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Abstract. Like any other computer model, density-dependent mathematical groundwater 
models must be "verified" to ascertain that they accurately represent the physics implied 
by a governing set of equations. Very few test cases for density-dependent groundwater 
numerical models exist. As such, there is still a need for new and more robust tests of 
these modeling codes. In this paper a numerical model of an idealized evaporating salt 
lake is produced using the two-dimensional density-dependent saturated-unsaturated 
transport (SUTRA) model, the results of which are compared with an equivalent 
laboratory Hele-Shaw cell system developed by Wooding et al. [1997a, b]. Evaporation 
results in dense brine overlying less dense fluid, which is hydrodynamically unstable and 
leads to downward convection of salt fingers or plumes. A comparison of experimental 
and numerical plume growth shows good spatial and temporal agreement. The numerically 
generated plume pattern is sensitive to changes in random noise level applied just below 
the evaporation surface that serves as a trigger for the growth of instabilities. 
Experimental plume patterns were best matched with a noise level corresponding to 1% of 
the total salinity difference between boundary layer and background fluid concentrations 
at saturation. In a second comparison the stream-function-based finite difference model 
described by Wooding et al., [1997a, b] which differs significantly in principle from SUTRA 
is shown, after revision, to give good spatial and temporal agreement with experimental 
results. This test for density-dependent groundwater models appears to be the most 
comprehensive and detailed available to date. 

1. Introduction 

Mathematical groundwater models are widely used as a 
means to evaluate and make predictions about large-scale or 
complex physical processes. Those developing and applying 
generic computer codes or models, as well as those who make 
decisions based on model results, often wish to establish the 
veracity, accuracy, and reliability of the code. As a result, it has 
become commonplace to talk about the "verification" and "val- 
idation" of numerical models. There has been much discussion 

on the question of validation and verification of groundwater 
models at both scientific and philosophical levels. Konikow and 
Bredehoefi [1992] showed that these terms are misleading and 
that in some cases, validation is used interchangeably with 
verification to indicate that a model prediction matches obser- 
vational evidence. Oreskes et al., [1994] argued that the verifi- 
cation and validation of numerical models in natural systems is 
impossible because natural systems are never closed and that 
numerical model results are always nonunique. The demon- 
stration of agreement between observations (laboratory tests, 
in situ tests, and the analysis of natural analogs) and numerical 
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model prediction form part of what Oreskes et al. [1994] term 
"model confirmation" which is a matter of degree and is in- 
herently partial. This is because for any given numerical model 
some predictions will agree with observations and some will 
not. In practice, few (if any) models are entirely refuted or 
confirmed by observational data [Oreskes et al., 1994]. Still, 
given the importance of the many groundwater problems 
which exist today, there has been a lot of interest and effort put 
into developing reliable numerical models, and a critical part 
of this development involves the testing and evaluation of 
computer codes. 

In many groundwater environments, fluid densiV), and vis- 
cosity may vary in space or time as a function of changes in 
concentration, temperature, or pressure in the fluid. Seawater 
intrusion in coastal aquifers [Huyakorn et al., 1987; Souza and 
Voss, 1987], groundwater flow through salt formations in rela- 
tion to high-level radioactive waste disposal [Hassanizadeh and 
Leijnse, 1988], infiltration of leachates from waste disposal sites 
[Frind, 1982], transport of salts due to agricultural practices 
[Mulqueen and Kirkham, 1972], and leakage of salt into an 
underlying groundwater system from salt lakes and saline dis- 
posal basins [Simmons and Narayan, 1997] are just a few ex- 
amples of field-based problems that involve variable fluid 
properties, in particular, variable density. The numerical codes 
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developed to simulate such variable-density processes, for ex- 
ample, saturated-unsaturated transport (SUTRA) [Voss, 
1984], MOCDENSE [Sanford and Konikow, 1985], and 
HST3D [Kipp, 1987] to name just a few, usually employ a set of 
coupled equations which may include nonlinear relations 
among parameters and an interdependence of solutions of the 
individual equations. In comparison to the cases involving ho- 
mogeneous fluid properties, for many complex variable-density 
problems it is difficult to formulate appropriate analytical so- 
lutions that usually provide a basis for testing a numerical 
model. Evaluation of numerical modeling codes typically relies 
on internal consistency tests including mass balance indicators 
and external tests such as comparison with other numerical 
models (benchmarking) and with other observational evidence. 
Variable-density transport models are typically tested by com- 
paring model output with the results of three standard bench- 
marks: (1) the HYDROCOIN level 1, case 5 "salt dome" 
problem [Organisation for Economic Co-operation and Devel- 
opment, 1988], (2) the Henry [1964] approximate analytic so- 
lution for steady state saltwater intrusion, and (3) the Elder 
[1967] problem for complex natural convection where fluid 
flow is driven purely by fluid density differences. Since model 
confirmation is at best only partial, increased trustworthiness 
in a numerical model can only be gained by the repeated 
testing of a code and making some judgement on its relative 
successes and failures. To do this requires a sufficient number 
of well-defined tests whose results are well known. Given the 

importance of variable-density flow and transport processes in 
many field problems, the development of another test case for 
variable-density flow and transport codes would be most valuable. 

