
1. Introduction
Freshwater lenses have been observed within riparian aquifers where freshwater rivers traverse and connect 
to saline groundwater (e.g., Cendón et al., 2010; Laattoe et al., 2017). Such settings are encountered in arid 
and semi-arid regions where saline groundwater often occurs because of significant evapo-concentration 
effects (Alaghmand et al., 2013; Bauer et al., 2006). The fresh groundwater found in riparian zones (i.e., 
buoyant, lenticular-shaped freshwater bodies adjacent to rivers; “riparian lenses” hereafter) play an impor-
tant role in sustaining fragile riparian and floodplain ecosystems (e.g., the Chowilla floodplain, South Aus-
tralia; Holland et al., 2009) in arid and semi-arid regions, particularly during low-flow periods (e.g., Holland 
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Plain Language Summary Fresh groundwater has been observed next to gaining rivers 
(rivers that receive groundwater discharge) that traverse saline aquifers. These lenticular-shaped 
freshwater bodies (“riparian lenses”) occur because of density differences between the saline groundwater 
and fresh river water. Riparian lenses play an important role in sustaining fragile floodplain ecosystems in 
arid and semi-arid regions. Previous studies of riparian lenses assumed that the depth of the river and the 
aquifer were the same (i.e., the river fully penetrated the aquifer). This study investigates the formation of 
riparian lenses in more realistic conditions where rivers only partially penetrate the aquifer, albeit within 
controlled laboratory experiments. This led to the first published images of riparian lenses adjacent to 
partially penetrating rivers. The laboratory experiments were used to verify a recently derived analytical 
solution of riparian lenses adjacent to partially penetrating rivers. Accurate lens predictions based 
on the analytical method required calibration to direct lens observations. Small mismatches between 
experimental and analytical freshwater lenses are attributed mainly to strong vertical flows in the aquifer 
close to the river, which should be analyzed in future studies of the interactions between freshwater rivers 
and saline aquifers.
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et al., 2009; Telfer et al., 2012). Berens, White, and Souter (2009) describe 
efforts to expand freshwater lenses to improve the health of floodplain 
vegetation. Previous studies mostly report on riparian lenses associated 
with losing river conditions (e.g., Alaghmand et  al.,  2015; Cartwright 
et al., 2010), which expand and contract in response to river flooding (e.g., 
Alaghmand et al., 2014) or through artificial manipulation of the flood-
plain (e.g., Alaghmand et al., 2016; Berens, White, Rammers, et al., 2009; 
Berens, White, & Souter, 2009; White et al., 2009).

In losing river situations (Figure 1a), whereby river water flows into ad-
jacent aquifers (as opposed to gaining rivers, which receive groundwater 
influxes; Figures 1b and 1c), the formation of riparian freshwater lenses 
due to the influx of freshwater into the otherwise saline aquifers is intu-
itive (e.g., the Shashe River Valley, Botswana; Bauer et al., 2006). Stable 
riparian lenses have also been observed adjacent to gaining rivers, for 
example, in geophysical surveys of River Murray floodplains (Munday 
et  al.,  2006; Viezzoli et  al.,  2009). Various explanations were proposed 
for field observations of riparian lenses under gaining river conditions, 
until Werner and Laattoe  (2016) presented theoretical verification for 
their occurrence, attributing stable riparian lenses to the buoyancy forces 
that accompany freshwater-saltwater density differences. They derived 
analytical solutions for the shape of stable riparian lenses, and for the 
accompanying saltwater discharge toward the river, using the sharp-in-
terface assumption that is commonly applied in coastal aquifer analytical 
solutions to the freshwater-seawater interface. Werner et al. (2016) vali-
dated riparian lens analytical solutions using laboratory experimentation 
of fully penetrating rivers (i.e., the bed of the river coincides with the 
base of the aquifer; Figure 1c), and found that calibration of the relevant 
parameters (to match lens observations) was needed to obtain reliable 
estimates of lens extent. A correction to account for the lack of freshwa-
ter-saltwater mixing in the sharp-interface solutions of Werner and Laat-
toe (2016) was developed by Werner (2017), who explored the groundwa-
ter age within riparian lenses using numerical simulation and linked this 
to the circulation of freshwater caused by dispersive mixing. Recently, Wu 
et al. (2020) adapted the analytical method of Werner and Laattoe (2016) 
to derive analytical solutions for the effect on riparian lenses of adding a 
vertical, low-hydraulic-conductivity barrier, aimed at increasing lens size. 
They verified their solution using laboratory sand tank experiments and 
showed that riparian lenses are expanded when a barrier is added only if 
the situation of the aquifer at its inland extent represents a constant-head 

condition. Otherwise, under a constant-flux situation, the addition of a barrier is likely to cause the saline 
water table to rise substantially near the inland boundary.

A significant limitation of the analytical method of Werner and Laattoe (2016) is the assumption of a ful-
ly penetrating river, whereas geological and geophysical surveys of Murray River floodplains that host ri-
parian lenses indicate partially penetrating river conditions (e.g., Munday et al., 2006). Recently, Jazayeri 
et al.  (2020) developed an analytical methodology for predicting saltwater discharge and stable riparian 
lenses adjacent to partially penetrating, gaining rivers (i.e., the river partially penetrates the aquifer; see Fig-
ure 1b). They combined the riparian lens theory of Werner and Laattoe (2016) with the river partial-pene-
tration theory provided by Miracapillo and Morel-Seytoux (2014), Morel-Seytoux (2009), and Morel-Seytoux 
et al. (2014).

Jazayeri et al. (2020) compared their analytical approach to numerical modeling results for a selection of 
cases and found reasonable agreement for the riverward saline groundwater discharge and the riparian 
lens shape. Jazayeri et al. (2020) also obtained reasonable consistency between the analytical solution and 

Figure 1. Conceptual models of a riparian freshwater lens adjacent to (a) 
a partially penetrating, losing river (b) a partially penetrating, gaining river, 
and (c) a fully penetrating, gaining river.
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a selection of geophysical results from airborne electromagnetic (AEM) surveys of the Bookpurnong flood-
plain (River Murray, South Australia; Munday et al., 2006). Although Jazayeri et al. (2020) provide an in-
itial comparison between their analytical solution and real-world conditions, the non-uniqueness of the 
geophysical methods applied in previous field studies (e.g., whether clay or saltwater cause low-resistance 
signals) imparts considerable uncertainty on the results (Munday et al., 2006). Currently, reliable physical 
evidence of riparian lenses next to partially penetrating, gaining rivers is lacking.

Further evaluation of the analytical solution proposed by Jazayeri et al. (2020) is warranted, particularly giv-
en the complex processes accompanying partially penetrating river-aquifer interaction in a variable-density 
setting. This is the focus of the current study, in which controlled laboratory conditions are used to explore 
riparian lenses adjacent to partially penetrating, gaining rivers. This is expected to produce the first obser-
vations of riparian lenses under these conditions.

Laboratory-scale physical models, similar to those proposed for the current study, are commonly employed 
to investigate variable-density flow phenomena, which are often challenging to characterize under field 
conditions. Examples include laboratory sand-tank experiments of riparian lenses (Werner et al., 2016; Wu 
et al., 2020), inland freshwater lenses (Rotz & Milewski, 2019; Rotz et al., 2020), lenses within oceanic is-
lands (Lu et al., 2019; Stoeckl et al., 2016), saltwater upconing (Werner et al., 2009), and seawater intrusion 
(Badaruddin et al., 2015; Mehdizadeh et al., 2014). In addition, physical models can be used to develop 
useful benchmarks for model testing (Dose et al., 2014), which is particularly important for models that 
incorporate buoyancy and/or dispersive processes given the complex flow patterns that often arise from the 
combination of these factors.

The present study examines the occurrence of freshwater lenses adjacent to partially penetrating, gaining 
rivers under controlled laboratory conditions. The experimental results are then used to evaluate Jazayeri 
et al.’s (2020) analytical solution. Both the lens geometry and the discharge of saltwater are investigated, 
with comparisons provided between laboratory results, analytical estimates and numerical modeling. Cali-
bration and uncertainty analyses are used to explore the reliability of predictions obtained from the pro-
posed analytical solution, taking into account measurement errors. This is intended to provide insight into 
uncertainties in applying the analytical approach, albeit at the laboratory scale.

2. Methodology
2.1. Experimental Apparatus and Material

Physical experiments to recreate freshwater lenses adjacent to a partially penetrating river were conducted 
in a sand tank with internal dimensions of 1,177 mm long, 586 mm high, and 54 mm wide. The front and 
back of the sand tank are made of 8 mm flat-plate glass supported by a steel frame at the sides, bottom, and 
top. Plastic taps at 5 cm intervals are installed on the sides of the tank, and these are protected from clogging 
by an internal fine mesh embedded within the taps. Fluid was supplied from constant-head tanks placed on 
adjustable shelves and connected to the taps using 10 mm diameter silastic tubing. A schematic of the sand 
tank is shown in Figure 2.

