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[1] Water level rises associated with river flow events induce both pressure and solute
movement into adjacent aquifers at vastly different rates. We present a simple analytical
solution that relates the travel time and travel distance of solutes into an aquifer following
river stage rise to aquifer properties. Combination with an existing solution for pressure
propagation indicates that the ratio of solute to pressure travel times is proportional to the
ratio of the volume of water stored in the aquifer before the river stage rise and the volume
added by the stage rise and is independent of hydraulic conductivity. Two-dimensional
numerical simulations of an aquifer slice perpendicular to a river demonstrate that the
solutions are broadly applicable to variably saturated aquifers and partially penetrating
rivers. The solutions remain applicable where river stage rise and fall occur, provided that
regional hydraulic gradients are low and the duration of the river stage rise is less than
pressure and solute travel times to the observation point in the aquifer. Consequently, the
solutions provide new insight into the relationships between aquifer properties and distance
and time of solute propagation and, in some cases, may be used to estimate system
characteristics. Travel time metrics obtained for a flood event in the Cockburn River in
eastern Australia using electrical conductivity measurements enabled estimates of aquifer
properties and a lateral extent of river-aquifer mixing of 25 m. A detailed time series of any
soluble tracer with distinctly different concentrations in river water and groundwater may
be used.
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1. Introduction

[2] Despite intensive investigation of the processes by
which rivers and aquifers exchange water and solutes at a
variety of scales, theoretical developments have predomi-
nantly focused on hydraulic methods, and the use of pres-
sure data to determine aquifer properties. Advancements in
water chemistry measurement technology provide the
potential for increased use of time series chemistry data in
the quantification of river and aquifer exchange at the event
time scale, and impetus for theoretical development in this
area. While pressure propagation is largely determined by
aquifer diffusivity (ratio of transmissivity to storativity),
water velocity, and hence solute transport, is a function of
the ratio of hydraulic conductivity to aquifer porosity. The-
oretical methods that incorporate chemistry measurements

could exploit the different mechanisms that govern trans-
port of water as opposed to pressure through aquifers to de-
velop estimates of aquifer properties.

[3] Observations of the propagation of head changes
from river stage rise to adjacent aquifers have been used
for decades to estimate aquifer properties. Early analytical
solutions modified equations for heat conduction [e.g., Car-
slaw and Jaeger, 1959] to estimate aquifer diffusivity from
the time and distance of pressure propagation into an aqui-
fer induced by step increases in river stage [Hantush, 1961;
Rorabaugh, 1960; Rowe, 1960]. Subsequent analytical sol-
utions developed relationships that incorporated single si-
nusoidal flood wave inputs and semi-infinite aquifers
[Cooper and Rorabaugh, 1963] and arbitrary river stage
input and semipervious stream banks [Hall and Moench,
1972]. Assumptions common to the majority of analytical
solutions include temporally constant aquifer diffusivity,
homogeneity of aquifer properties, free surface Dupuit
assumptions, vertical banks, and saturated flow [Doble et
al., 2012; Sharp, 1977]. Numerical solutions have been
applied to assess some of these limitations. Improvements
that have been investigated include variable hydraulic con-
ductivity and aquifer geometry [Whiting and Pomeranets,
1997], anisotropy and heterogeneity [Chen and Chen,
2003; Chen et al., 2006], and sloping banks and explicit
inclusion of unsaturated flow [Doble et al., 2012]. In many
cases, these analytical and numerical methods have also
been used to estimate aquifer transmissivity and storativity
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[e.g., Pinder et al.,1969]. Recently, pressure propagation
due to river stage fluctuation has been used to determine
the heterogeneity of aquifer hydraulic conductivity [Yeh et
al., 2009].

[4] Time series solute data sets have predominantly been
used to determine travel times of river water into aquifers
in losing environments, generally where flow is induced by
pumping [Cirpka et al., 2007; Hunt et al., 2005; Vogt et
al., 2010]. Data interpretation has relied on interpretation
of tracer arrival times directly, or through cross correlation
or deconvolution, with analysis rarely extended to estima-
tion of aquifer properties. Examples of the use of numerical
models to explicitly examine solute transfer induced by
flow events are limited. Squillace [1996] used a 2-D numer-
ical simulation to confirm that river stage rise and fall was
a plausible explanation for observed variations in ground-
water chemistry at a site contaminated by atrazine. A
generic analysis of the effects of river stage rise and fall
and aquifer parameters on the spatial extent of river-aquifer
exchange fluxes was presented by Chen and Chen [2003]
using particle tracking. McCallum et al. [2010] explicitly
simulated solute movement during river stage rise and fall
in order to examine the temporal variation in groundwater
chemistry at the river-aquifer interface, and its sensitivity
to aquifer parameters for a general case, but did not specifi-
cally assess the movement of the pressure and solute fronts
into the aquifer. In systems where river and aquifer electri-
cal conductivities (EC) (or temperatures) are distinctly dif-
ferent, collection of detailed time series data is relatively
simple and cost effective. Sawyer et al. [2009] presented
time series data for pressure, EC, and temperature in shal-
low piezometers adjacent to a river affected by regular
dam-induced stream-stage fluctuations; however, only the
pressure data were used to estimate aquifer properties.

[5] In this study, we develop a simple equation that
relates aquifer properties to the travel time and travel dis-
tance of water into an aquifer as the result of a unit increase
in river stage. This analytical solution is combined with an
existing solution for pressure propagation to create ratios
between water and pressure travel times and travel distan-
ces that are independent of hydraulic conductivity. The
applicability of these simple analytical relationships to var-
iably saturated aquifers is evaluated by comparison with
results from 2-D numerical simulations of flow and mass
transport in an aquifer slice. A range of aquifer parameters
are tested, as are the effects of the duration of maximum
river stage, regional hydraulic gradients, degree of river
penetration, and rate of river stage rise. Concentration
change of a generic solute is used to represent water move-
ment. The method by which the solutions may be used to
estimate aquifer thickness and hydraulic conductivity and
the lateral extent of river-aquifer mixing from simultaneous
measurement of pressure and EC is demonstrated using
extended time series data from a field site on the Cockburn
River in eastern Australia.

2. Analytical Solution Development

[6] In one dimension, propagation of head h in an aquifer
of constant hydraulic conductivity K, in terms of distance x
and time t can be described by the equation

@2h

@x2
¼ S

Kb

@h

@t
ð1Þ

for both confined and unconfined aquifers with some provi-
sos on the constant value parameters S and b [Bear, 1972].
In a confined aquifer, S is storativity and b is constant aqui-
fer thickness. In an unconfined aquifer, equation (1) is one
of two standard linearizations of the Boussinesq equation
in which S¼ Sy is specific yield and b is average saturated
thickness. The analytical solution of equation (1) for an in-
stantaneous river stage (head) increase is given by [Car-
slaw and Jaeger, 1959]

h ¼ h0 þ H � erfc

ffiffiffiffiffiffiffiffiffiffi
x2S

4Kbt

r !
ð2Þ

where h0 is initial head in the river and aquifer, H is stage
change in the river, and erfc( ) is the complementary error
function. In this paper we will assume that a conservative
solute travels at the same rate as a water particle and define
the solute (or water particle) travel velocity vs by Darcy’s
Law:

vs ¼ �
dx

dt
¼ �K

�

@h

@x
ð3Þ

where � is aquifer porosity. This approach neglects diffu-
sion and dispersion of the solute.