The test case we recommend in this paper involves the 
simulation of density-driven fingering phenomena beneath an 
idealized salt lake. These are a common feature of many arid 
and semiarid landscapes throughout the world. The convective 
processes which occur below an evaporating salt lake are mod- 
eled numerically, the results of which are then compared with 
equivalent experimental results presented by Wooding et al., 
[1997b]. They treated convective flow development arising 
from gravitational instability in saline groundwater because of 
surface evaporation at a salt lake. In this paper we use the term 
"convection" to refer to any buoyancy or density-driven flow 
phenomena (sometimes called free convection) and the term 
"advection" to refer to flow driven by pressure or hydraulic 
head gradients (sometimes called forced convection). 

Compared to the currently used benchmarks, the test case 
described here is more complex because it involves a number 
of simultaneously interacting hydrologic processes: evapora- 
tion, recharge, brine accumulation, and ultimately downward 
convective fingering of dense brines that accumulate at the 
evaporating surface (the "dry" salt lake). We assume that the 
lake sediments beneath the salt crust are saturated and that the 

lake surface itself is a "dry" salt crust and not a ponded water 
surface. Evaporation can lead to the development of a dense 
brine that may be stable or unstable. In the unstable case the 
fingering pattern that develops upon convection is very intri- 
cate and detailed, making it an obvious challenge to reproduce 
using any numerical code. This would therefore provide a new 
and more complex case for testing density-dependent numer- 
ical models. 

Two approaches were used in the study of Wooding et al. 
[1997b]: (1) an experiment using a Hele-Shaw cell tilted at a 
small angle to the horizontal to control the value of the Ray- 
leigh number and hence the development and growth rate of 

the unstable front and (2) numerical methods using a finite 
difference package based on vector potential theory [Wooding 
et al., 1997a, b], used particularly for meteorological research. 
Similar approaches have been applied to porous media by 
Elder [1967], Holst and Aziz [1972], Home and O'Sullivan 
[1974], and others. While Wooding et al. [1997b] found quali- 
tative similarities between the experimental and numerical 
flow patterns, there were significant quantitative differences: 
more plumes were generated in the numerical model than in 
the experimental cell and the vertical convective velocity of the 
numerically generated pattern of plumes was nearly double the 
corresponding rate in the tilted Hele-Shaw cell. The need for 
a robust numerical code whose results for both spatial and 
temporal plume development match well with the experimen- 
tal results is obvious. In this study the experimental Hele-Shaw 
cell results obtained by Wooding et al., [1997b] are used for 
comparison with a new numerical study performed using the 
SUTRA model [Voss, 1984]. A revised version of the finite 
difference model of Wooding et al. [1997a, b] is described and 
is then used for comparison with the same Hele-Shaw results 
and also with the SUTRA results. On the basis of these com- 

parisons we recommend a new test case for density-dependent 
groundwater flow and solute transport modeling codes. 

2. Dimensionless Parameters as Indicators 

of Stability 
Salt lake systems are typically characterized by a high- 

density brine which overlies less dense groundwater. If the 
density difference is sufficiently high, an instability forms in 
which lobes of dense fluid move downward from the lake bed, 
counterbalanced by less dense fluid moving upward toward the 
lake bed. In simple free convective systems where mechanical 
dispersion is assumed independent of convective flow velocity, 
the onset of instability is determined by the value of a nondi- 
mensional number called the Rayleigh number Ra [e.g., Wood- 
ing et al., 1997a]. This dimensionless number is the ratio be- 
tween buoyancy-driven fluxes and those caused by diffusion 
and dispersion. Here it is defined by 

ScH g k l3 ( C max -- Cmin) H 
_Ra - -- - 

D r e vo(Do + a TVamb) 

buoyancy/gravitation 
= diffusion/dispersion ' (1) 

where Uc is the convective velocity, H is depth of the porous 
layer, Dr is the transverse dispersion coefficient, Do is the 
molecular diffusivity, # is acceleration due to gravity, k is the 
intrinsic permeability, 13 = p•- •(Op/OC) is the linear expan- 
sion coefficient of fluid density with changing fluid concentra- 
tion, Cmax and Cmin are the maximum and minimum values of 
concentration respectively, e is the aquifer porosity, % = •o/Po 
is the kinematic viscosity of the fluid, a r is the transverse 
dispersivity, and Vamb is the "ambient" horizontal advective 
velocity induced by external head gradients. 