Figure 2. Schematic illustration of the experimental apparatus. Note that a thin layer of brackish water (shown in pink) occurs at the bottom of the left 
reservoir, caused by saltwater discharge to the freshwater reservoir. This was drained from the tap connected to the lower part of the freshwater reservoir.



Water Resources Research

JAZAYERI ET AL.

10.1029/2021WR029728

4 of 22

The porous medium (“Q4−30” grade medium sand, supplied by Sloan Sands, Dry Creek, South Australia) 
used in the experiments had d50 = 0.49 mm and dm = 0.50 mm, where dm [L] is the mean grain size calcu-
lated as log log log log /2 2 16 2 50 2 84 3d d d dm      (Folk & Ward, 1957). Here, d84, d60, d50, d16, and d10 [L] 
are sand particle diameters (obtained from the grain-size distribution) at which 84%, 60%, 50%, 16%, and 
10% (respectively) of a sample’s mass is comprised of finer particles. The uniformity coefficient of the sand 
(Cu [−] given by d60/d10) was found to be 1.53, and therefore the sand was classified as a uniformly graded 
sand (i.e., Cu < 6, Holtz & Kovacs, 1981). The total porosity (n [−]) of the sand was obtained from the water 
saturation method (Fetter, 2001) as 0.41 ±0.01. n is treated as the effective porosity (ne [−]) required for 
numerical simulations (see Section 2.4).

The tap water used as freshwater in the experiments had a density (ρf [ML−3]) of 996 ±2 kg/m3 (ρf is typ-
ically assumed to be around 1,000 kg/m3 in field settings; Werner & Laattoe, 2016), which was measured 
using a density hydrometer (±2 kg/m3 accuracy at 20°C; Carlton Glass Co. Pty Ltd). Sodium chloride was 
dissolved into the tap water to produce saltwater with a density (ρs [ML−3]) of 1,030 ±2 kg/m3 (a range of 
1,012–1,042 kg/m3 for ρs was reported by Werner and Laattoe (2016) for floodplain aquifers of the River 
Murray, South Australia). The saltwater was colored with red food dye (Pillar Box Red Food Color, Queen 
Fine Foods Pty Ltd), using 25 ml of dye per 1 L of saltwater to facilitate visual monitoring of saltwater 
behavior. This method was successfully used in previous studies to monitor the saltwater movement in 
laboratory experiments (e.g., Goswami & Clement, 2007; Werner et al., 2016). The comparison of measured 
saltwater density and electrical conductivity (EC) before and after adding food dye indicated that the effect 
of the dye on those parameters was negligible and within the error margins of measurements. The adsorp-
tion of food dye to the sand is considered unlikely to have an impact on the steady-state results sought in 
this study, given that adsorption effects reported in previous density-dependent experiments (e.g., Jakovovic 
et al., 2012) arose due to transient processes. The EC of freshwater and saltwater, measured by a YSI 556 
MPS handheld multiparameter instrument (±1 μS/cm accuracy; Xylem Analytics Australia Pty Ltd), was 
in the range 194–460  μS/cm and 67,645−70,471  μS/cm, respectively. The variation of EC of freshwater 
and saltwater might be attributed to changes in the temperature, total dissolved solids (TDS) due to some 
dilution of water in the reservoirs (despite efforts to continuously flush these) and evaporation during the 
experiments, which was reflected in the range for ρf and ρs (i.e., ±2 kg/m3) used in calibration processes. The 
experiments were conducted in a dark room, and a tripod-mounted Nikon D5600 24.2-megapixel digital 
SLR camera was used for experimental photography.

The geometric variables of the partially penetrating river experiments are shown in Figure 3. The reader 
is referred to Figure S1 in Supporting Information for further details of the geometric variables of the fully 
penetrating river experiment. The freshwater reservoir at the left-hand side of the sand tank mimics a river 
with a width of 2Wr [L], of which half (Wr) is represented in the sand tank under the assumption of sym-
metry. The screen is considered to impose some resistance and therefore act as resistive material (i.e., the 

Figure 3. Geometric variables of the partially penetrating river experiments.
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river’s “clogging layer”), which lines the river and has a thickness of Br [L]. The screen’s resistance to flow 
(i.e., freshwater hydraulic conductivity of the clogging layer, Kc [LT−1]), is assumed to be proportional to K, 
that is, Kc = κK. Here, κ [−] accounts, at least in part, for the reduced cross-sectional area available for flow 
between the sand and the reservoir that is imposed by the structures that brace the reservoir screens (i.e., 
the ratio of the total area of holes on the screen to the total cross-sectional area of the screen perpendicular 
to the flow), and K [LT−1] is the freshwater hydraulic conductivity of the sand. This follows the approach 
adopted in riparian lens experiments undertaken by Werner et al. (2016). κ was measured as 39% with possi-
ble maximum limit of 100% to reflect uncertainties in the estimation of this parameter through calibration. 
The river penetrates to a depth ηr [L] into the sand and the depth of the sand tank base below the riverbed 
clogging layer is ηa [L].

The river receives steady-state saline groundwater discharge qs [L
2T−1] (i.e., volumetric discharge per unit 

length of river perpendicular to the cross-section). The thickness of freshwater and saltwater are designated 
ηf [L] and ηs [L], respectively. The freshwater lens extends to a distance xL [L] from the origin (i.e., point 
“o”, aligned with the riverbank edge and the base of the sand tank; Figure 3). The saltwater thickness at the 
lens tip is ηsL [L] (= ηa + Br + ηr), the saltwater thickness at the origin (i.e., adjacent to the riverbank) is ηsr 
[L], and ηsb is the saltwater thickness at the saltwater reservoir (i.e., the right-hand side of the sand tank; 
Figure 3) located at xb [L].

2.2. Experimental Procedure

The wet-packing method, in which sand is incrementally added into a water-filled tank and mixed manual-
ly while settling, was used to fill the sand tank to minimize air encapsulation and to achieve a homogeneous 
medium. Three different approaches were applied to estimate the range of freshwater hydraulic conductiv-
ity (K) of the sand: (a) application of the Kozeny-Carman equation following grain-size analysis, (b) Darcy 
column testing, evaluating both loose and dense packing arrangements, and (c) in-situ sand tank testing.

Measured values of dm and n were adopted in the Kozeny-Carman equation (Bear, 1972) to estimate K:

 







3 2
f m

2
f180 1
gn dK

n
 (1)

where μf [ML−1T−1] is the freshwater dynamic viscosity (= 10−3 Pa.s) and g [LT−2] is gravity, taken as 9.8 m/
s2. This led to an estimate for K of 230 m/d with possible range (taking into account reasonable variability 
in input parameters; i.e., 8.9 × 10−4 Pa.s (at 25°C) to 1.002 × 10−3 Pa.s (at 20°C) for μf (Haynes et al., 2017), 
±2 kg/m3 for ρf, ±0.01 for n and ±0.05 × 10−3 m for dm) of 167–288 m/d. K values between 95 and 144 m/d 
(for dense and loose packing arrangements, respectively) were obtained from Darcy column tests (three 
tests for each packing arrangement). In-situ testing of the sand was undertaken prior to the freshwater lens 
experiments by imposing different rates of freshwater flow (Qf [L

3T−1]) through the sand tank. The depths 
of freshwater in the inlet and outlet reservoirs (hi and ho [L], respectively) were applied in the unconfined 
steady-state flow equation (e.g., Werner et al., 2016):
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Here, K′ [LT−1] is the sand tank’s bulk freshwater hydraulic conductivity, xb is the horizontal distance be-
tween the inlet and outlet reservoirs, and W [L] is the internal width of the tank perpendicular to the flow 
(not shown in Figure 3). K′ represents the “tank-averaged” or bulk hydraulic conductivity, accounting for 
any losses through the screens. An average value of 235 m/d (with possible range of ±21.2 m/d) was ob-
tained for K′ through in-situ testing.

The K for the sand can be obtained from K′ by treating the tank as a series of three materials (i.e., inlet 
screen, sand and outlet screen). As mentioned in Section 2.1, it was assumed that the hydraulic conduc-
tivity of the screen (Kc) is proportional to the freshwater hydraulic conductivity of sand (K) as κK (Werner 
et al., 2016). Both inlet and outlet screens have thickness Br, and thus the relationship between K and K′ can 
be expressed by:

 



 


r b

r b

2
2

B xK K
B x (3)



Water Resources Research

JAZAYERI ET AL.