[7] In order to develop a distance-time relationship for
solutes, the partial x derivative of h in equation (3) is formed
from equation (2), and then the first-order differential of the
last equality of equation (3) is solved. Detailed analytical de-
velopment is presented in Appendix A. The solute travel
time ts at any distance x from a river bank becomes

ts ¼
x2S

a2Kb
ð4Þ

where a is a constant determined by the gradient of the
straight line plot of x against

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Kbt=S

p
.

[8] It may be shown that a is a function of c (Figure 1;
Appendix A), where c is a constant described in the forma-
tion of the partial x derivative of h :

c ¼ HS

b�
: ð5Þ

[9] A metric for travel time related to pressure tp is
defined by setting (h� h0)/H equal to 0.5, approximating
erfc�1(0.5) as 0.5, and rearranging equation (2) as:

tp ¼
x2S

4Kb erfc�1 0:5ð Þ½ �2
� x2S

Kb
: ð6Þ

The metric is defined this way for two reasons. First, one
half of the head rise is a simple and common representation
for averaging a time dependent head rise. Second, the
replacement of erfc�1(0.5) by 0.5 is not only a good
approximation but also removes the complementary error
function from consideration. The error introduced by this
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approximation is 4%, which is small relative to our ability
to measure the parameters in this equation.

[10] Combination of equations (4) and (6) yields the ratio
of solute and pressure travel times ts/tp :

ts
tp
� 1

a2
ð7Þ

[11] Relationships between lateral distances traveled by
solute and pressure are readily obtained for a given time t.
From equation (4), with ts¼ t and x¼ xs :

xs ¼ a

ffiffiffiffiffiffiffiffi
Kbt

S

r
ð8Þ

and from equation (6), based on a 50% increase in pressure,
with tp¼ t and x¼ xp :

xp �
ffiffiffiffiffiffiffiffi
Kbt

S

r
ð9Þ

Combination of equations (8) and (9) yields the ratio of lat-
eral travel distances xs/xp :

xs

xp
¼ a: ð10Þ

[12] Typical aquifer parameter ranges for H, S, b, and �
in the context of bank storage indicate that the common
range of c would be 0< c< 1. In this range, c is approxi-
mately equal to a (Figure 1), whereas at larger values of c
the relationship between a and c is clearly nonlinear (Fig-
ure 1 insert). Consequently, the travel time of solute ts as a
function of distance into an aquifer x may be approximated
by substituting c for a in equation (4) for the range
0< c< 1. By rearrangement ts is obtained in terms of aqui-
fer properties and river stage:

ts �
b�2x2

SH2K
ð11Þ

and the ratio of solute and pressure travel times ts/tp as a
function of aquifer properties and river stage rise becomes:

ts

tp
� b�

HS

� �2

: ð12Þ

Interestingly, in the braces of the right side of equation
(12), the numerator represents the volume of water present
in the aquifer before the pressure wave (when multiplied by
aquifer width and length), while the denominator represents
the addition (or reduction) of water to (or from) the aquifer
after the change in river stage.

[13] Also, an approximate expression for the lateral
travel distance of solute xs as a function of aquifer proper-
ties and time is given by

xs �
H

�

ffiffiffiffiffiffiffiffi
SKt

b

r
: ð13Þ

[14] For the range 0< c< 1, approximation of the pa-
rameter a by aquifer properties (represented by the parame-
ter c) introduces errors to the travel time metrics ts and ts/tp
of 620%. Over the same range, the error introduced to the
travel distance metrics xs and xs/xp varies from �13 to
þ9%. The travel distance metrics are less sensitive to the
approximation because they are directly proportional to a,
whereas the travel time metrics are proportional to 1/a2.
Henceforth, our analysis of the utility of the new analytical
solutions is based on the simple approximation that a¼ c,
that is, equations (11)–(13).

3. Numerical Simulations

[15] Numerical simulations were conducted to test the
applicability of the analytical solutions to pressure and sol-
ute propagation in variably saturated aquifers across a
range of typical aquifer property values and system behav-
iors. Assumptions of the analytical solution that were tested
numerically include (1) temporally constant transmissivity,
(2) saturated flow, (3) instantaneous river stage rise, (4)
neglecting dispersion and diffusion, (5) no ambient hydrau-
lic gradient, and (6) fully penetrating river.

3.1. Model Conceptualization and Set Up

[16] The river-aquifer system was conceptualized as a
two-dimensional aquifer slice perpendicular to a river (Fig-
ure 2). A numerical model was constructed using the finite
element code FEFLOW, as it has the capacity to explicitly
model unsaturated zone pressure and solute transport proc-
esses [Diersch, 2009]. The model was constructed as a vari-
ably saturated media model, in which the head-based
(standard) form of the Richard’s equation for flow and the
convective form of the transport equation were solved
across unsaturated and saturated portions of the model
simultaneously. In the fully penetrating river case, the total
model domain was 20 m in height, 2000 m in length, and 1
m in width, with an initial head h0 equivalent to the initial
saturated aquifer thickness b. For partially penetrating river
cases, the model domain was extended by the distance w

Figure 1. Plot of a against c for commonly anticipated
values in the context of bank storage investigations
(0< c< 1). The insert depicts the range up to c¼ 10. The
parameter a is a constant determined by the gradient of the
straight line plot of x against

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Kbt=S

p
, where K is hydraulic

conductivity, b is saturated thickness, t is time, and S is
storage. The parameter c¼HS/b�, where H is the magni-
tude of river stage change and � is porosity.
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(from river bank to midpoint) at height hp. The initial water
table was flat, except where the effects of a regional hy-
draulic gradient were investigated. An unsaturated zone at
least 4 m thick was maintained in order to explicitly simu-
late water and solute movement in this zone. The thickness
of the unsaturated zone was sufficient to avoid boundary
effects on the capillary fringe, and hence flow regimes. No-
flow boundaries were applied along the base of the model,
the right-hand boundary, the top of the model, the left-hand
boundary above hmax, and in partially penetrating cases,
from z¼ 0 to hp. In order to simulate a regional hydraulic
gradient, the no-flow boundary on the right-hand side of
the model was replaced with a constant head boundary
h¼ hg from z¼ 0 to z¼ hg. The model was first run to
steady state to obtain a head distribution throughout the aq-
uifer. This head distribution was used as the initial condi-
tion for application of the river stage increase.