A modified Peclet number Pe* [Simmons and Narayan, 
1997] takes into account the dispersion due to ambient ground- 
water flow and is defined as 

VambCgL 

Pe* = Do + VambaL' (2) 
where, in addition to the previously defined parameters, az• is 
the longitudinal dispersivity. Here the numerator represents 
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the scale of a flow forced by boundary conditions, and Pe* is 
an independent, dimensionless parameter. Clearly, it has dy- 
namical significance. 

A stability criterion for the mixed convection case, where 
both free and forced convection act to control solute transport 
dynamics, was developed by Simmons and Narayan, [1997]. 
The criterion employs both the modified Peclet number Pe* 
and a modified Rayleigh number Ra* which accounts for ve- 
locity-dependent dispersion as follows: 

Ra 
= < 1250 (3) 1 - Pe* - ' 

In the model considered here, the ambient flow is taken to be 

the groundwater upflow into a "dry" evaporating salt lake, with 
scale velocity Vain b. AS discussed by Wooding et al. [1997a], this 
gives rise to a horizontal subsurface boundary layer for which 
the scale of thickness is 

Do + OtLVamb 

• -- Vamb (4a) 
or 

EVAP ORATION 

Le C D INPUT 
-- • 

Figure 1. Geometry of the Hele-Shaw cell used to show 
growth of fingers or plumes from an unstable saline boundary 
layer formed by uniform evaporation along AB. Along CD, 
there is uniform recharge which is at constant pressure. 
Boundaries BC, DE, EF, and FA are assumed impermeable. 
Dashed lines signify streamlines of the base flow calculated 
numerically by Wooding et al. [1997a] assuming uniform inflow 
along CD, as used in the numerical model [from Wooding et al., 
1997b]. 

/5 1 

01L Pe * ' (4b) 

Provided that 8/H is significantly less than unity, an equilib- 
rium boundary layer can develop (if stable) from the diffusion 
layer which grows initially below the saline upper surface. 

However, this layer is potentially unstable under gravity, and 
it is therefore convenient to introduce a boundary layer Ray- 
leigh number based on (4) that is, 

Ra = UcS/Dr, (5) 

which together with (1) provide two dimensionless parameters. 
For the Hele-Shaw cell system modeled in this paper, me- 

chanical dispersion is negligible when compared with molecu- 
lar diffusion. In such cases the modified Peclet number Pe* is 

negligibly small, and the modified Rayleigh number Ra * tends 
to Ra (equation (1)), which reduces to the simplified version 
used by Wooding et al., [1997a] as VambOtT %% D o. Note that, 
while Vam b is small enough to have negligible effect upon the 
total hydrodynamic dispersion, the cumulative effect of the 
upflow gives rise to a saline boundary layer, which can exist 
only if Vain b ) 0. 

For sufficiently high Rayleigh numbers greater than some 
critical R ac, gravity-based instability will occur in the form of 
waves in the boundary layer that develop into fingers or 
plumes. This critical Rayleigh number defines the transition 
between dispersive/diffusive solute transport (at lower Ray- 
leigh numbers) and convective transport by density-driven fin- 
gers (at higher Rayleigh numbers). Instabilities observed in the 
laboratory typically take the form of fingers, first of a very small 
wavelength, which with time become dominated by several 
large fingers [Wooding, 1969; Green and Foster, 1975]. The 
critical wavenumbers for unstable flow were derived theoreti- 

cally by Homsy and Sherwood [1976] and Wooding [1960b]. We 
refer the reader to Homsy [1987] and Saffrnan [1986] for re- 
views on viscous fingering in both porous media and Hele- 
Shaw cells. 