10.1029/2021WR029728

6 of 22

Taking Br = 0.002 m, xb = 1.045 m and κ = 0.39, the conversion between 
K and K′ is K = 1.006 K′. As in-situ testing best matched the conditions 
occurring during experiments, an isotropic value of 236 ±21.2 m/d, cal-
culated from the combination of Equations 2 and 3, was subsequently 
adopted as the measured value of K in this study.

In experiments, the sand tank was initially filled with flowing freshwater, 
and subsequently, saltwater was introduced under constant-head condi-
tions until the lens reached a steady-state condition (after ∼48 hr, on aver-
age), as determined by comparing the photographed lens extent at 30 min 
intervals. The head of freshwater inflow to the “river” reservoir was mod-
ified by adjusting the elevation of freshwater constant-head tank at the 
beginning of each experiment set to ensure that the reservoir represent-
ing the river had a stable water level and remained adequately fresh (i.e., 
the water in the river remained uncolored throughout the experiment). 
The discharge to the river (i.e., comprising both freshwater and saltwater 
discharge) was drained from a pipe connected to the lower tap located at 
the bottom of the river (shown as a pink pipe in Figure 2).

Two sets of partially penetrating river experiments (i.e., experiment 
sets A and B) were performed for repeatability, each comprising three 
different river geometries (i.e., ηr and Wr), while other parameters (i.e., 
ηsb, xb, Br, ρf, and ρs) remained unchanged during these experiment sets. 
An additional experiment (C) was conducted with fully penetrating river 
conditions for comparison. The laboratory parameters and their possible 
ranges in partially (experiment sets A and B) and fully (experiment C) 
penetrating river experiments are listed in Table 1.

The freshwater lens characteristics (i.e., ηsr and xL) were obtained by im-
age processing of the photographed steady-state lenses. After the fresh-
water lens reached steady state, the saltwater discharge (Qs [L

3T−1]) was 
estimated by application of a mixing equation applied to discharge from 
the freshwater reservoir, as suggested by Werner et al. (2016):





o f

s o
s f

EC ECQ Q
EC EC (4)

where ECf, ECs and ECo [Ω−1L−1] are respectively the ECs of freshwater entering the freshwater con-
stant-head tank (left-hand side of the tank; see Figure 2), saltwater in the saltwater constant-head tank 
(right-hand side of the sand tank; see Figure 2) and brackish water drained from the bottom of the river (the 
drain from the pipe shown in pink in Figure 2), and Qo [L3T−1] is the discharge of the brackish water drained 

from the bottom of the river (via the pink pipe in Figure 2). The values of 
salinity and discharge (i.e., ECf, ECs, ECo and Qo), obtained from averag-
ing multiple measurements after the freshwater lens reached steady state, 
are given in Table 2 for each experiment.

2.3. Analytical Solution Application

The analytical solution of Jazayeri et al. (2020) for the saltwater discharge 
and freshwater lens geometry adjacent to a partially penetrating, gaining 
river is applied here. A summary of the analytical approach of Jazayeri 
et al. (2020) is given in Appendix A. Their solution was based on assump-
tions similar to those adopted in earlier riparian freshwater lens studies 
(e.g., Werner & Laattoe, 2016), including a stagnant freshwater lens over-
laying flowing saltwater (i.e., the freshwater lens has a horizontal water 
table), sharp freshwater-saltwater interface, steady-state conditions, and 
a homogenous, isotropic aquifer. Werner (2017) noted that the analytical 

Laboratory parameter Experiment Value Range

ηr (m) A−1, A−2, A−3 0.065, 0.115, 0.165 ±0.001

B−1, B−2, B−3 0.065, 0.115, 0.165

C 0.32

ηa (m) A−1, A−2, A−3 0.245, 0.195, 0.145 ±0.001

B−1, B−2, B−3 0.245, 0.195, 0.145

C N/A

Br (m) Sets A and B 0.01 ±0.001

C 0.002

Wr (m) Set A 0.05 ±0.001

Set B 0.10

C N/A

xb (m) Set A, C 1.045 ±0.001

Set B 0.995

ηsb (m) All 0.325 ±0.001

W (m) All 0.054 ±0.001

ρf (kg/m3) All 996 ±2

ρs (kg/m3) All 1030 ±2

K (m/d) All 236 ±21.2

κ (−) All 0.39 0.39–1

Note. In the naming of experiments (e.g., A−1, …, B−3, C), “A” represents 
partially penetrating cases with river half width of 0.05 m, “B” represents 
partially penetrating cases with river half width of 0.1 m, “C” represents 
fully penetrating cases, and numbers following hyphens indicate 
alternative depths of penetration in partially penetrating cases. N/A – Not 
applicable.

Table 1 
Laboratory Experimental Parameters and Measurement Uncertainties

ECf ECs ECo Qo Qs
a

Experiment (μS/cm) (μS/cm) (μS/cm) (m3/d) (m3/d)

A−1 194 67,982 3,607 0.4932 0.0248

A−2 207 70,077 19,321 0.0917 0.0251

A−3 290 70,471 13,128 0.1651 0.0302

B−1 418 69,514 15,849 0.0822 0.0184

B−2 410 69,536 24,892 0.0645 0.0229

B−3 424 68,835 23,310 0.0757 0.0253

C 460 67,645 40,308 0.0530 0.0314
aSaltwater discharge calculated by Equation 4.

Table 2 
Salinity and Discharge Values of Laboratory Experiments
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solution of Werner and Laattoe (2016), which neglects dispersion effects, leads to overestimation of riparian 
lenses (adjacent to fully penetrating rivers). Werner (2017) developed a dispersive correction that allowed 
the position of dispersive interfaces to be reproduced. They adopted a modified (lower) value for the fresh-
water head in the river (ηsL), where the dispersive correction to ηsL is a function of transverse dispersivity 
(αT [L]), ηsb, ρf, and ρs. It was demonstrated that the analytical solution of Werner and Laattoe (2016) should 
not be corrected for dispersion to reproduce qs.

For the purposes of nondimensionalizing the analysis of riparian lenses adjacent to partially penetrating 
rivers, we first consider three dimensionless variables proposed by Werner et al. (2016) for fully penetrating 
river conditions. These include lens extent (xL* [−]), saltwater flux (a* [−]) and stream-aquifer connectiv-
ity (representing interactions between the aquifer and the river’s clogging layer, which is the left reservoir 
screen in the laboratory experiments, b* [−]), given as (Werner et al., 2016):
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L sb f

L 2
b sr
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where Ks [LT−1] is the saltwater hydraulic conductivity of the sand, which relates to the freshwater K 
through Ks = ρsμfK/(ρfμs), where μs [ML−1T−1] is saltwater dynamic viscosity. For simplicity, μf/μs = 1 is 
adopted. Ksc [LT−1] is the saltwater hydraulic conductivity of the screen (or clogging layer), assumed to be 
proportional to Ks as Ksc = κKs.

The nondimensional parameters for fully penetrating rivers (i.e., xL*, a*,and b*) can be modified for partially 
penetrating rivers by replacing ηr with ηsL in Equations 5 and 6. Two additional nondimensional parameters 
are considered, including a saltwater normalized wetted perimeter N

spE W  [−] and a saltwater normalized de-
gree of penetration N

spE d  [−] (see Equations A7 and A9 in Appendix A).

Calibration of analytical solution parameters led to an optimal match between measured and analytical 
model values of lens geometry (i.e., the freshwater lens extent, xL; and the saltwater thickness adjacent to 
the riverbank, ηsr) and saltwater discharge (qs). In the calibration process, some parameters were expected to 
be consistent in all experiments (e.g., internal width of the tank perpendicular to the flow, W), whereas oth-
er parameters may have differed between experiments, albeit only slightly for some parameters. The param-
eters river width (Wr), screen thickness (Br), horizontal distance between the inlet and outlet reservoirs (xb) 
and the screen cross-sectional reduction factor (κ) were presumed to be consistent within each experiment 
set, but different between experimental sets (e.g., because the screens used in each partially penetrating set 
and fully penetrating case differed from each other due to some limitations in the experimental apparatus). 
The parameters river penetration depth (ηr), aquifer depth below the riverbed (ηa), saltwater thickness at 
the saltwater reservoir (ηsb), freshwater density (ρf), saltwater density (ρs), and freshwater hydraulic con-
ductivity of sand (K) were allowed to vary between each laboratory experiment to account for any change 
in freshwater and saltwater heads and densities used in each experiment and also to allow for compaction 
effects that may modify sand hydraulic properties between experiments, such as that observed by Jakovovic 
et al. (2011). Constraints were applied to parameter values by adopting plausible ranges based on meas-
urement accuracy (see Table 1), and these were used to limit their variation during the calibration process.