[17] The river was represented by a time-varying head
(TVH) boundary applied from z¼ 0 to z¼ hmax at x¼ 0
(fully penetrating) and from z¼ hp to z¼ hmax at x¼� w to
x¼ 0 (partially penetrating). For simulations involving a
rising river stage only, the head boundary was varied
according to

h 0; tð Þ ¼

h0; t ¼ 0

h0 þ
hmax � h0ð Þ

2
1� cos 2�

t

t0

� �h i
; 0 < t � t0

2

hmax;
t0

2
< t � tmax

8>>><
>>>:

ð14Þ

where h is hydraulic head, t is time, t0 is wave period, h0 is
head at t¼ 0, hmax is maximum head which occurs at t¼ t0/
2, and tmax is the simulation time of 200 days. This gener-
ates the rising limb of a cosine-shaped wave between t¼ 0
and t¼ t0/2, with amplitude (hmax – h0) that is maintained at
the maximum head until tmax. The increase in head was set
at 1 m (that is, hmax – h0¼ 1 m), except where sensitivity to

the magnitude of river stage was examined. t0 was set at
0.02 days, except where sensitivity to the rate of stage rise
was examined. For simulations of a rising and falling river
stage, and in order to investigate the duration of maximum
river stage tl independently of wave shape, the head bound-
ary was varied as

h 0; tð Þ ¼

h0; t ¼ 0

h0 þ
hmax � h0ð Þ

2
1� cos 2�

t

t0

� �h i
; 0 < t � t0

2

hmax;
t0

2
< t � tl

h0 þ
hmax � h0ð Þ

2
1� cos 2�

t

t0

� �h i
; tl < t � tl þ

t0

2

h0; tl þ
t0

2
< t � tmax

8>>>>>>>>>><
>>>>>>>>>>:

ð15Þ

where tl varied between 5 and 100 days, giving wave peri-
ods of 5.02–100.02 days.

[18] The initial solute concentration throughout the
model domain (saturated and unsaturated) was specified as
C¼ 1. A constant (specified) concentration boundary con-
dition was used to represent river water transport into the
aquifer. The boundary condition allowed mass to enter the
model by both advection and dispersion and was applied at
the same boundary as the TVH at a constant concentration
of C¼ 0. A minimum mass-flux constraint was applied to
this solute boundary condition to ensure that where flow re-
versal occurred, water was able to move from the aquifer to
the river (out of the model) at an unspecified concentration;
that is, the boundary condition was removed for negative
flux across this boundary. The solute was designated as
conservative.

[19] The mesh was discretized in order to appropriately
capture solute transport and unsaturated zone flow proc-
esses in the simulations. Given that the largest concentra-
tion gradients occur at the left-hand boundary representing

Figure 2. Model set up. The no-flow boundary condition is symbolized by the thick black line and the
TVH and concentration boundary conditions by the thick square dotted line. The water table before and
after river stage rise are indicated by the dashed line. Generally, the initial water table height h0 was set
equal to the saturated thickness b. The magnitude of river stage rise H was the difference between the
initial and maximum river stages. In order to obtain a regional gradient, a constant head boundary condi-
tion was applied from z¼ 0 to z¼ hg. hg was set below h0 to create a negative gradient and above h0 to
create a positive gradient. For the fully penetrating base case, the river width w and the height of penetra-
tion hp are zero and the boundary conditions extend to (0, 0).
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the river, the sizes of the triangular elements increased in
the x direction (away from the river) from an average ele-
ment diameter of 0.1 m between the boundary and x¼ 10
m, to 0.15 m from x¼ 10 m to x¼ 100 m, and to a maxi-
mum of 0.3 m from x¼ 100 m to x¼ 2000 m. Unsaturated
zone processes occurring as the pressure wave propagated
into the aquifer necessitated reasonably small element sizes
throughout the model domain. The model contained a sin-
gle 1 m wide cell in the Y direction (perpendicular to the
direction of flow). Observation points were located at inter-
vals small enough to capture wave propagation into the aq-
uifer and also at sufficient distance to confirm that
boundary conditions were not influencing results.

[20] Unsaturated zone parameterization assumes a loam
and the van Genuchten-Mualem parametric model as
applied in FEFLOW [Diersch, 2009]. Model parameters
for the base case are assumed to be isotropic and homoge-
nous (Table 1). Both travel time and travel distance metrics
were defined by a 50% change in the respective variable at
an observation point. That is, solute travel metrics were
defined as the time (ts) or distance (xs) at which
C¼ 0.5(Caquifer�Criver) (C¼ 0.5 for the generic assess-
ment), and pressure travel metrics were defined as the time
(tp) or distance (xp) at which h¼ h0þ 0.5H.

3.2. Rapid Increase in River Stage

[21] Hydraulic head results from the base case numerical
model are marginally lower than those predicted by the an-
alytical solutions for the majority of the simulation time
(e.g.,< 0.1% at 10 days after simulation commencement,
Figure 3a). However, head propagates more rapidly in the
variably saturated numerical model at early time. Close
inspection of the data at x¼ 10 m, z¼ 5 m when
h¼ h0þ 0.5H (h¼ 10.5 m) indicates the value for tp is 25%
less than for the analytical solution (Figure 3b). The value
for specific yield used in the analytical solution was com-
puted from the difference between total porosity and initial
moisture content at a matric potential of �1 m [Bear,
1972]. Comparison with results from the Hall and Moench
[1972] solution for a time-varying source demonstrates that
the more rapid head rise in the numerical model is not at-
tributable to the input function (Figure 3b). Instead, it is a
function of explicitly simulating the unsaturated zone,
which necessarily results in time-varying storage.

Comparison simulations with thicker aquifers indicate that
this behavior is independent of the ratio H/b and hence is
not a product of the change in aquifer thickness as a result
of the river stage rise (not shown). This highlights the limi-
tations of representing storage in an unconfined model with
a constant value for specific yield when modeling unsatu-
rated zone flow.

[22] The difference between both the time and the dis-
tance of pressure propagation versus solute propagation
into the aquifer is substantial (Figure 4). One day after the
rapid increase in head at the river bank, the head increase
has propagated over 30 m into the aquifer, whereas the
reduction in solute concentration is limited to less than 3
m; at 10 days, the head increase has propagated over
100m, while the solute reduction is limited to 8 m. The
head increase drives the development of the velocity pro-
file, which in turn drives solute transport and change in
concentration. With time the head gradient reduces in the
zone of the model where solute transport is occurring, the
velocity slows, and this reduces the rate at which solutes
are transported into the aquifer.