3. "Dry" Salt Lake Model: Hele-Shaw Cell 
Experiment and Numerical Modeling 
3.1. Experimental Hele-Shaw Cell Study 
of Wooding et al. [1997a, b] 

A Hele-Shaw cell is a physical analogue for flow through 
saturated porous media. It consists of two parallel plates sep- 
arated by a small gap spacing b aAe. Dyes or stains can be 
injected into the Hele-Shaw cell to visualize fluid movement 
and resultant hydrodynamic processes. Lamb [1932] has sum- 
marized the theory of a Hele-Shaw cell for a homogeneous 
fluid. Letting the cell slope at an angle 0 to the horizontal, with 
the Y axis directed along the line of greatest slope and the X 
axis horizontal, the average fluid velocity V is given by 

V = -(b•^p/121a,)(O/OX, o/oY)(P + gpY sin 0), (6) 

where #sin0 is the component of gravity in the plane of the cell 
and (bGAp)2/12 is the equivalent permeability of the Hele- 
Shaw cell system. Flow becomes identical to motion in a po- 
rous medium with permeability given by (bGAp)2/12. 

A simplified two-dimensional Hele-Shaw cell model was de- 
vised by Wooding et al. [1997b] to test the feasibility of mod- 
eling salt lakes experimentally in the laboratory. Only cases 
corresponding to evaporation from a dry salt lake were mod- 
eled. Full details of the experimental procedure are given by 
Wooding et al. [1997b]. The key features of the experimental 
method are briefly described here and form the basis of the 
present numerical study. The layout of the Hele-Shaw cell for 
the experimental case is given in Figure 1. The cell was made 
with two transparent perspex (plexiglass) plates spaced a small 
distance b GAP apart, with the spacer material also acting as an 
impermeable boundary. The cell was then tilted at an adjust- 
able angle 0 to the horizontal to provide a gravity component 
#sin0 parallel to the direction AF in the plane of the cell. In the 
numerical model that is described later, a vertical grid system 
was employed. However, to mimic the titled laboratory cell, 
numerical simulations employed a reduced effective gravity 
value of magnitude #sin& 

The length macroscale H is given by the height AF. We used 
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Table 1. Hele-Shaw Cell Experimental and Numerical 
Parameters Used in SUTRA for Ra = 4870 

Model Parameter Value 

Cell depth (H) 
Cell length (L) 
Cell evaporation length (L e) 
Cell plate spacing (b GAP) 
Cell intrinsic permeability (b GAp)2/12 
Porosity (e) 
Inflow fluid density (Pt) at 20øC 
Saturated fluid density (10sat) at 20øC 
Kinematic viscosity (v) 
Diffusion coefficient (Do) for K2SO4 

solution 

Cell angle (0) to the horizontal 
Initial evaporation rate 
Recharge rate 
Cell fluid concentration (Cr) 
Saturated fluid concentration (Csat) 
Fluid dynamic viscosity 
Coefficient of fluid density change 

(0p/0c)* 
Water compressibility 
Longitudinal dispersivity (az•) 
Transverse dispersivity ( 
Acceleration due to gravity (# sin 0) 

7.5 x 10-2m 
1.5 x 10-•m 
0.5 x 10 -1 m 
2.1 x 10-4m 
3.68 x 10 -9 m 2 
1 

1.0646 g cm -3 
1.0814 g cm -3 
1.04 x 10 -6 m 2 s- • 
0.9 X 10 -9 m 2 s -• 

o 
1.03 x 10 -6 m s -• 
1.03 x 10 -6 m s -• 

84,000 mg L -1 
110,000 mg L -• 
1.1 x 10 -3 kg m -• s -• 
780 kg m -3 

4.5 x 10 -•ø Pa -• 
0.9 x 10 -9 m 
0.9 x 10 -9 m 
0.855 m s -2 

*Calculated based on data presented by Weast and Astle [1980]. 

AD = L, AB = CD = L e and therefore BC = L - 2 L e. In 
the laboratory experiment, L e = L/3. FA represents a line of 
symmetry about the lake center, and thus the boundary AB 
represents one half of the evaporating salt lake surface. In the 
experiment, free evaporation was allowed at the edge of the 
cell along the boundary AB, leading to concentration of the 
solute (potassium sulphate (K2SO4)) and the formation of a 
dense boundary layer below the fluid surface. Gravitational 
instability of the boundary layer gave rise to secondary con- 
vection with the formation of waves, later developing into 
fingers or plumes [Wooding et al., 1997b]. Regional groundwa- 
ter recharge to the system is represented by an inflow along 
CD. Segments BC, DE, EF, and FA were taken to be no-flow 
boundaries with EF representing the impermeable aquifer 
base and DE limiting the model extent in the horizontal direc- 
tion. The fluid used in the experiment was 8% K2SO4 by 
weight, and the behavior of the boundary was observed by 
injecting a small quantity of this solution dyed with methylene 
blue into the cell along the evaporating boundary. A summary 
of parameters used in the Hele-Shaw cell laboratory experi- 
ment and numerical model appears in Table 1. 