Regularization (e.g., Doherty, 2003) was implemented in the calibration process to minimize the deviation 
of calibrated parameters from best estimates arising from laboratory testing and measurement of parame-
ters, and to minimize differences between experiments where parameters are expected to be similar. This 
was implemented through the calibration objective function, which was defined as the weighted sum of 
“prediction error” and “regularization mismatch”. The latter was calculated as the weighted sum of squared 
differences between calibrated and laboratory-measured parameters. These included ηr, ηa, Wr, Br, ηsb, xb, 
W, ρf, ρs, K, and κ. The prediction error was defined as the weighted sum of squared differences between 
model-estimated and measured values of freshwater lens extent (xL), saltwater thickness adjacent to the 
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riverbank (ηsr), and saltwater discharge (qs). The various weightings applied to the calibration process were 
adjusted to account for differences in units and scale, and to adjust regularization controls on the calibration 
of parameters. The objective function was then minimized by modifying calibration parameters within the 
allowed ranges given in Table 1. The Evolutionary Solving Method (ESM) was used to perform the calibra-
tion in Microsoft Excel®, because this proved to be the most efficient approach in seeking global-minimum 
objective function values for the highly nonlinear inverse problem described above. This method was suc-
cessfully applied in the previous laboratory study of riparian lenses adjacent to fully penetrating rivers by 
Werner et al. (2016).

The calibration approach was adapted to explore the uncertainty in analytically derived freshwater lens 
extent (xL) within laboratory experiments, whereby plausible ranges of lens extent were determined ac-
counting only for the uncertainty in laboratory parameters (i.e., discounting observations of xL, ηsr, or qs). 
The same approach was adopted by Werner et al.  (2016) to determine the limits of analytically derived 
freshwater lens extents for fully penetrating rivers in their laboratory experiments. The uncertainty analysis 
used a similar approach to the calibration methodology, except the objective function was the weighted sum 
of the regularization mismatch and either xL or 1/xL. The former provided an estimate of the minimum 
plausible xL while the latter led to an estimate of the maximum plausible xL, thereby determining the xL 
range expected in the absence of xL, ηsr, or qs measurements. This approach aimed to investigate the relia-
bility of lens estimates if observations of lens extent and saltwater discharge were not available (as is often 
the case in real-world situations) within the controlled laboratory conditions. Figure 4 shows the relative 
difference (%) between calibrated and measured laboratory parameters (i.e., ηr, ηa, Wr, Br, ηsb, xb, W, ρf, ρs, K, 
and κ) for partially (experiment sets A and B) and fully penetrating rivers, computed as |(calibrated − meas-
ured)/measured × 100|. It should be noted that ηa and Wr are not applicable for the fully penetrating river 
experiment (see Table 1 and Figure S1 in Supporting Information). The measured and calibrated laboratory 

Figure 4. Relative difference between calibrated and measured laboratory parameters for partially penetrating (experiment sets A and B) and fully penetrating 
(experiment C) rivers (“Exp.” means “Experiment”). Note that parameters ηa and Wr are not applicable for the fully penetrating river experiment. Note 
differences in y-axis scales.
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parameters, as well as the results of the uncertainty analysis are given in Table S1 in Supporting Information 
and the reader is referred to it for exact values of those parameters.

Jazayeri et al. (2020) used sensitivity analysis to examine the effects of the river geometric parameters (i.e., 
Wr and ηr) on xL, ηsr, and qs. However, further investigation is needed to explore the sensitivity of xL, ηsr, and 
qs within partially penetrating river settings to other input parameters (i.e., ηa, Br, ηsb, xb, ρf, ρs, K, and κ). 
The logarithmic sensitivity (S [−]) was adopted to compare the sensitivities of different input and output 
variables, defined as the ratio of relative changes in input and output parameters (Kabala, 2001). The finite 
difference form of the logarithmic sensitivity can be expressed as (e.g., Robinson & Werner, 2017):

Δ ΔO pS
O p

 (8)

where p is the input parameter (i.e., ηr, ηa, Wr, Br, ηsb, xb, ρf, ρs, K, and κ), O is the output parameter (i.e., xL, 
ηsr, and qs) obtained from Jazayeri et al.’s (2020) analytical solution, and ∆ represents small changes in p 
and O. Here, a value of 0.1% was adopted as the relative change in the input parameters (i.e., ∆p/p = 0.001).

2.4. Numerical Simulation

Cross-sectional numerical simulations of the laboratory experiments were undertaken using SEAWAT (ver-
sion 4; Langevin et al., 2008) to further evaluate riparian lens processes and differences between Jazay-
eri et al. (2020) analytical solution and experimental measurements. SEAWAT has been widely applied to 
variable-density flow and solute transport problems, and has been extensively tested against benchmark 
problems (Guo & Langevin, 2002). For further details of SEAWAT’s mathematical formulation, the reader is 
referred to the software documentation (e.g., Guo & Langevin, 2002; Langevin et al., 2008).

The numerical models representing the sand tank experiments adopted cell sizes of 2 mm wide by 2 mm 
deep (i.e., ∆x and ∆z [L], respectively), resulting in a total of 88,320, 88,480, and 83,520 cells for models 
corresponding to experiment sets A, B, and C, respectively. The adopted mesh resolution is consistent with 
previous riparian lens studies (e.g., Werner et al., 2016), and provided a balance between accuracy and rea-
sonable computational run times, which were up to 5 hr on a quadcore Intel® Core™ i5−7500 processor. 
At the top, bottom and left-hand side boundaries, a no-flow condition was imposed. A specified-head (Dir-
ichlet) boundary condition was used to represent the saltwater boundary, while the General-Head Bound-
ary (GHB) package was utilized to simulate the freshwater river (Figure 5) as a Robin (Type 3) boundary 
condition (Jazayeri & Werner, 2019). The GHB package allows for inclusion of a clogging layer (i.e., the 
resistance of the screen in the laboratory experiments), which creates a resistance to outflow that is pro-
portional to the GHB conductance (Langevin et al., 2008). Calibrated values of the saltwater head (ηsb) of 
the specified-head boundary condition and the freshwater head (i.e., ηa + Br + ηr for experiment sets A 
and B; ηr for experiment C) used in the GHB package for models corresponding to experiment sets A, B, 
and C, are given in Table S1 in Supporting Information. The Sink and Source Mixing (SSM) package of  

Figure 5. Numerical model domain and boundary conditions (BC). The calibrated values of Br, Wr, xb, ηa, ηr, and ηsb 
used in the numerical models are listed in Table S1 in Supporting Information.
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MT3DMS (Zheng & Wang, 1999) was used to simulate solute fluxes at 
specified-head and general-head boundaries. The SSM package allows for 
inflows to the model domain to occur at a specified salinity, while out-
flows occur at the ambient salinity. A relative salt concentration of 0 (i.e., 
freshwater) was assigned as the initial concentration and the transient 
SEAWAT models were run for a 2-day period to ensure that the solution 
reached steady state, as confirmed by time-invariant total solute mass. 
Further details of the numerical models of riparian lenses are given in 
Jazayeri et al. (2020).

Non-dispersive, sharp-interface conditions were sought in numerical 
models by adopting dispersive parameters (i.e., longitudinal dispersivity, 
αL [L], transverse dispersivity, αT, and molecular diffusion, Dm [L2T−1]) 
set to zero. This allowed for comparison to the sharp-interface analyti-
cal solution. However, with dispersion parameters set to zero, SEAWAT 
nonetheless introduces unavoidable artificial numerical dispersion (Wer-
ner,  2017). A reasonable match was obtained between analytical and 
numerical methods (see Section  3), and therefore, artificial numerical 
dispersion appears to be small, although quantifying it is not straightfor-
ward. The effective porosity (ne), specific yield (Sy [−]) and specific stor-
age (Ss [L

−1]) were set to 0.41, 0.24, and 10−6 m−1, respectively, in numer-
ical models (although these do not influence steady-state values of head 
and salinity). Other required model parameters were set to the calibrated 
values listed in Table S1 in Supporting Information.

3. Results
3.1. Effects of River Penetration Depth on xL, ηsr, and qs: 
Experiment Set A

Steady-state lenses obtained from laboratory experiments, analytical solu-
tions and numerical modeling are compared in Figure 6 for experiment 
set A (i.e., partially penetrating cases) and experiment C (the fully pen-
etrating case). Figure 6 also provides an indication of the uncertainty in 
analytically derived freshwater-saltwater interface estimates that derives 
from measurement uncertainty (see Table S1 in Supporting Information). 
Experimental and calculated values of the freshwater lens geometry and 
saltwater discharge are provided in Table 3.

