to dispersion of solutes across the flow divide between the hyporheic flow
cell and the underflow, spatially periodic concentration distributions cannot exist, and that even for the sce-
nario that approaches it the most (R 5 200, k 5 0.001), the mass gain in the underflow between the
upstream and downstream lateral boundaries is still in the order of 3% for each bed form. This value can be
seen as the approximate lower bound of the mass balance error that would be introduced if spatial perio-
dicity were imposed on a single bed form model in which the solute mass flux across the vertical bounda-
ries are forced to be equal, thereby suppressing the mass gain from one bed form to the next. The error can
become as high as 20% for the highest values of R and k.

While the focus of the present study is on steady state solute concentration distributions, mass balance
errors of comparable magnitude are expected to occur in the case of transient solute transport simulations
of a single bed form in which the initial concentrations are zero and solutes are introduced through the SSI.
Once solute enters the underflow, the combination of the prevailing horizontal flow and the SPSB enforces
horizontal iso-concentration lines, which is a direct consequence of the fact that the concentration and the
solute flux on both boundaries have to be equal. Accordingly, the mass gain in the underflow is overesti-
mated by an amount that will increase with R and decrease with k. As a result, the effective vertical concen-
tration gradient will decrease, leading to an overestimation of the mass in the hyporheic flow cell as less
mass is dispersed into the underflow, which in turn will affect the calculated solute transfer across the SSI.

Finally, the combination of a no-flow bottom boundary and a SPSB along the lateral boundaries in a single
bed form are incompatible when nonzero solute concentrations develop at the bottom boundary during a
transient simulation. This is because the periodic boundary condition prescribes that concentrations be
equal at the same elevation, whereas the zero dispersive solute flux forces iso-concentration contours to be
perpendicular to the bottom boundary. This induces a curvature of the concentration contour lines near the
bottom boundary, which is merely an artifact of the combination of the two boundary conditions. This
effect was not investigated in this study, but it further compounds the single bed form approach for solute
transport and considering all of the above, the periodic solute concentration boundary should probably be
avoided altogether in single bed form models with a no-flow bottom boundary.

3.2. Gaining and Losing Scenarios
Gaining and losing scenarios will undoubtedly alter the flow field and with it the advectively transported
solute mass. Our analysis approach examines vertical mass transfer between the hyporheic and underflow
regimes and to facilitate comparison of no-flow bottom boundary simulations with gaining and losing sce-
narios we chose boundary fluxes such that the flow field where the hyporheic cell and underflow interact
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Figure 5. The changes in advective solute flux across lateral bed form boundaries in the underflow for all R and k combinations. A periodic solution would produce horizontal lines.
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was minimally affected. This is achieved by implementing a relatively small gain or loss flux across the bot-
tom boundary in comparison to the lateral fluid flux of the underflow (approximately 3 orders of magnitude
difference).

The deflection of the flow field in the gaining and losing simulations compared to the no-flow bottom
boundary scenario is minimal, and because vector plots of the underflow visually appear identical to those
of models with a no-flow boundary at the base (Figure 2), separate vector plots are not provided. Recent
modeling by Hester et al. [2013] and experimental observations by Fox et al. [2014] showed that the solute
distribution is strongly influenced by the flow field. Our results concur with these findings as relatively small
differences in flow field lead to notable changes to the steady state solute distributions (Figure 6). This is
attributed to the impact that introducing a gain or a loss of water has on the vertical advective and disper-
sive fluxes compared to a no-flow bottom boundary condition (compare Figures 5 and 7). Subtle deflections
of the flow field lead to enhanced vertical solute transport, causing either more (losing) or less (gaining)
mass from the hyporheic flow cell to be drawn into the underflow.

In gaining scenarios, there is less mass transfer to the underflow in comparison to the simulations with a
no-flow bottom boundary. Upward transport toward the SSI (indicated by negative values for horizontally
integrated vertical advective flux, Figure 7) counteracts the downward concentration gradient driven dis-
persive transport and reduces the net mass gain of the underflow from the hyporheic flow cells. Visually,
the gaining R 5 2, k 5 0.01, and R 5 2, k 5 0.001 simulations resemble a periodic solution (Figure 6). More-
over, solute fluxes for bed forms 16 and 26 in both simulations differ by less than 0.08% for k 5 0.01 and
less than 0.003% for k 5 0.001, and are thus virtually identical (Figure 7).

A comparison of the horizontal advective transport in the underflow between gaining scenarios (Figure 8a)
and no-flow bottom boundary simulations (Figure 5) highlights the damping effect that ambient upward
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flow has on net mass transport across the flow divide deeper into the bed form. For gaining simulations
where k 5 0.01, the advective solute flux in the underflow becomes essentially constant between bed forms
past the tenth bed form. There is no observable change in the mass flux when k 5 0.001 from bed form 2
onward. The significance of these observations is that an assumption of spatial solute periodicity is unlikely
to result in a significant mass flux error for simulations with R 5 2, k 5 0.01, and R 5 2, k 5 0.001 under gain-
ing conditions. Under these conditions a single bed form simulation with periodic boundaries for solutes
may be appropriate.