[23] Head propagation is not vertically uniform through-
out the domain, particularly at early time when it occurs
least rapidly close to the phreatic surface due to a lag
induced by the unsaturated zone (Figure 5a). The develop-
ment of vertical hydraulic gradients as a result of explicitly
including the unsaturated zone in simulations of bank stor-
age has been previously reported [McCallum et al., 2010].
Consequently, flow velocities are greatest at early time at

Figure 3. Comparison of analytical prediction and
numerically simulated hydraulic heads against time at
x¼ 10 m and z¼ 5 m for the base case for (a) the simula-
tion period and (b) early time when tp occurs. Equation (2)
is the analytical solution and depicts a step increase in river
stage. A cosine-shaped wave input is applied to obtain the
Hall and Moench [1972] analytical solution and the numer-
ical simulations. The analytical solution uses b¼ 10 m and
Sy¼ 0.17.

Table 1. Model Parameters for Base Case Simulation

Parameter Notation Value Unit

Initial river stage h0 10 m
Maximum river stage hmax 11 m
Stage increase H 1 m
Porosity � 0.4
Maximum saturation Smax 1
Residual saturation Sr 0.1
Fitting coefficient in capillary

head curve
A 6 m�1

Fitting exponent in capillary
head curve

n 1.35

Hydraulic conductivity K 4.32 m d�1

Specific storage Ss 0.0001 m�1

Longitudinal dispersivity �L 0.5 m
Transverse dispersivity �T 0.05 m
Molecular diffusion 10�9 m2 s�1
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the interface with the unsaturated zone and reduce toward
the base of the aquifer (Figure 5b). A higher velocity at
early time leads in turn to faster propagation of low concen-
tration water into the aquifer (Figure 5c). This rapid propa-
gation at early time results in a more rapid reduction in
concentration at later time (Figure 5c) and a vertical solute
concentration gradient opposite to that of head. At the time
concentration change is observed, the velocity difference
across the model domain is minimal (inset of Figure 5b).
The retarding effect of the unsaturated zone is a function of
the moisture characteristics of the unsaturated zone, a com-
plete assessment of which is beyond the scope of this
study.

3.3. Sensitivity Analysis for Rapid Increase in River
Stage

[24] A sensitivity analysis was conducted by varying
model parameters from the base case. Changes were ini-
tially analyzed by comparing the travel time metrics ts, tp,
and ts/tp at an observation point at x¼ 10 m and z¼ 0.5h0.
t0 was defined as the commencement of the simulation as
the imposed stage rise could be considered essentially
instantaneous.

[25] The relationships for travel time predicted by the an-
alytical solution are approximately maintained in the sys-
tem that explicitly simulates the unsaturated zone (Figure
6). Solute travel time is sensitive to all parameters, whereas
pressure travel time is most sensitive to K, b, and Sy. The
ratio of the two is sensitive to b, Sy, and H, and in contrast
is relatively insensitive to K. There is some discrepancy in
absolute values. For the base case, the percentage differen-
ces between the analytical and numerical solutions are 45%

for ts, 30% for tp, but only 10% for ts/tp. Values for c for
the simulations range from 0.02 to 0.425, with the base
case at 0.0425. Approximation of the parameter a by aqui-
fer properties contributes 20% error to values of ts and ts/tp
(refer section 2). Percentage differences between analytical
and numerical results for ts were substantially lower for
higher (relative to the base case) values of specific yield
(25%), thinner aquifers (�15 to þ20%), and larger river
stage rises (0–20%).

[26] Notable deviations from the types of relationships
predicted for the travel time metrics and model parameters
occur for Sy and b. The specific yield value is a single esti-
mate obtained from the model0s application of the moisture
characteristics of the unsaturated zone used to represent a
highly nonlinear process. With respect to ts and ts/tp, devia-
tion is most pronounced at values of Sy below 0.15, where
the metrics cease to increase as predicted by the analytical
solution. This lower limit may vary with different combina-
tions of van Genuchten parameters or alternative paramet-
ric models. Values for tp exhibit a parabolic increase with
increasing values for Sy, in contrast to the linear trend pro-
duced by the analytical solution. Deviation from the analyt-
ical solution for ts values observed for changing b is
attributable to violation of the assumption of constant satu-
rated thickness at low aquifer thicknesses (H/b� 0.5), and
the complex relationship between saturated aquifer thick-
ness and storage as aquifer thickness increases (H/b� 0.1).

Figure 5. Stage increase-induced variation in (a) hydrau-
lic head (m), (b) Darcy flux (m d�1), and (c) solute concen-
tration with respect to time at x¼ 10 m and z¼ 1, 5, and 9
m. Data from the observation location at x¼ 10 m and
z¼ 5 m approximates the median value. Note the difference
in timescales between hydraulic head/Darcy flux and con-
centration (inserts show full simulation time). The vertical
differences in hydraulic head and Darcy flux are not dis-
cernible when viewed over the full-simulation time.

Figure 4. Propagation of (a) hydraulic head (m), (b)
Darcy flux (m d�1), and (c) solute concentration into an aq-
uifer due to a 1 m river stage rise. This figure uses the max-
imum value of each of these parameters at each x. Positions
at 0.1, 1, 10, and 100 days are presented to illustrate the ra-
pidity of the head propagation in comparison with the sol-
ute concentration reduction and the vast difference in
lateral extent over which the changes may be observed in
the aquifer.
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Results have not been plotted for porosity as in a variably
saturated system, it is not possible (nor sensible) to inde-
pendently test this parameter separately from specific yield,
as the specific yield is a function of the porosity, and thus
changes as the porosity changes.

[27] The sensitivities of the travel distance metrics to
variations in aquifer properties were assessed for the same
range of model parameters as the travel time metrics and
also found to generally conform to the relationships pre-
dicted by the analytical solutions. x0 coincided with the
river bank. For the range of parameters assessed, the solute
travel distance is typically underpredicted by the analytical
solution (median percentage difference of �16%), whereas
the pressure travel distance is typically overpredicted (me-
dian percentage difference of 14%). Similar to travel time
metrics, exceptions to these typical differences are
observed for thin aquifers and at low values of specific
yield.

[28] In theory, any one of four aquifer properties can be
estimated by rearranging equation (12), provided that each
of the other parameters is known. The error associated with
such an estimate can be determined from inspection of Fig-
ure 6. Taking saturated aquifer thickness and a ts/tp of 500
as an example, we would obtain b¼ 10 m from the numeri-
cal simulation, and b¼ 9.3 m from equation (11). This
results in a percentage error for b of �7%. Similarly,
estimates of Sy or H would be obtained with errors of

approximately �10%. Subsequently, K may be estimated
from equation (6) and/or equation (11), and would carry
over the error associated with the estimated parameter(s)
on which it is based. The lateral extent of river-aquifer mix-
ing may then be estimated using equation (13) and a
desired range of times post river stage increase. Using the
base case example, the error in estimation of xs is 2–8% for
the period 0.5–200 days after river stage increase, assuming
that aquifer parameters are precisely known. The estimate
is relatively insensitive to errors in individual aquifer pa-
rameters. For example, if the error from the estimation of b
is incorporated into the estimation of xs, only a slight
increase in uncertainty is observed (2–12%).