Figure 6 and Table 3 show that both analytical and numerical methods 
reproduce reasonably well the experimental freshwater lens geometry of 
experiment set A, using the calibrated parameters. On average, the ana-
lytical solution outperformed the numerical model in terms of matching 
measured freshwater lens extent (xL) values (mean discrepancies of 6.7% 
and 7.4%, respectively) for experiment set A. The analytical solution over-
estimated the saltwater thickness adjacent to the riverbank (ηsr) values in 
experiment set A by up to 15%, while numerical models provided results 
more consistent with measured ηsr values (experiment set A maximum 
discrepancy was 11%). The difference between analytical and measured 
saltwater discharge (qs) values from experiment set A was less than 2%, 
except in experiment A−1, where qs differed by 18%. The numerical mod-
el-measurement mismatch in qs was also largest for experiment A−1 
(i.e., 16%), and therefore, we attribute this discrepancy to experimental 
error (i.e., errors in measuring electrical conductivities (i.e., ECf, ECs, and 
ECo) and discharge of the brackish water (Qo), which were applied in  

Figure 6. Images of steady-state experimental freshwater lenses for 
partially penetrating (experiment set A, i.e., A−1, A−2, and A−3) and fully 
penetrating (experiment C) rivers, compared to numerical simulations 
and analytical solutions. Jazayeri et al.’s (2020) approach was applied to 
experiment set A, while the experiment C lens was estimated using the 
solution of Werner and Laattoe (2016). The black dashed line and the 
green and yellow lines indicate the calibrated, minimum and maximum 
riparian lenses, respectively, as obtained from analytical solutions and 
uncertainty analysis (see Section 2.3). The white line shows the freshwater-
saltwater interface based on the 50% salinity contour from numerical 
models, which use the calibrated parameters in Table S1 in Supporting 
Information. Arrows indicate the velocity vectors (4% of vectors shown) 
and the blue line represents the water table from numerical simulations. 
Dimensions are given in meters.
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Equation 4 to calculate the saltwater discharge (Qs), as well as measurement errors in the internal width of 
the tank (W) which was used to obtain qs from Qs through qs = Qs/W).

Figure 6 shows that river penetration depth (ηr) had a major influence on the riparian lens extent. Table 3 
indicates that ηr also affects qs, although to a lesser degree than the influence of ηr on xL and ηsr. For example, 
measured values of both xL and ηsr increase approximately threefold from experiment A−1 to experiment 
C (Table 3). The larger river penetration depth in experiment C leads to a 26% higher qs than that obtained 
from experiment A−1. These trends in xL, qs, and ηsr with changing river penetration depth are qualitatively 
consistent with Jazayeri et al.’s (2020) findings.

Experimenta xL (m) ηsr (m) |qs|
b (m2/d)

Differencec (%)

xL ηsr qs

A−1 Mea. 0.138 0.278 0.465 − − −

Num. 0.133 0.285 0.389 −3.29 2.44 −16.3

Ana. 0.139 0.299 0.381 0.75 7.32 −18.1

Unc. 0.024, 0.576 0.281, 0.312 − − − −

A−2 Mea. 0.270 0.236 0.470 − − −

Num. 0.299 0.241 0.489 10.7 2.45 4.10

Ana. 0.318 0.255 0.475 17.7 8.29 1.08

Unc. 0.157, 0.743 0.237, 0.270 − − − −

A−3 Mea. 0.454 0.178 0.566 − − −

Num. 0.417 0.198 0.568 −8.09 11.2 0.41

Ana. 0.446 0.204 0.558 −1.65 14.5 −1.33

Unc. 0.436, 0.803 0.191, 0.204 − − − −

B−1 Mea. 0.198 0.261 0.344 − − −

Num. 0.207 0.276 0.362 4.97 5.71 5.14

Ana. 0.213 0.289 0.345 7.72 10.6 0.27

Unc. 0.060, 0.588 0.276, 0.302 − − − −

B−2 Mea. 0.370 0.217 0.428 − − −

Num. 0.351 0.236 0.451 −4.97 9.02 5.25

Ana. 0.373 0.245 0.437 0.86 13.2 1.98

Unc. 0.169, 0.716 0.231, 0.261 − − − −

B−3 Mea. 0.464 0.175 0.475 − − −

Num. 0.449 0.194 0.501 −3.26 10.8 5.55

Ana. 0.478 0.195 0.493 3.04 11.6 3.96

Unc. 0.300, 0.777 0.184, 0.206 − − − −

C Mea. 0.548 0.069 0.589 − − −

Num. 0.549 0.079 0.626 0.10 14.7 6.41

Ana. 0.588 0.036 0.625 7.34 −47.8 6.21

Unc. 0.443, 0.659 0.028, 0.034 − − − −

Note. The uncertainty (“Unc.”) in lens extents are given as minimum and maximum values of xL and ηsr obtained from 
analytical solutions by testing plausible limits of measured parameters.
aJazayeri et al.’s (2020) analytical solution used for experiment sets A and B; Werner and Laattoe’s (2016) analytical 
solution used for experiment C. bObtained by dividing Qs (Table 2) by the calibrated value of W (= 0.0534 m; Table S1 
in Supporting Information). cCalculated as (model−measured)/measured × 100.

Table 3 
Measured (“Mea.”), Numerical (“Num.”) and Calibrated Analytical (“Ana.”) Values of Freshwater Lens Geometry and 
Saltwater Discharge for Partially (Experiment Sets A and B) and Fully (Experiment C) Penetrating Rivers
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3.2. Effects of River Width on xL, ηsr, and qs: Experiment Set B

Experiment set B includes an additional three experiments that aimed 
to explore the effect of doubling the river width (Wr) on freshwater lens 
characteristics (i.e., freshwater lens extent, xL; and the saltwater thick-
ness adjacent to the riverbank, ηsr) and the saltwater discharge (qs). The 
saltwater and freshwater head conditions in experiment B were similar 
to those adopted in experiment set A. Hence, the increase in river width 
in experiment set B caused a slightly higher hydraulic gradient (i.e., by 
about 5%) toward the river than in experiment set A. Analytical, numer-
ical and laboratory results for three different river depths of penetration 
are shown in Figure 7, while the freshwater lens geometry and saltwater 
discharge are listed in Table 3.

Figure 7 shows that the lens geometry (i.e., xL and ηsr) obtained from nu-
merical and analytical models using calibrated parameters (see Table S1 
in Supporting Information) are again reasonably matched with labora-
tory measurements of experiment set B. The freshwater lens responded 
to changes in the river penetration depth in a similar way to that of ex-
periment set A (Figure 6). That is, greater river penetration depths creat-
ed more extensive lenses. The wider river in experiment set B produced 
larger lenses (i.e., larger xL and smaller ηsr) relative to those in experiment 
set A (Figures 6 and 7, Table 3). This result is predictable from the theory 
given in Appendix A. That is, Equations A6 and A10 predict that wider 
rivers have higher values of the dimensionless conductance (Γs [−]). This 
leads to enhanced saltwater discharge to the river (qs) based on Equa-
tion A1. Higher |qs| is associated with larger lenses according to Equa-
tions A11 and A12, noting that qs is negative for saltwater flow toward 
the river.

The results in Table 3 show that in experiment set B, both the analytical 
solution and numerical model provided a close match to laboratory ob-
servations of xL, ηsr, and qs. That is, maximum mismatches in xL and ηsr 
(between the numerical model and laboratory measurements) in exper-
iment set B were 5% and 11%, respectively, while maximum differences 
between the analytical solution and measured xL and ηsr values were 8% 
and 13%, respectively. However, qs obtained from the analytical solution 
matched better with the measured qs in experiment set B than the nu-
merical model qs, with mean discrepancies of 2.1% and 5.3%, respectively.

The effects of the river width (Wr) on the freshwater lens geometry and 
saltwater discharge to the river is apparent from a comparison of meas-
ured values of xL, ηsr, and qs for experiment sets A and B in Table 3. For 
example, increasing Wr from 0.05 m (in experiment set A) to 0.1 m (in 
experiment set B) had a larger effect on xL in shallower rivers (i.e., meas-

ured xL was 44% larger in experiment B−1 relative to experiment A−1) than in deeper rivers (i.e., measured 
xL was 2% larger in experiment B−3 relative to experiment A−3). However, increasing Wr caused only small 
reductions in ηsr, that is, by up to 8% (in experiment B−2 relative to experiment A−2). This is consistent with 
Jazayeri et al.’s (2020) numerical and analytical findings that Wr has a larger effect on xL for shallower rivers, 
while the effect of Wr on ηsr is almost independent of ηr.