A comment on hydrodynamic dispersion within a Hele-Shaw 
cell is worthy at this point. In an isotropic porous medium the 
dispersivity tensor D involves three effects, namely, scalar mo- 
lecular diffusivity modified by a tortuosity factor, Taylor dis- 
persion [Taylor, 1953], and the advective dispersal effects aris- 
ing from tortuosity. Dispersion is typically modeled by 
assuming that it is linearly proportional to velocity, with lon- 
gitudinal and transverse dispersivity coefficients aL and at, 
respectively, that have the dimension of length. Usually aL is 
greater than a r by about 1 order of magnitude in isotropic 
media. However, a case with special dispersion properties is 
the Hele-Shaw cell which has no tortuosity. The longitudinal 
principal component of dispersion is calculated by Taylor's 
method as [Wooding, 1960a; Home and Rodriguez, 1983] 

2 1 

D• = Do[1 + 1-• ( )2] 5Pe 
(u)bG• 

= --. (7) Pe Do 
It can be shown that for the approximate convective velocity of 
fingers in the Hele-Shaw cell experiment [Wooding et al., 
1997a] that D• --- D o. As pointed out by Wooding et al., 
[1997a], the transverse dispersion may be taken to be equal to 
the molecular diffusion coefficient. Thus both longitudinal and 
transverse hydrodynamic dispersion within the Hele-Shaw cell 
are in the case under consideration controlled by molecular 
diffusion. Wooding et al. [1997a] also noted that the low Peclet 
number (Pe) of the flow induced by evaporation for the Hele- 
Shaw cell experiment gave conditions similar to those in the- 
ories which ignored hydrodynamic dispersion. Longitudinal 
and transverse dispersion are therefore of comparable magni- 
tude because they are both controlled by molecular diffusion. 
In the present numerical study, dispersivity coefficients a• and 
a r were arbitrarily chosen to ensure that the mechanical dis- 
persion component of total hydrodynamic dispersion in both 
the longitudinal and transverse directions was small in com- 
parison to that of molecular diffusion. 

3.2. Numerical Modeling 
3.2.1. SUTRA model. The saturated-unsaturated trans- 

port (SUTRA) model developed by Voss [1984] is commonly 
used to simulate two-dimensional (2-D) density-dependent 
groundwater flow and solute transport. The model employs a 
2-D finite element approximation of the governing equations 
in space and an implicit finite difference approximation in 
time. SUTRA solves the governing equations of "conservation 
of mass of salt" and "conservation of mass of fluid" and com- 

putes flow velocities using Darcy's law. Details of the governing 
equations employed by the SUTRA model are given in Ap- 
pendix A. The SUTRA model has previously been tested using 
the Elder problem [Voss and Souza, 1987], a standard bench- 
mark for density-dependent flow and solute transport codes. 

3.2.2. Spatial and temporal discretization. The numeri- 
cal method employed by SUTRA is stable and accurate when 
proper spatial and temporal discretization are used. Voss 
[1984] suggests spatial stability will be obtained in most cases 
by choosing A/. < 4a•, where A/. is the local distance be- 
tween sides of an element measured in the direction parallel to 
local flow and a• is the longitudinal dispersivity. Temporal 
discretization may involve variable time steps that become 
significantly larger as the system response slows. 

An interesting point is that numerical errors in solute trans- 
port codes may serve as a perturbing function and lead to the 
development of instabilities in a variable-density flow system. 
In numerical model simulations such instabilities may not be 
realistic and are usually uncontrollable. Furthermore, coarse 
discretization can lead to significant numerical errors and nu- 
merical dispersion that can alter the shape and growth of 
developing fingers once they are generated. To overcome 
problems associated with uncontrolled numerical perturba- 
tions to flow and numerical dispersion effects, it is necessary to 
use fine spatial and temporal discretization in the numerical 
model. A fine mesh is required to accurately depict the devel- 
opment of convective instabilities. 

Although the importance of proper spatial and temporal 
discretization and numerical dispersion in other groundwater 
flow and solute transport modeling studies is commonly rec- 
ognized and appreciated, their importance for the simulation 
of unstable convective phenomena in porous media can be 
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even more paramount for the reasons described above. Old- 
enburg and Pruess [1995] performed a grid resolution study that 
revealed the importance of spatial discretization on computed 
results for the classic Elder [1967] problem of free convection. 
They noted that the number of convection cells and the points 
of upwelling and downwelling depended upon the choice of 
discretization. With two finer discretizations, Oldenburg and 
Pruess [1995] found that the full flow field of the Elder problem 
had four cells with a central upwelling rather than downwelling 
as opposed to two cells with a central downwelling seen in their 
numerical results obtained using a coarser discretization. They 
noted that the results of their high-resolution grid agreed very 
well with the photos of the actual experiments presented by 
Elder [1967] in terms of the number of convection cells and the 
direction of circulation. They also correctly noted that Elder's 
experimental results showed the equivalent of upflow in the 
center in disagreement with his calculations and others ob- 
tained using low-resolution spatial discretization [Oldenburg 
and Pruess, 1995; Voss and Souza, 1987; Kolditz et al., 1998]. It 
is interesting that Kolditz et al., [1998] also found that the 
number of convection cells was doubled for fine mesh calcu- 