[29] Simulations were also conducted to assess the sensi-
tivity of the travel time and travel distance metrics to
changes in specific storage and dispersivity. In this uncon-
fined setting, specific storage is a small component of spe-
cific yield [Bear, 1972], and so when specific storage is
maintained at realistic values (<10�4), the metrics are
insensitive to its change. Increasing longitudinal and trans-
verse dispersivity values causes ts values to reduce below
the value predicted by the analytical solution. This result is
somewhat expected as the analytical solution does not con-
sider dispersion. As long as longitudinal dispersivity is less
than 2 m (with transverse dispersivity maintained at 10% of
the longitudinal value), reduction in ts and ts/tp at a distance
of 10 m from the river bank is less than 20%, which is

Figure 6. Sensitivity of solute and pressure travel time metrics to variation in K, b, Sy, and H. Results
of the numerical simulations in a variably saturated aquifer are compared to analytical solutions (equa-
tions (6), (11), and (12)). Sy is defined as the difference between porosity and water content at a matric
potential of �1 m.
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small relative to the sensitivity to other model parameters
(Figure 6). This range of dispersivity values is considered
appropriate for the observed flow path lengths [Gelhar et
al., 1992].

3.4. Sensitivity to Hydrological Processes

3.4.1. Regional Hydraulic Gradient
[30] The influence of the regional hydraulic gradient R

on travel time and distance metrics was assessed for R¼6
0.001, 0.002, and 0.004 (hg¼ 12, 14, and 18, respectively,
for positive gradients and 8, 6, and 2 m, respectively, for
negative gradients). The presence of a positive regional
gradient increases the solute travel time and reduces the
total travel distance into the aquifer (Figure 7). For exam-
ple, a 50% decrease in solute concentration (ts) occurs at
x¼ 5 m for the base case after 40 days, for R¼ 0.001 after
50 days, and for R¼ 0.002 after 71 days, but does not occur
for R¼ 0.004. At x¼ 10 m, a decrease in solute concentra-
tion only occurs for the base case simulation after 149 days
and for R¼ 0.001 after 233 days; in other cases, ts may not
be defined. Hydraulic gradients induce percentage differen-
ces in ts of 25–55% with R¼ 0.001, and up to 80% with
R¼ 0.002 (Figure 8). Percentage differences increase with
increasing distance of the observation point from the river
bank. This is due to the positive regional hydraulic gradient
limiting the extent of pressure propagation into the aquifer.
At first, head within the aquifer increases until it is equal to
the maximum river stage. During this early phase, the
direction of flow in the aquifer is from the river to the aqui-
fer in the vicinity of the river, but toward the river beyond
the influence of the pressure wave. Once head within the
aquifer at least equals that of the river, the positive regional
gradient once again becomes the sole driver of flow. This
regional flow returns water of a higher concentration to-
ward the river. The initial decrease in solute concentration
up to 50 days and subsequent increase back toward the ini-
tial groundwater concentration is demonstrated at x¼ 5 m
for R¼ 0.004 (Figure 7a). This process occurs for all cases,
albeit at simulation times longer than those shown. Increas-
ing the hydraulic conductivity accelerates both the initial
propagation of low concentration water into the aquifer and
the subsequent return of regional water with higher concen-

tration (e.g., compare Figures 7b and 7c for R¼ 0.002).
The former aspect reduces ts and increases the number of
locations at which it may be defined (e.g., compare Figures
7b and 7c for R¼ 0.001).

[31] In contrast, application of a negative regional gradi-
ent slows pressure propagation relative to the base case,
which increases tp and maintains a higher head gradient for
longer than the base case. The longer duration of an ele-
vated head gradient induces a higher flow velocity into the
aquifer, thereby accelerating the propagation of river water
into the aquifer and resulting in lower values for ts. The
effects of negative gradients on the metrics are far less
extreme than the strongly limiting positive gradient (Figure
8). Consider, for example, percentage differences in ts val-
ues of �20% for R¼�0.001 against 55% for R¼ 0.001.

[32] Regardless of the difference induced by the applica-
tion of a regional hydraulic gradient, results of simulations

Figure 8. Percentage difference between the base case
(zero gradient) time travel metrics and travel time metrics
for simulated positive (flow toward the river, gaining) and
negative (flow away from the river, losing) regional hy-
draulic gradients. The base case has a regional hydraulic
gradient of 0 and is used as the reference point in for the
error calculation.

Figure 7. Sensitivity of solute travel time and travel distance to regional hydraulic gradients at (a) at
x¼ 5 m and z¼ 5 m with K¼ 4.32 m d�1, (b) at x¼ 10 m and z¼ 5 m with K¼ 4.32 m d�1, and (c) at
x¼ 10 m and z¼ 5 m with K¼ 43.2 m d�1. Gradients are expressed as m/m.
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with the hydraulic conductivity of the aquifer increased by
an order of magnitude (Figure 7c) indicate that the tenfold
reduction in ts predicted by equation (11) still occurs, so
long as ts may be defined. The pressure travel time metric
is particularly stable, with percentage differences limited
to 6 20% for R¼�0.004 to R¼ 0.002. In summary, the an-
alytical solutions are still applicable to systems with re-
gional hydraulic gradients, provided positive gradients are
small.
3.4.2. Duration of Maximum River Stage

[33] A series of simulations examined the effects of river
stage rise and fall, and the duration of the maximum river
stage. Results indicate that the lateral extent of solute trans-
port into the aquifer is highly dependent on the duration of
maximum river stage. The base case, effectively a wave of
infinite length, represents the maximum extent of propaga-
tion. For waves of finite length, both pressure and solute
propagation occur as per the base case up to the time when
the river stage decreases, at which time they diverge due to
the reversal of the driving head gradient (Figure 9). An
increase in solute concentration commences almost imme-
diately after the head reversal, although the rate of increase
is a function of how far the solute front has propagated
beyond the observation point at the time of head reversal.
In the event that the duration of maximum river stage is
less than ts for a particular distance from the river, ts is
undefinable. Thus, the time axis on a plot of xs against t
may be interpreted as the duration of maximum river stage
required to achieve ts at any distance from the river. Fur-
thermore, this analysis indicates that although the method
solely analyses data induced by a river stage rise, a subse-
quent drop in river level does not invalidate the results.
3.4.3. River Penetration

[34] The effects of partial penetration on the travel time
and travel distance metrics were investigated for degrees of
penetration P¼ (h0� hp)/h0¼ 0.25 and 0.5. Partial penetra-
tion results in increased values for tp due to head propaga-
tion first through the base of the river then out into the

aquifer (in comparison to the fully penetrating base case).
The percentage difference between the fully penetrating
and partially penetrating values for tp consistently reduces
as the degree of penetration increases and is most pro-
nounced at observation points below and adjacent to the
river bed and where P< 0.5 (Figure 10). Values for ts are
relatively insensitive to the degree of penetration, so long
as the observation point is not far below the base of the
river, as are values for ts/tp (Figure 10).