The numerical and analytical results of Jazayeri et al. (2020) showed that variations of the river penetration 
depth (ηr) have greater impact on qs for narrower rivers than for wider rivers. However, laboratory measure-
ments show different behavior, whereby increasing ηr has a larger effect on qs for wider rivers (i.e., measured 
qs is 38% larger in experiment B−3 relative to experiment B−1) than narrower rivers (i.e., measured qs is 22% 

Figure 7. Images of steady-state experimental freshwater lenses for 
partially penetrating rivers (experiment set B, i.e., B−1, B−2 and B−3), 
compared to Jazayeri et al.’s (2020) analytical solution and numerical 
simulations. The black dashed line and the green and yellow lines indicate 
the calibrated, minimum and maximum riparian lenses, respectively, 
as obtained analytically. The white line shows the freshwater-saltwater 
interface based on the 50% salinity contour from numerical models 
that adopted calibrated parameters given in Table S1 in Supporting 
Information. Arrows indicate the velocity vectors (4% of vectors shown) 
and the blue line represents the water table from numerical simulations. 
Dimensions are given in meters.
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larger in experiment A−3 relative to experiment A−1). This behavior is 
attributable to compaction effects that caused lower K in experiment set 
B relative to experiment set A.

3.3. Sensitivity Analysis of Experimental Parameters

The sensitivity analysis results for experiments A−1 and B−1 are given in 
Table 4. Although the sensitivities (S; Equation 8) of the output param-
eters (i.e., freshwater lens extent, xL; saltwater thickness adjacent to the 
riverbank, ηsr; and saltwater discharge, qs) to changes in the river width 
(Wr) and the river penetration depth (ηr) have been investigated by Jazay-
eri et al. (2020), they are nevertheless repeated in Table 4 to compare with 
S values for a wider range of input parameters.

The results in Table 4 that are consistent with Jazayeri et al.’s (2020) sen-
sitivity analysis, including the finding that changes in ηr have a larger 
effect (i.e., higher values of |S|) on xL and qs for narrower rivers, while 
ηr has almost the same impact on ηsr for different values of Wr. Table 4 
builds on the results of Jazayeri et al. (2020) by showing that the saltwater 
reservoir head (ηsb), freshwater density (ρf), saltwater density (ρs), and 
aquifer depth below the riverbed (ηa), in descending order of |S|, play 
the most important roles, relative to other parameters, in controlling the 
lens geometry and saltwater discharge to the river. Sensitivity analysis 
conducted by Werner et al. (2016) revealed a similar result, except ηa was 
not one of the input parameters for fully penetrating rivers.

Table 4 also shows that output parameters are less sensitive (i.e., smaller values of |S|) to changes in input 
parameters for the experiments involving a wider river (i.e., experiment B−1) than those adopting a narrow-
er river (i.e., experiment A−1), with the exception of qs, which is more sensitive to changes in ρs and ρf in 
experiment B−1. As expected, xL and ηsr are insensitive (i.e., S = 0) to the freshwater hydraulic conductivity 
of the aquifer (K), while qs is sensitive to K, which is consistent with Werner et al.’s (2016) findings for fully 
penetrating rivers.

Parameter correlations are apparent in Table 4 as values of S that are almost the same in magnitude but 
opposite in sign. This is the case for ρf and ρs, and for the screen (clogging layer) thickness (Br) and the 
screen cross-sectional reduction factor (κ), which are readily identifiable as ρf/ρs and Br/Ksc (note Ksc = κKs 
and Ks ≈ Kρs/ρf, where Ks and Ksc are saltwater hydraulic conductivities of sand and the screen, respectively) 
within Jazayeri et al.’s (2020) analytical solution (see Appendix A). A similar finding was obtained in earlier 
studies of fully penetrating river conditions (e.g., Werner et al., 2016).

Sensitivity analysis was also performed for experiments A−2 and B−3 (results not shown here for brevity). The 
results demonstrated that by increasing the river penetration depth, xL becomes less sensitive to ηsb, ρf, and ρs, 
while the sensitivity of ηsr to those parameters is enhanced. This was the case for both narrow and wide river 
scenarios. For example, the sensitivity of xL to ηsb, ρf, and ρs in experiment A−2 (i.e., deeper river) relative to 
experiment A−1 (i.e., shallower river) was decreased by, on average, 55%, while ηsr in experiment A−2 was 
37% (on average) more sensitive than in experiment A−1. In addition, increasing the river penetration depth 
in both narrow and wide river cases led to lower sensitivity of qs to ηsb, while the sensitivity of qs to ρf and ρs 
was increased. That is, qs was up to 49% more sensitive to ρf and ρs in experiment A−2 relative to experiment 
A−1, while the sensitivity of qs to ηsb in experiment A−1 was reduced by 18% compared to experiment A−2.

4. Discussion
4.1. Laboratory Observations Versus Jazayeri et al.’s (2020) Analytical Solution

The results in Table 3 show that Jazayeri et al.’s (2020) analytical solution provided a close match to exper-
imental values of xL for experiments A−1 and A−3, whereas the analytical solution overestimated xL (by 

Note. The cell’s background color indicates sensitivity, whereby blue (for 
positive numbers) or red (for negative numbers) identify larger values of 
|S|.

Table 4 
Sensitivity (S; See Equation 8) Results for Experiments A−1 and B−1, 
Given as Relative Changes in xL, ηsr, and qs due to a 0.1% Increase in 
Laboratory Input Parameters (i.e., ηr, ηa, Wr, Br, ηsb, xb, ρf, ρs, K, and κ)
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48 mm or 18%) in experiment A−2. An attempt to improve the analytical model estimates was made by 
applying the dispersion correction of Werner (2017) to Jazayeri et al.’s (2020) analytical solution, that is, to 
seek a smaller mismatch between measured and analytical solution values of xL. Re-calibration led to an 
optimal value for the transverse dispersity (αT) of 6.8 × 10−7 m, indicating only a small dispersive effect. The 
revised set of experiment set A calibration parameters increased the measured-analytical difference in xL 
from 6.7% to 7.9% (averaged across all three experiments). While the xL discrepancy of experiment A−2 re-
duced from 17.7% to 6.39%, discrepancies in experiments A−1 and A−3 increased (from 0.75% to 15.5% and 
1.65%–1.74%, respectively). Given the marginal benefits of applying Werner’s (2017) dispersive correction 
factor, we have not adopted the dispersive correction in applying the analytical solution to experiment set A.

The results in Table 3 also suggest that the analytical solution overestimated the size of experimental lenses 
and to a lesser degree the magnitude of saltwater discharge in experiment set B. Therefore, it is likely that 
applying Werner’s  (2017) dispersion correction to Jazayeri et  al.’s  (2020) analytical solution reduces the 
differences between the analytical solution and measured xL in experiment set B. Hence, an additional cali-
bration was conducted to find an optimal dispersion parameter (αT) that produced smaller xL values (i.e., 
that were closer to experimental measurements) through application of the dispersion-corrected analytical 
solution. The calibration processes resulted to an optimal value of αT equal to 1.2 × 10−6 m, which is rather 
small. Using the optimal αT in the dispersion-corrected analytical solution led to improved mismatches 
between the measured and analytical lens extents (xL), reducing xL differences from 8% for the uncorrected 
solution to less than 5% with the Werner (2017) correction in place. Given the small improvement of apply-
ing Werner’s (2017) dispersive correction factor, results given for experiment set B adopt the uncorrected 
analytical solution in this study.

Jazayeri et al. (2020) found that wider rivers receive larger qs than narrower rivers. However, the opposite 
behavior was observed in laboratory experiments. That is, increasing Wr from 0.05 m in experiment set A 
to 0.1 m in experiment set B reduced qs by up to 26% (in experiment B−1 relative to experiment A−1), even 
though larger values of qs were expected in experiment set B due to the wider river. We hypothesize that 
this was caused by changes in the hydraulic properties of the sand (i.e., freshwater hydraulic conductivity of 
sand, K) between experiments due to compaction effects. Compaction effects were also observed in previous 
sand tank experiments involving riparian lenses adjacent to fully penetrating rivers (Werner et al., 2016) 
and saltwater upconing (Jakovovic et  al.,  2011). Compaction may arise in field settings from vegetation 
change and where sediments are modified by human activities (e.g., Laker & Nortjé, 2020; Lu et al., 2020). 
Calibrated values of K for experiment sets A and B were, on average, 233 m/d and 219 m/d, respectively (see 
Table S1 in Supporting Information), indicating a reduction of K by 6% in experiment set B relative to exper-
iment set A. This supports the hypothesis that compaction occurred, leading to smaller measured values of 
qs in experiment set B compared to experiment set A.