lations of the Elder problem and that there was a central 
upward flow when a finer mesh was employed. Their results 
were obtained using another numerical simulator and are in 
very good agreement with those given by Oldenburg and Pruess 
[1995]. The interesting yet obvious point here is that even for 
a commonly used and classic benchmark such as the Elder 
problem, a match between the results of several different codes 
or with the actual experimental results presented by Elder 
[1967] relies heavily on an appropriate choice of numerical 
discretization. 

The fine meshes required for stable and accurate numerical 
simulation mean computing time can become an important 
issue and one that promoted the use of nonuniform meshes in 
this study. A nonuniform mesh generation package was devel- 
oped for the numerical model [Buia et al., 1994]. This allowed 
for versatile, nonuniform, and complex mesh designs often 
needed for effective simulation of unstable plume develop- 
ment. Importantly, it allowed for very refined mesh detail in 
the boundary layer below the dry salt lake where instabilities 
manifested in the form of lobe-shaped protrusions. 

A nonuniform mesh with finer discretization below the evap- 
orating boundary condition AB was generated. This mesh con- 
tained 4876 nodes and 4725 elements and was discretized such 

that if (x, y) = (0, 0) is taken to be the bottom left-hand 
corner of the model, •kx - 0.8 mm for 0 < x < 60 mm, •kx -- 
3mmfor60mm<x< 150mm, Ay = 2.5mmfor0<y< 
50 mm, and Ay -- 1 mm for 50 mm < y < 75 mm. In this 
modeling exercise, all transient simulations were run with 400 
time steps. The time step size was held constant at 60 s inter- 
vals throughout the entire simulation. This gave a numerical 
model simulation time that was slightly longer than the 6 hour 
Hele-Shaw cell experiment conducted in the laboratory. This 
temporal and spatial discretization enabled numerically stable 
results to be obtained. 

Comparing results from the nonuniform mesh with two 
other uniformly discretized meshes then tested the numerical 
accuracy of the solution. These provided a test for the sensi- 
tivity of finger geometry and the sensitivity of their temporal 
growth to the numerical mesh. Both meshes were uniformly 
discretized. The first mesh contained 1326 nodes and 1250 

elements with 25 elements in the vertical direction (Ay - 3 
mm) and 50 elements in the horizontal direction (Ax - 3 

mm). In comparison, the second mesh was twice as fine in both 
directions. It contained 5151 nodes and 5000 elements with 50 

elements in the vertical direction (Ay = 1.5 mm) and 100 
elements in the horizontal direction (Ax = 1.5 mm). Contour 
plots for the resultant concentration fields revealed that the 
coarse mesh with 1250 elements and 1326 nodes gave inaccu- 
rate results when compared to the finer uniform mesh (5151 
nodes and 5000 elements) and the nonuniform mesh (4876 
nodes and 4725 elements). In addition, we examined the ver- 
tical salt fluxes into the flow domain across the constant con- 

centration boundary throughout the simulation period and 
noted that fluxes were comparable for the two finer meshes but 
were significantly different for the coarser grid. Salt fluxes and 
other mass balance indicators suggested that advective and 
convective mass transfer rates had converged in the models 
employing finer discretization but clearly had not in the coarser 
mesh. We therefore chose to work with the previously de- 
scribed nonuniform mesh because it had finest grid resolution 
in both the vertical and horizontal directions immediately be- 
neath the concentration boundary representing the salt lake 
and provided adequate estimates of advective and convective 
salt transfer rates across it. 

3.2.3. Numerical perturbations. In the field, instabilities 
are triggered by preferential flow paths set up by pore scale and 
regional scale heterogeneities. In the Hele-Shaw cell experi- 
ment, instabilities are triggered by small perturbations to flow 
caused by nonuniform evaporative deposition and small irreg- 
ularities in cell plate spacing. This leads to a salinity and flow 
field perturbation in close proximity to and along the entire 
evaporating surface. 