[35] The lateral distance of solute propagation is also rel-
atively insensitive to the degree of penetration, with the
proviso for solute travel time, that the observation point is
located adjacent to or not far below the elevation of the
river bed. Of course, partial penetration does substantially
increase the complexity of the solute propagation pattern.
Solute does not propagate evenly over the aquifer cross
section; rather, minimal penetration is observed below the
river bed, whether directly below the river, or in the adja-
cent aquifer. Similar patterns were observed by Chen and
Chen [2003]. The lateral distance of pressure propagation
for partially penetrating cases is consistently lower than the
fully penetrating base case.
3.4.4. Rate of River Stage Rise

[36] The sensitivity of travel time metrics to the time it
takes for maximum river stage rise to occur was assessed

Figure 10. Percentage difference between the base case
(full penetration, or P¼ 1, river bed at z¼ 0 m) travel time
metrics and travel time metrics for partial river penetration
P¼ 0.25 (river bed at z¼ 7.5 m) and P¼ 0.5 (river bed at
z¼ 5 m) at observation points at x¼ 10 m and z¼ 2.5, 5,
and 7.5 m. Note that ts (and hence also ts/tp) were not meas-
urable at z¼ 2.5 m.

Figure 9. Hydraulic head and concentration plotted
against time at z ¼ 5 m, x¼ 5, and 10 m for a 50 day stage
increase and the base case (infinite stage increase). Note
the sharp departure from the infinite case at the time when
the river stage falls.
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for stage rise durations ranging from t0/2¼ 0.1 days to
t0/2¼ 5 days. t0 was defined as the time when
hriver¼ h0þ 0.5H in order to normalize results, as the river
stage rise could no longer be considered instantaneous. Sol-
ute travel times are relatively unaffected by the duration of
river stage rise, as values for ts are generally much greater
than the duration of river stage rise. Percentage errors for ts
range from �5 to 10% up to a duration of stage rise equal
to the solute travel time (i.e., t0/2: ts� 1). Pressure travel
times are significantly influenced by the duration of river
stage rise. The percentage error increases in a parabolic
manner as the ratio of t0/2:tp increases (Figure 11). Percent-
age errors reduce at greater distances from the river simply
because the travel times are longer (not shown). In sum-
mary, as long as tp is greater than or equal to the duration
of river stage rise, the metric is not significantly affected
(percentage error< 10% where t0/2:tp� 1); otherwise, val-
ues for tp will be significantly longer than predicted by the
analytical solution which assumes an instantaneous
increase in river stage.

[37] Solutions for head propagation into aquifers as a
result of variable input functions are available [e.g., Hall
and Moench, 1972], however such an extension is not possi-
ble for travel times. Direct application of the proposed ana-
lytical solution that is a ratio of solute and pressure travel
times is therefore limited to systems where the duration of
river stage rise is smaller than the time it takes for pressure
to propagate to an observation point within an aquifer. Alter-
natively, the pressure travel time could be calculated using a
different method and then combined with the solute travel
time, as the latter does not appear to be substantially affected
by the duration of river stage rise after normalization.

4. Example Application to Field Data

4.1. Field Setting

[38] The Cockburn River is situated in eastern Australia
and has a total catchment area of 1130 km2. The upper part

of the catchment is underlain by fractured rock, while the
lower section spreads out over an alluvial floodplain. The
surficial aquifer consists of interbedded silty sands, sands,
and gravel in clay. Rainfall in the catchment predominantly
occurs in the months of September to April. River dis-
charge ranged from 5 m3 d�1 to 26,000 m3 d�1 in 2011.
Further information on river and aquifer interaction in the
Cockburn River may be found in Cook et al. [2006] and
McCallum et al. [2010]. Pressure and electrical conductiv-
ity were continuously measured in two monitoring bores on
the alluvial floodplain at 12 m (GWA) and 27 m (GWB)
laterally from an essentially vertical, 4 m high river bank
and screened across an interval coincident with the eleva-
tion of the riverbed. Drilling logs indicate that the river
does not fully penetrate the aquifer at this location, with
weathered granite bedrock encountered at 7 m below
ground level close to the river (3 m below the base of the
river). The river width at this location is approximately 30
m. The ratio of maximum in-bank river stage rise (4 m) to
aquifer thickness (7 m) indicates that the majority of flood
events at this site are likely to fall within the range of
applicability of our analytical solutions.

[39] Continuous pressure and EC measurement during a
river flow event that occurred in September 2011 is pre-
sented for both the river and the adjacent monitoring bores
(Figure 12). This data set represents a river stage rise that
results in rapid propagation of pressure into the aquifer,
and substantially lagged propagation of solutes, as antici-
pated from the numerical simulations and analytical solu-
tions. The reduction in EC is greatest and most enduring at
the monitoring bore closest to the river (GWA), and shorter
and less pronounced at greater distance (GWB).

4.2. Determining Travel Times and Travel Distances

[40] Travel time metrics can be obtained where the
change in head at an observation point is greater than 0.5H
(for tp) and the change in solute concentration is greater
than 0.5(Caquifer�Criver), where river and aquifer concen-
trations represent preevent values (for ts). It is assumed that
EC approximates a conservative solute, as in other similar
studies [e.g., Cirpka et al., 2007]. Inspection of the obser-
vation data indicated that travel time metrics could be
defined for the flood wave in September 2011 at GWA.

Figure 12. Continuous pressure and EC measurement
throughout a flood event in September 2011 for the Cock-
burn River and two adjacent monitoring bores. All EC val-
ues are corrected to 25�C.

Figure 11. Percentage difference between instantaneous
rate of stage increase and normalized pressure travel time
for a representative range of aquifer parameters. The differ-
ence is plotted as a function of the ratio of the duration of
river stage rise to the normalized pressure travel time met-
ric for each scenario. Units for aquifer parameters are K (m
d�1), Sy, and H (m).
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The river wave amplitude, or H, for this event was 0.58 m.
Groundwater head increased from 422.225 m AHD to
422.65 m AHD at the observation location, an increase of
0.425 m. tp could be defined because this increase was
more than 0.5H (0.29 m). The pre-event river EC was 350
�S cm�1. Groundwater EC reduced from a pre-event
groundwater value of 820 to 580 �S cm�1 during the event,
a reduction of 240 �S cm�1. ts could be defined because
this value is more than 50% of the difference between the
pre-event groundwater and river values (470 �S cm�1).