Table 3 results indicate that measured values of xL in experiment sets A and B fall within the ranges of un-
certainty (i.e., for analytical xL estimates). Thus, Jazayeri et al.’s (2020) analytical solution appears robust in 
the estimation of xL because measurement errors in laboratory parameters can reasonably account for the 
calibration mismatch of xL. However, measured values of ηsr in experiment sets A and B are smaller (i.e., 
the lens penetrates deeper adjacent to the riverbank) than the minimum analytical solution value obtained 
from uncertainty analysis. This indicates that there are some processes in the laboratory experiments that 
are not adequately represented by the analytical solution of Jazayeri et al. (2020). Given that the numerical 
simulation outperformed the analytical solution in terms of matching ηsr values, and considering differ-
ences between analytical and numerical approaches, the discrepancies in ηsr are attributed to the existence 
of strong vertical flows in the region close to the river. These are evidenced in Figure 6 by larger velocity 
vectors (obtained from numerical simulations). Additionally, experimental observations made prior to the 
freshwater lens reaching steady state showed saltwater moving vertically toward the bottom of the partially 
penetrating river. Vertical groundwater flow is highly simplified in Jazayeri et al.’s (2020) analytical solution 
(i.e., vertical flow is represented by the turning factor of Morel-Seytoux, 2009) due to the adoption of the 
Dupuit-Forchheimer (D-F) approximation. The mismatch between analytical and laboratory-based values 
of ηsr for the fully penetrating river case indicate that vertical flow effects may also impact Werner and 
Laattoe’s (2016) analytical solution in reproducing ηsr. This is supported by the velocity vectors in Figure 6 
(C) that show vertical components of flow near the river in the fully penetrating case, whereas Werner and 
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Laattoe’s (2016) solution assumes hydrostatic conditions in the seawater 
body beneath the riparian lens.

Table 3 results also show that in experiment sets A and B, the range of 
uncertainty in analytical values of xL is wider than that of ηsr. That is, the 
average range of xL within experiment sets A and B is 0.5 m, while the 
average range of ηsr is 0.03 m. This finding indicates a higher sensitivity 
of xL to input parameters (and their uncertainty) relative to ηsr. This is re-
flected in Jazayeri et al.’s (2020) analytical solution, in which xL is a quad-
ratic function of ηsb and ηsL (= ηa + Br + ηr), while ηsr is a linear function 
of ηsL (see Equations A11 and A12 in Appendix A).

It is noteworthy that the specified-head boundaries of the current prob-
lem lead to analytically derived lenses that are independent of K, and 
thus, uncertainty in K is not reflected in the uncertainty of lens estimates. 
This is evident within the analytical solution of Jazayeri et al. (2020), in 
which Ks can be eliminated by combining Equations A11 and A12 in Ap-
pendix A and equation 3 in Jazayeri et al.  (2020). Under specified-flux 
conditions, the reliability of analytical lens estimates is likely to strongly 
depend on K (e.g., Werner & Laattoe, 2016); however, the experimental 
apparatus limits the current study to specified-head conditions.

4.2. Laboratory-Scale Versus Field-Scale Conditions

Values for the dimensionless variables N
spE W  (saltwater normalized wetted 

perimeter), N
spE d  (saltwater normalized degree of penetration), xL* (lens ex-

tent), a* (saltwater flux), and b* (stream-aquifer connectivity), as defined by Equations A7, A9, and 5–7, 
respectively, are given in Table 5 for laboratory experiments and for the Bookpurnong floodplain (River 
Murray, South Australia; Jazayeri et al., 2020).

Table 5 shows that N
spE W  and N

spE d  have ranges of 0.6–1.07 and 0.11–0.2 (respectively) for laboratory experi-
ments, and 3.28–5.99 and 0.06–0.09 (respectively) for the Bookpurnong floodplain conditions. It should 
be noted that Morel-Seytoux et al.’s (2014) model, which was implemented in Jazayeri et al.’s (2020) ana-
lytical solution, only covers N

spE W   ≤ 3 and N
spE d   ≤ 0.9 (see Table A1 in Appendix A). Therefore, field conditions 

at Bookpurnong floodplain fall outside of the empirical constraint of N
spE W   > 3. However, it can be shown 

that values of partial penetration coefficients (i.e., a1 [−] and a2 [−]) of Morel-Seytoux et al. (2014), re-
quired for Jazayeri et al.’s  (2020) analytical solution (see Equation A8 in Appendix A), hardly change 
when N

spE W    >  3. Thus, when N
spE W  exceeds its upper limit (i.e., 3), we assumed that N

spE W    =  3. Hence, the 
river conditions for transects A and B in the Bookpurnong floodplain (Table 5) can be considered in the 
category of 1 ≤ N

spE W   ≤ 3 and N
spE d   ≤ 0.2 (see Table A1 in Appendix A) to find the partial penetration coeffi-

cients. Among the laboratory experiments conducted in this study, only experiment B−3 fell in the same 
category (in terms of N

spE W  and N
spE d  ) as transects A and B in the Bookpurnong floodplain. Comparison of xL* 

from experiment B−3 with those of transects A and B reveals that the laboratory experiment B−3 has the 
dimensionless lens extent close to the field conditions (less than 16% difference). However, a* in exper-
iment B−3 was up to 5 times higher than the upper limit of a* from the field conditions (i.e., a* = 0.065 
in transect B), indicating that laboratory experiments involved significantly higher saltwater discharge 
relative to the buoyancy force. The value of b* in experiment B−3 was up to 64% smaller than the lower 
limit of b* from the field conditions (i.e., b* = 0.08 in transect B), suggesting that the resistance of the stre-
ambed in the laboratory experiment was relatively small compared to the Bookpurnong floodplain field 
conditions. Similar findings were reported by Werner et al. (2016) in that nondimensional freshwater lens 
extents in experimental fully penetrating rivers matched those of the River Murray field measurements, 
while the saltwater discharge to the river relative to the buoyancy force and the screen resistance in the 
laboratory experiments were at the upper and lower limits (respectively) of corresponding parameters 
found in the field conditions.

Case N
spE W N

spE d xL* a* b*

Laboratory experimentsa

A−1 0.60 0.14 0.008 0.15 0.025

A−2 0.69 0.17 0.018 0.19 0.024

A−3 0.79 0.20 0.025 0.21 0.024

B−1 0.87 0.11 0.012 0.14 0.029

B−2 0.98 0.14 0.021 0.18 0.029

B−3 1.07 0.15 0.027 0.21 0.029

Bookpurnong floodplain field conditionsb

Transect A 3.28 0.061 0.032 0.039 0.087

Transect B 5.99 0.088 0.031 0.065 0.080
aBased on the calibrated laboratory parameters in Table S1 in Supporting 
Information and calibrated analytical values in Table  3. bBased on 
parameters reported by Jazayeri et al. (2020). The location of transects A 
and B can be found in Figure 6 of Jazayeri et al. (2020).

Table 5 
Comparison of Dimensionless Parameters for Laboratory Conditions and 
for the Bookpurnong Floodplain (River Murray) Field Conditions
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5. Conclusions
Physical experiments of freshwater lenses adjacent to partially penetrating, gaining rivers were conducted 
to explore the effects of river penetration on lens characteristics and saltwater discharge under controlled 
laboratory conditions, and to evaluate the performance of the recent analytical theory proposed by Jazayeri 
et al. (2020). These represent the first images of stable freshwater lenses adjacent to partially penetrating, 
gaining rivers, albeit for controlled laboratory conditions. Comparison between the experimental setup 
and field conditions based on dimensionless variables indicated that dimensionless lens extents obtained 
from the experiments were similar to those observed in the Bookpurnong floodplain (River Murray, South 
Australia).

The analytical solution and numerical simulations, using parameters obtained from a regularized calibra-
tion, provided a reasonable match to the laboratory observations of freshwater lenses. However, the analyt-
ical solution overestimated the saltwater thickness adjacent to the riverbank relative to those measured in 
laboratory experiments and simulated by numerical models. This was attributed to strong vertical flows in 
the region close to the river that were highly simplified using the turning factor and Dupuit-Forchheimer 
assumptions in the analytical solution of Jazayeri et al. (2020). Overestimation of the saltwater thickness 
adjacent to the riverbank by numerical models may be attributable to uncertainties in the clogging layer 
conductance (i.e., the resistance of the screen in the laboratory experiments) that was used in General-Head 
Boundary (GHB) package to simulate the freshwater river.

The wide range of lens extents obtained from uncertainty analysis indicated that measurement errors 
in laboratory parameters could reasonably account for almost all mismatches between the measured 
and analytical lens extents. Only the freshwater lens thickness appeared to be impacted by exogenous 
processes to those included in the analytical solution. Uncertainty analysis demonstrated that calibration 
based on the direct lens measurement is essential to produce accurate lens predictions using the analyt-
ical solution.

The sensitivity analysis of Jazayeri et al. (2020) was extended by considering a wider range of laboratory in-
put parameters. The results indicate that the dominating factors controlling freshwater lens characteristics 
are (in descending order of sensitivity) the saltwater head boundary (ηsb), freshwater and saltwater densities 
(i.e., ρf and ρs, respectively) and the aquifer depth below the riverbed (ηa). The comparison between analyt-
ical, numerical, and laboratory results indicates that further research into the role of vertical flows within 
the saltwater zone on freshwater lens thickness adjacent to the river is warranted.