It is inappropriate to just rely on numerical errors within a 
model to create perturbations because they may occur by 
themselves and are uncontrollable as the location and magni- 
tude of the error may vary with time. Small changes to disper- 
sion parameters, time step sizes, or spatial discretization 
throughout a series of simulations can cause different instabil- 
ities to form. 

In order to generate unstable flow and induce perturbations 
in a controllable way, random noise of zero mean was applied 
to the specified concentration boundary nodes representing 
the salt lake for the entire duration of the simulation. Numer- 

ical experiments performed without this perturbation to the 
concentration boundary did not reveal the same fingering pat- 
terns seen in the experiments. Instead, only two large fingers, 
which developed at the edges of the evaporating surface, were 
observed in the SUTRA results. They were similar to the two 
larger fingers seen in the numerical results presented in this 
study. These fingers are caused by edge effects initiated by the 
high horizontal density gradient at the leading edge of the 
boundary layer that constituted a strong finite amplitude per- 
turbation [Wooding et al., 1997a]. For reasons described pre- 
viously, numerical perturbations and dispersion within the flow 
domain were minimized by the fine discretization employed, 
and thus numerical truncation and round-off errors generated 
within the code were not of sufficient magnitude to perturb the 
remaining boundary layer. 

The BCTIME (time-dependent boundary conditions) sub- 
routine in SUTRA was programmed to allow time-dependent 
concentration nodes to represent the salt lake. In the labora- 
tory, saturation levels at the surface of the Hele-Shaw cell are 
reached in relatively short timescales when compared to the 
overall duration of the experiment. For this reason a perturbed 
concentration boundary with mean Csa t was used. A perturba- 



3612 SIMMONS ET AL.: TEST CASE FOR DENSITY-DEPENDENT GROUNDWATER FLOW 

tion around this mean concentration was introduced. The am- 

plitude of the perturbation was taken to be 0.5% of the total 
salinity difference at saturation, that is, 0.5% of 26,000 mg L-•. 
For each node representing the evaporating salt lake and for 
each time step within the simulation, a random concentration 
C(t) was applied using the following expression for concen- 
tration within the source code: 

C(t) = Csa t -[- 1/100(Csat-Co)*(rand(O)-0.5) mg L -1 (8) 

t_>O, 

where rand (0) returns a real random number between 0.0 and 
1.0 and other parameters are defined in Table 1. The highest 
frequency that could be introduced and resolved was related to 
the horizontal discretization, requiring sufficiently fine element 
sizes in the numerical model. 

Perturbations of varying amplitude were also applied to the 
boundary conditions in the study of Wooding et al. [1997a]. 
They noted that artificially applied noise is a significant param- 
eter in the triggering of unstable flows with varying base flows 
and that a porous medium contains heterogeneities which, in a 
regional flow, can generate velocity "noise" with amplitude 
proportional to flow rate. It should be noted that the pertur- 
bations employed in this study and also that of Wooding et al. 
[1997a] are very small in comparison to the density difference 
between the salt lake and the background fluid. Small wavelets 
are set up across the entire boundary at early simulation times. 
With a small-amplitude random element in the top concentra- 
tion boundary condition some very minor differences may be 
observed in the boundary layer behavior at early times. How- 
ever, the large-scale convective development appeared almost 
identical in all runs performed using the SUTRA code. A 
detailed discussion on the influence of numerical perturbations 
is given in section 4.2.3. 

4. Results and Discussion 

4.1. Results of the SUTRA Model 

To illustrate the nature of longer-term flows and to compare 
experimental and numerical results, a detailed example has 
been used. Figures 2a-2h illustrate the developmental stages of 
the convection pattern in the Hele-Shaw cell for Ra = 4870 
[from Wooding et al., 1997b]. Time was made dimensionless 
using T = Uct/H with the respective values defined in Table 1. 
In the laboratory experiment, one unit of dimensionless time T 
was equivalent to about 21.4 min. In Figure 2 the experimental 
dye marker was not an indicator of salinity. Advection driven 
by recharge and discharge across the cell partially removed the 
marker, and density-dependent convective effects at later 
times tended to appear optically reversed, for example, light 
fingers or plumes on darker backgrounds. The reason for this 
can be explained as follows: In the experiments the dye is 
deposited at the surface as an initial condition; after that, no 
further dye is supplied, and the dye is advected away by the 
convective flow induced by the salt. By contrast, the salt in the 
surface boundary layer is being replenished continuously with 
salt arriving in the background flow that evaporates at the 
surface. At later times the dye has gone, and only salt remains, 
but it is not all the same salt that was present at the beginning 
of the convection process. 