Losing scenarios are characterized by increased downward advective transport, which results in greater
mass transfer from the hyporheic flow cell to the underflow (Figure 7). Downward advective transport
acts to overwhelm the concentration gradient across the flow divide (Figure 6) and dominates over ver-
tical mass transfer by diffusion and dispersion (Figure 7). Moreover, the steep linear increase in mass
transfer between bed forms via the underflow, for losing scenarios where k 5 0.001 and 0.01, empha-
sizes the significance of the downward advective transport component (Figure 8b). The curvature of
the most dispersive case with k 5 0.1 is now primarily due to the loss of solute mass through the base
of the model. In comparison to gaining models, as well as models with a no-flow bottom boundary,
losing scenarios show the largest differences in the solute distributions between bed forms. Even for
the small bottom boundary fluxes considered here, losing systems are clearly the least suitable for
SPSB implementation.
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3.3. Thermal Transport Scenarios
Unlike the steady state termination point of the solute transport models, thermal transport models are run
for a fixed time period of 5 days. We examine transient thermal behavior by plotting the average tempera-
ture for each bed form at every time step (Figure 9). For simulations where the hyporheic cell penetrates
deeper into the bed sediments (i.e., R 5 20 and R 5 200) the effect of the bottom boundary in reducing the
vertical thermal gradient is apparent in bed form 2. This is attributed to the larger diffusivity in thermal
transport simulations compared to solutes, and these scenarios were not further analyzed. The results for
solute simulations are transferable to thermal, that is, we can expect similar outcomes with the same experi-
mental setup implemented for solutes. The only difference is that thermal simulations are analogous to sol-
ute simulations with sorption.

In R 5 2 simulations, very little (less than 1025�C) change in temperature with time was observed below
0.7 m depth from the SSI. The first 11 bed forms in the R 5 2, k 5 0.1 thermal transport model reveals only
slight deviation from thermal periodicity throughout the 5 day simulation, which is inferred from the near-
absence of any mass gain in the underflow by successive bed forms (Figure 9). Detailed analysis of the tran-
sient behavior revealed that the small deviations between the curves are attributable to cooling of less than
0.001�C per bed form caused by the propagation of the constant temperature inflow at the upstream (left)
lateral boundary. Further experiments were performed at runtimes of 10 and 15 days with no significant
changes to the plot for the final day.

It is worth noting that the corresponding solute transport simulations where R 5 2, and k 5 0.1 showed the
greatest deviation from a periodic solution. Based on this analysis we conclude that spatially periodic
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temperature fields can exist with a temporally periodic temperature reversal at the SSI. For the model setup
here, thermal gradient reversal at the SSI appears to offset retention of thermal energy in the underflow
necessary to effectuate a significant departure from periodicity.

4. Conclusions

This study investigates the validity of the often-made assumption of spatial periodicity for solute concentra-
tions in hyporheic zone bed form models for a range of model configurations and parameter combinations
reported in the literature. For models with a no-flow bottom boundary, we show that solute concentration
patterns deviate significantly from spatial periodicity in most of the cases considered. However, where the
dispersive flux between the hyporheic flow cell and the underflow is small (R 5 200, k 5 0.01, and k 5 0.001
systems), we observe that spatial solute periodicity is approached. Our results suggest a lower bound mass
balance error of 3% when assuming spatially periodic solute concentrations with the single bed form
model. For losing conditions, we show that spatially periodic solute concentration patterns are not attained
in any of the simulations considered. For gaining conditions, we observe that the solute distribution
becomes periodic because the upward advective flux in this case counteracts the downward dispersive flux
from the hyporheic flow cell into the underflow. Our results indicate that spatially periodic temperature pat-
terns are possible for simulations with temporally harmonic temperature variations along the SSI. We attrib-
ute this to the continuous, temporally periodic reversal of the temperature gradient that acts to reduce the
net heat transfer from one bed form to the next in the underflow.

We demonstrate that the use of single bed form models with a SPSB results in a greater or lesser mass into
the lower regions of the bed form model. This will undoubtedly affect mass transfer across the SSI. For
example, where the assumption of solute periodicity produces less solute in the underflow, vertical concen-
tration gradients across the flow divide will be steeper, leading to more solute mass entering the streambed
via the SSI to replace dispersed and diffused mass lost across the flow divide. This has significant implica-
tions for reactive transport simulations [Cardenas et al., 2008; Bardini et al., 2012] where the network of
chemical reactions in the hyporheic and underflow regime may be driven by mass transfer (i.e., oxygen and
dissolved organic carbon) from the stream to the bed sediments.

Other confounding factors are expected to prohibit spatial periodicity in reactive problems. We expect that
the time-dependent production or decay of solutes may result in a continuous increase or decrease of sol-
ute concentrations in the underflow across bed forms. In multispecies problems, gradients between the
hyporheic flow cell and the underflow may differ between species and could be in opposite directions,
which may mean that periodicity could be approached for some species, but not for others. We expect fur-
ther complications for variable density simulations [Jin et al., 2011] where solute also affects the flow field,
but these are not evaluated within the scope of the present study.

The assumption of spatially periodic solute boundaries is attractive from a computational point of view
because it makes that an infinite sequence of bed forms can be simulated by a single bed form. But the fail-
ure to achieve spatial periodic concentration fields for most of the conditions considered during this study
means that it can only be applied to a limited number of cases, and the outcomes of these models must be
treated with caution. It is not our intent to dissuade other modelers from adopting a single bed form model
with spatially periodic boundaries, but rather to identify the prevailing constraints and limitations. We
strongly recommend studies consider an a priori, quantitative assessment of the validity of the assumption,
and revert to an alternative modeling approach, such as the multibed form simulations used in this study,
when application of SPSB in a single bed form simulation are deemed to result in significant error.
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