Appendix A: Partially Penetrating River Analytical Solution
Jazayeri et al. (2020) combined the riparian lens theory of Werner and Laattoe (2016) and the river par-
tial penetration theory provided by Miracapillo and Morel-Seytoux (2014), Morel-Seytoux (2009), and Mo-
rel-Seytoux et al. (2014) to derive a quadratic equation for the steady-state qs of partially penetrating rivers, 
as:

  2
s s 0aq bq c (A1)

where coefficients a, b, and c are dependent on whether xB [L] is beyond or within the extent of the riparian 
lens (xL). Here, xB is a “far distance” from the riverbank (not shown in Figure 3) where beyond that (i.e., 
x ≥ xB) the Dupuit-Forchheimer (D-F) assumption of zero resistance to vertical flow presumably holds and 
groundwater flow is essentially horizontal.

In the case that xB is within the freshwater lens area (xB < xL), coefficients a, b, and c are given by (Jazayeri 
et al., 2020):
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and the saltwater thickness at xB (ηsB [L], not shown in Figure 3) can be obtained by (Jazayeri et al., 2020):
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When xB is located outside the freshwater lens area (xB > xL), coefficients a, b, and c are obtained from 
(Jazayeri et al., 2020):
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and:
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where Γs [−] is the one-sided, dimensionless conductance, which was originally derived by Morel-Sey-
toux (2009) for freshwater-only conditions, and subsequently modified for saltwater flow to the river. The 
following steps are required to calculate Γs. First, the value of Γs for the situation of no river penetration (Γflat 
[−]) is calculated from (Morel-Seytoux et al., 2014):
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where N
spE W  [−] is the saltwater normalized wetted perimeter, defined by Jazayeri et al. (2020) as:
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Here, Wsp [L] is the total wetted perimeter through which saltwater discharges (on both sides of the river) 
and ds [L] is  

sr sB
  /2 .

Second, Γflat is adjusted to account for partial penetration of the river (Miracapillo & Morel-Seytoux, 2014):
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where a1 [−] and a2 [−] was obtained from curve fitting of analytical values and are given in Table A1 (Mo-
rel-Seytoux et al., 2014). The N

spE d  [−] is the saltwater normalized degree of penetration, defined by (Jazayeri 
et al., 2020):
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Finally, a modification to the conductance is required if a clogging layer exists (Morel-Seytoux, 2009):
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N
spE W  range N

spE d  range a1 a2

N
sp 1.0E W N

sp 0.2E d 0.890 –2.430

N
sp 1.0E W  N

sp0.2 0.5E d 0.538 –0.387

 N
sp1.0 3.0E W N

sp 0.2E d 0.819 –1.340

 N
sp1.0 3.0E W  N

sp0.2 0.5E d 0.672 –0.542

 N
sp1.0 3.0E W  N

sp0.5 0.9E d 0.567 –0.330

Table A1 
Values for Partial Penetration Coefficients in Equation A8, Given by Morel-Seytoux et al. (2014)

Figure A1. Flowchart of iteration method for applying the partially penetrating river analytical solution (“Eq.” means 
“Equation”). Adapted from Jazayeri et al. (2020).
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Here, Ks and Ksc [LT−1] are respectively the saltwater hydraulic conductivity of the sand and clogging layer, 
which can be calculated by multiplying the corresponding freshwater hydraulic conductivity (i.e., K or Kc) 
by ρsμf/(ρfμs), where μs and μf are saltwater and freshwater dynamic viscosities, respectively. For simplicity, 
μf/μs = 1 is adopted.

Given qs, the xL and the freshwater-saltwater interface (ηs) can be obtained by the following expressions 
(Jazayeri et al., 2020):

    2 2s
L sb sL b
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However, calculating qs using Equations A1 and A2a−A2c or A4a−A2c, requires iteration because qs de-
pends on the position of xB relative to xL, which is a function of qs via Equation A11. Several assumptions 
were made by Jazayeri et al.  (2020) to approximate the initial values required to start the iteration pro-
cess. These assumptions included: (a) ds ≈ ηa and hence xB ≈ 2ηa, (b) Wsp ≈ 2Wr, (c) W W

N

sp r a
 2 /  , and (d) 

d
N

sp f s r a     / /  .

The iteration procedure required to apply Jazayeri et  al.’s  (2020) analytical solution is summarized as a 
flowchart in Figure A1. The iteration is ceased once the change in qs between two consecutive iterations is 
less than convergence criterion, which was 0.1% in the current study.

Notation
αL [L] longitudinal dispersivity
αT [L] transverse dispersivity
ηa [L] depth of the sand tank base below the riverbed clogging layer
ηf [L] freshwater thickness
ηr [L] river penetration depth into the sand
ηs [L] saltwater thickness (the depth of saltwater flow)
ηsb [L] saltwater thickness at the saltwater reservoir located at xb
ηsB [L] saltwater thickness at xB
ηsL [L] saltwater thickness at the lens tip
ηsr [L] saltwater thickness at the origin (adjacent to the riverbank)
κ [−] factor accounting the area of the sand cross-sectional area occupied by the screen (= Kc/K)
μf [ML−1T−1] freshwater dynamic viscosity
μs [ML−1T−1] saltwater dynamic viscosity
ρf [ML−3] freshwater density
ρs [ML−3] saltwater density
Γc [−] one-side dimensionless conductance in the presence of a clogging layer
Γflat [−] one-side dimensionless conductance in case of no penetration of the river
Γp [−] one-side dimensionless conductance in case of partial penetration of the river
Γs [−] modified one-side dimensionless conductance for saltwater flow
∆x; ∆z [L] cell size in x and z directions, respectively
a; b; c coefficients in Equation A1
a1; a2 [−] coefficients in Equation A8
a* [−] dimensionless saltwater flux
b* [−] dimensionless stream-aquifer connectivity
Br [L] screen (resistive material or clogging layer) thickness
Cu [−] uniformity coefficient (= d60/d10)
d84; d60; d50; d16; d10 [L] sand diameters at which 84%, 60%, 50%, 16%, and 10% of a sample’s mass is 

comprised of finer particles
dm [L] mean grain size calculated as log log log log /2 2 16 2 50 2 84 3d d d dm    
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ds [L] average thickness of saltwater between the riverbank and at distance xB (=  
sr sB
  /2 )

N
spE d  [−] saltwater normalized degree of penetration

Dm [L2T−1] molecular diffusion
ECf; ECs; ECo [Ω−1L−1] electrical conductivity (EC) of freshwater, saltwater and brackish water, 

respectively
g [LT−2] gravity (= 9.86 m/s2)
hi [L] depth of freshwater in the inlet reservoirs
ho [L] depth of freshwater in the outlet reservoirs
K [LT−1] freshwater hydraulic conductivity of the sand
K′ [LT−1] sand tank’s bulk freshwater hydraulic conductivity
Kc [LT−1] clogging layer (or screen) freshwater hydraulic conductivity
Ks [LT−1] saltwater hydraulic conductivity of the sand
Ksc [LT−1] clogging layer (or screen) saltwater hydraulic conductivity
n [−] total porosity
ne [−] effective porosity
O; ∆O output parameters (i.e., xL, ηsr, and qs) and their changes, respectively
p; ∆p input parameters (i.e., ηr,ηa, Wr, Br, ηsb, xb, ρf, ρs, K, and κ) and their changes, respectively
qs [L

2T−1] steady-state saline groundwater discharge per unit length of river perpendicular to the 
cross-section

Qf [L
3T−1] freshwater flow through the sand tank

Qo [L3T−1] discharge of the brackish water
Qs [L

3T−1] saltwater discharge
S [−] logarithmic sensitivity
Ss [L

−1] specific storage
Sy [−] specific yield
W [L] internal width of the tank perpendicular to the flow
Wr [L] half of the river width
Wsp [L] total wetted perimeter through which saltwater discharges (on both sides of the river)

N
spE W  [−] saltwater normalized wetted perimeter

x [L] horizontal distance from the riverbank
xb [L] horizontal distance between the inlet and outlet reservoirs
xB [L] distance from the riverbank where the D-F assumption is valid
xL [L] freshwater lens extent from the riverbank

LE x  [−] dimensionless lens extent

Data Availability Statement
The FloPy package which consists of a set of Python scripts to run the U.S. Geological Survey (USGS) 
groundwater software SEAWAT (https://water.usgs.gov/software/lists/groundwater/) are freely available 
via https://flopy.readthedocs.io/en/3.3.2/. The data set used in this study are available through https://doi.
org/10.25957/50p8-rs66.
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