[41] The first step in obtaining travel times is defining
the time at which the river stage increase occurs, that is, t0.
Given that the river stage increase cannot be considered in-
stantaneous, we assume that t0 occurs at the time when
hriver¼ h0þ 0.5H, as per the numerical simulations of vari-
able river stage rise. As previously, tp was defined as the
time at which hobs¼ h0þ 0.5H (here hobs¼ 422.515 m
AHD) and ts was defined as the time at which
Cobs¼ 0.5(Caquifer�Criver) (here Cobs¼ 585 �S cm�1). We
thus obtain tp¼ 0.025 days, ts¼ 1.16 days, and ts/tp¼ 46.

[42] It is important to consider measurement errors and
the effects of hydrological processes on these metrics.
Uncertainty associated with obtaining travel time metrics
from field data is a function of the recording frequency of
the data loggers. For this field data, a record is obtained each
15 min, or 0.01 day, which corresponds to 40% of the value
obtained for tp and less than 1% of the value obtained for ts.
Reduction in the recording interval would therefore reduce
the uncertainty in tp estimation, but have little effect on ts
estimation. A regional hydraulic gradient of 0.0003 was
obtained by comparing the water level in the river and at
GWB. According to Figure 8, this value indicates that the
influence of regional hydraulics may be neglected. Inspec-
tion of the water levels in the river and the groundwater also
indicated that the driving hydraulic gradient was toward the
groundwater until after the time at which the reduction in
EC occurred. Both monitoring bores used as observation
points are screened at the level of the river bed and hence
the degree of river penetration is unlikely to substantially
affect ts. A value of t0/2¼ 0.03 was obtained and used to
assess the potential influence of the rate of river stage rise on
tp. The resulting ratio of t0/2: tp is 1.2 (or 1 and 1.5 for upper
and lower limits of tp). This is in the range where a percent-
age error in tp of 10% (maximum value) to 50% (minimum
value) may be expected (Figure 11). Estimates of the pres-
sure travel time therefore vary between 0.01 and 0.027 days,
and the travel time ratio between 116 and 43.

[43] Using equation (12) and the calculated value of ts/tp
(46) yields c¼ 0.15. Subsequently, the aquifer thickness
may be estimated using equation (12) and an estimate of
the ratio of specific yield to porosity, which, given the aqui-
fer materials, is likely to range between 0.25 and 0.75. A
saturated aquifer thickness range of b¼ 1–3 m is obtained.
This result compares reasonably well to the measured
thickness of 3.5–4 m obtained from drilling logs and water
level observations. By simultaneously solving equations (6)
and (11) for this range of aquifer thicknesses and porosity
values of 0.3 and 0.4, K values of 430–580 m d�1 were cal-
culated. Results are not significantly different when the
maximum estimate of tp is used; where the minimum esti-
mate of tp is used, estimates of b range from 1.5 to 5 m, and
estimates of K range from 690 to 920 m d�1.

[44] The lateral extent of mixing of river water into the
aquifer for the range of wave durations and amplitudes
anticipated in the Cockburn River may be estimated with
these values for aquifer properties. In the Cockburn River
maximum amplitudes of up to 5 m occur, and the river
level exceeds the groundwater level for up to 5 days. This
combination results in an estimated lateral mixing zone for
river water and groundwater approximately 25 m wide. In
contrast, estimates of the lateral extent of pressure propaga-
tion range from 170 to 270 m from the river bank. Esti-
mates using this method should only be considered first-
order estimates where significant local aquifer heterogene-
ity is believed to be present.

5. Discussion

[45] The lateral extent of river-aquifer mixing caused
by a rapid increase in river stage and the time that it
takes for mixing to occur may be related to aquifer prop-
erties and the magnitude of river stage increase through
the simple analytical relationships developed here.
Although based on assumptions of constant transmissivity
and storage, predicted relationships between travel time
and travel distance metrics and aquifer parameters gener-
ally apply in variably saturated aquifers. At ranges of
values likely to be encountered in practical application,
solute travel time and solute travel distance are most sen-
sitive to the magnitude of river stage change, which is
easily measured, whereas pressure travel time is most
sensitive to saturated thickness and storage. Both metrics
are equally sensitive to hydraulic conductivity. The inde-
pendence of the ratio of solute travel time to pressure
travel time from hydraulic conductivity is a key strength
of our new relationships. In certain situations, measure-
ment of the travel time ratio may enable the estimation
of aquifer properties, and subsequently, the estimation of
the lateral extent of river-aquifer mixing and pressure
propagation. Knowledge of the lateral extent of mixing
may be useful, for example, when evaluating the repre-
sentativeness of bore data for use in chemical mass bal-
ances for the quantification of groundwater-river water
exchange flux [Guinn Garrett et al., 2012].

[46] The method presented in this paper is most appli-
cable where large, discrete, surface flow events with
rapid river stage rises occur and regional groundwater hy-
draulic gradients are low. A rapid river stage rise mini-
mizes the violation of the assumption of an instantaneous
head rise that is inherent in the analytical solution. Multi-
ple consecutive flow events complicate definition of ts by
not allowing complete flushing out of river water
between events. The incomplete flushing of the aquifer
creates a zone of water in the aquifer with a concentra-
tion intermediate to river water and groundwater [McCal-
lum et al., 2010; Simpson and Meixner, 2012]. Where
EC is used as the sole tracer, it is not always possible to
differentiate between water introduced by the flow event
being considered and one that occurred previously. Use
of tracers that reflect water residence time in the subsur-
face (including the vadose zone) may assist in clarifying
this source of uncertainty [Bertin and Bourg, 1994; Solo-
mon et al., 2010]. Large positive regional hydraulic gra-
dients (strongly gaining rivers) limit the actual extent of
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mixing [Simpson and Meixner, 2012] and rapidly increase
solute travel times. Short duration river stage rises also
limit the extent of mixing. Due to the rapid propagation
of head, the influences of these hydrological processes
will not significantly affect pressure metrics. Conse-
quently, solely relying on pressure observations to iden-
tify exchange flux with no consideration of actual water
movement is likely to lead to a vast overestimate of the
zone in which river-aquifer mixing occurs [Lewandowski
et al., 2009; Yeh et al., 2009]. The solutions developed
in this paper provide a simple way of addressing this
issue.

[47] Useful proxies for water movement may include
changes in solute concentrations or water velocity measure-
ments [Lewandowski et al., 2009]. Although we have used
EC, this method may be applied using any tracer with a dif-
ference in river-aquifer concentration that is large relative
to (1) the measurement error and (2) changes caused by
other perturbations to the system. Furthermore, the solute
must be able to be measured at a temporal resolution that
minimizes errors in calculation of travel time metrics. The
use of temperature data with our solutions requires further
analysis given its nonconservative behavior in the
river-aquifer environment [Vogt et al., 2010]. Specific ion
electrodes that measure, for example, chloride, nitrate, and
fluoride, may be useful in some systems. Recent develop-
ments in time series measurement of 222Rn [Gilfedder
et al., 2012] and noble gases [M€achler et al., 2012] in
groundwater and surface water will increase the scope for
measurement of solute concentration changes at the event
scale.

[48] The nature of heterogeneity present in any particular
system will have an as yet unexplored influence on travel
time metrics and the ability of the solutions to estimate aq-
uifer properties and the likely extent of river-aquifer mix-
ing. Theoretical investigations using geostatistical
distributions of hydraulic conductivity have indicated that
not only heterogeneity, but also the connectivity of high
hydraulic conductivity zones, can severely impact on pres-
sure and solute flow paths [Knudby and Carrera, 2006;
Renard and Allard, 2013]. Influences on solute travel times
may occur due to pore-scale mixing and plume-scale
spreading of river water as it enters the aquifer [Dentz et
al., 2011]. Although they have been developed for homoge-
nous systems, the analytical solutions inform conceptual
understanding of the influences of individual aquifer pa-
rameters on solute and pressure travel times and distances.
Preliminary simulations with a sand string in a silty aquifer
indicate that where the contrast in hydraulic conductivity is
less than a factor of three, uncertainty in the travel time
ratio is relatively small, and within the range of other sour-
ces of uncertainty (i.e., the uncertainty in estimates of other
aquifer properties, and that due to simplification of hydro-
logical processes). The solutions can therefore be best
viewed as a first-order assessment tool.

[49] Factors not considered in this study that may fur-
ther complicate interpretation of travel distance and travel
time metrics include river bank slope and spatially dis-
tributed aquifer recharge. Results presented by Doble et
al. [2012] indicate that low bank slopes reduce water
influx velocities. Lowering velocities tends to increase
water and solute travel times and reduce the lateral extent

of mixing but has little effect on pressure metrics. Fur-
thermore, bank slope creates a nonunique set of starting
points for measuring travel distances. The spatial and
temporal distribution of recharge within a catchment rela-
tive to the flow event in the river may also influence the
metrics by inducing temporal variation in hydraulic gra-
dients. It can be difficult to separate changes in ground-
water head due to river propagation from that due to
vertical infiltration from rainfall. River stage change may
occur independently of recharge, for example, in catch-
ments where precipitation or snowmelt is concentrated in
upper reaches and observations are made downstream.
Bore transects that include bores close to and at some
distance from the river assist in separating recharge from
river responses in bore hydrographs, and permit more
accurate estimation of travel time metrics.

6. Conclusions

[50] The simple analytical solutions presented here that
relate the travel time and travel distance of pressure and
solutes to aquifer properties and the magnitude of river
stage rise are broadly applicable to variably saturated aqui-
fers. The solutions provide new insights into the relation-
ships between travel time, distance, aquifer properties, and
river stage rise. In some cases, it will be feasible to estimate
aquifer properties and to delineate the lateral extent of river
and aquifer mixing through continuous collection of high-
resolution pressure and solute data in the river and aquifer.
Such estimation relies on the ratio of travel times which is
insensitive to variation in hydraulic conductivity. This new
method is most applicable to rivers with relatively steep
bank slopes, small regional hydraulic gradients, and where
rapid, large, discrete flow events occur. The method may
be applied to any river flow event, so long as the time it
takes for maximum river stage to be reached is shorter than
the computed travel time metrics. The analysis presented in
this paper should facilitate greater exploitation of time se-
ries solute data in assessments of surface water-
groundwater interactions.

Appendix A: Theoretical Development

[51] A one-dimensional analytical solution to equation
(1), subject to initial conditions h¼ h0 at x� 0, t¼ 0, and
the boundary condition h¼ h0þH at x¼ 0, t¼ 0, is given
by [Carslaw and Jaeger, 1959]

h ¼ h0 þ H � erfc
xffiffiffiffiffiffiffiffi
4Dt
p
� �

ðA1Þ

where D is aquifer diffusivity. At this stage, x and t are
independent.

[52] The water particle (or solute) travel velocity vs is
defined by Darcy0s Law:

vs ¼ �
dx

dt
¼ �K

�

@h

@x
ðA2Þ

where � is aquifer porosity, diffusion, and dispersion are
neglected, and there is assumed to be no lag time. Forming
the partial x derivative of h from equation (A1), then
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dx

dts
¼ c

ffiffiffiffiffi
D

�t

r
e�

x2

4Dt; where c ¼ KH

D�
ðA3Þ

and x and t are no longer independent. Subsequently, the
subscript s is added to either x or t to indicate their depend-
ence. A solution for x as a function of t that is nonlinear in
x and t was developed numerically using the robust proce-
dure LSODA of the numerical package ODEPACK, as
solution was otherwise analytically intractable without
variable transformation. It was found that a plot of x againstffiffiffiffiffi

Dt
p

produced a straight line passing through the origin
x¼ 0, Dt¼ 0. In terms of aquifer parameters, the distance-
time relationship obtained is

x ¼ a
ffiffiffiffiffi
Dt
p

ðA4Þ

where a is a constant determined by the gradient of the
straight line.

[53] By rearrangement, the solute (water particle) travel
time obtained is

t ¼ x2

a2D
: ðA5Þ

Hence, equation (A3) becomes

dx

dts
¼ a

2

ffiffiffiffi
D

t

r
¼ c

ffiffiffiffiffi
D

�t

r
e�

a2

4 ðA6Þ

that is,

a ¼ 2ffiffiffi
�
p ce�

a2

4 ðA7Þ

so that for a2/4 << 1, then a! 2c=
ffiffiffi
�
p

, provided that c
<<

ffiffiffi
�
p

. Equation (A7) provides an alternative way of find-
ing a from the numerically determined line gradient. By
defining a new constant w within

a ¼ 2ffiffiffi
�
p wc ðA8Þ

a transcendental equation for finding w is then

w ¼ e�
w2c2

� : ðA9Þ

This was solved using the Muller [1956] and Frank [1958]
method, which does not require function derivatives as in the
Newton-Raphson method, both methods converging rapidly
near the ultimate value of w. A plot of a against c is given in
Figure 1. Comparison of a values from a selection of c values
determined by the numerical line gradient and the transcenden-
tal equation solution method provided perfect agreement
within tolerable numerical round-off errors, that is,� 10�6.

[54] With D¼Kb/S, the expression for c of equation
(A3) becomes

c ¼ HS

b�
ðA10Þ

and finally, from equation (A5) the travel time of a solute
(water), t¼ ts, as a function of x :

ts ¼
x2S

a2Kb
: ðA11Þ
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