The experimental results show that this system is inherently 
unstable with fingers of dense saline fluid sinking into the 
Hele-Shaw cell under gravitational influence. Wooding et al., 

[1997b] noted the following observations from their experi- 
ment. At early dimensionless times T many small plumes or 
fingers had grown from the evaporating boundary layer. These 
plumes descended under gravity and tended to coalesce to 
form larger-scale fingers. Differential growth and coalescence 
as seen in the Hele-Shaw cell results of Figure 2 are plausible 
mechanisms which allow for the growth of millimeter- or cen- 
timeter-scale wavelengths, corresponding to wavelengths of 
meters or tens of meters or more which might be possible in 
nature. These larger plumes tended to maintain their identity 
during growth. By T = 15.99 the leading plume had encoun- 
tered the lower impermeable boundary and had begun to spread. 

It is also evident from Figure 2 that the character of the flow 
near the evaporation surface changed with time. The back- 
ground ambient flow induced by the constant pressure re- 
charge and subsequent evaporation caused a general trend at 
the boundary whereby the attachment points of the original 
plumes tended to be displaced toward the left impermeable 
boundary. The space left behind was occupied by smaller 
plumes (seen as distinct clear regions as the tracer had been 
displaced) which appeared to originate close to the right-hand 
margin of the evaporation boundary. Most smaller plumes 
were entrained into the large leading plume and appeared as a 
sequence of lighter colored fingers descending within the 
larger plume. 

It is important to define the boundary between the region of 
large original fingers and the zone of smaller fingers to the 
right, as it helps to indicate the location of a streamline sepa- 
rating the original inflowing fluid from a recirculating flow 
started by the larger descending fingers, which corresponds to 
the Henry [1964] circulation. This is the largest eddy shown by 
streamlines in Figure 4 of Wooding et al., [1997b]. It is a stable 
development within the unstable convective environment and 
grows to a finite size. The fingering pattern is very intricate and 
detailed. The accurate modeling of subtle features of the con- 
vective flow such as those described in these two paragraphs 
can provide very stringent tests for numerical simulators. 

Figures 3a-3h provide the equivalent developing convection 
pattern obtained numerically using the SUTRA model. Con- 
tours represent isochlors, and the contour interval is 2000 mg 
L -•. The criteria for comparing the results of the numerical 
model with those obtained using the experimental Hele-Shaw 
cell are (1) a qualitative comparison of the spatial distribution 
of fingers and their coalescence with time, (2) an examination 
of the effect of background advection on the movement of the 
finger sequence to the left of the cell, (3) a comparison be- 
tween numerical and laboratory results for the vertical growth 
rates of fingers as they move downward within the Hele-Shaw 
cell, and (4) an assessment of whether the numerical model 
captures the entrainment of smaller fingers by the larger lead- 
ing plume that originates at the boundary of the salt lake as 
observed in the experiments. 

A comparison of the successive stages in the two model sets 
can now be made and provides an important means for testing 
the numerical model. It can be seen that the corresponding 
plume developments are in good agreement both spatially and 
temporally. The spatial convective scales in the experiment 
appear to be well matched by the SUTRA model. It is partic- 
ularly encouraging to note that the boundary between the large 
descending fingers and the smaller "pursuing" fingers below 
the evaporation surface moves to the left with time pretty 
much as in the experimental sequence. Also, descending 
plumes within the leading plume have been modeled ade- 
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Figure 2. Developmental stages of unstable plume behavior in Hele-Shaw cell laboratory experiment. The 
effective Rayleigh number for this system is Ra = 4870. (a-h) Elapsed times given in dimensionless times 
are T = 2.02, 4.03, 8.00, 10.01, 12.02, 13.98, 15.99, and 18.00, measured from a virtual starting time 
of 12 hours and 15 min (the actual experimental starting time was 11 hours and 32 min). One unit in 
dimensionless time is equivalent to 21.4 min real time [from Wooding et al., 1997b]. 

quately. SUTRA appears to match the fingering pattern ob- 
served in the laboratory experiment quite well, and, most im- 
portantly, it also produces an excellent match for the temporal 
growth of fingers as they move vertically downward into the cell. 

Figure 4 shows average horizontal wavelength )t versus time 
at the surface of the model. The horizontal wavelength is 
calculated by dividing the length of the evaporating surface by 
the number of fingers at the surface at any given time. It is 
evident that as time progresses, pairs of fingers begin to com- 
bine together by drifting laterally and diffusing together. The 

process is further enhanced by the tendency of the fingers to 
flow underneath each other. An increase in mean horizontal 

wavelength is observed with time, and fingers strengthen by the 
process of coalescence. The process of growth and coalescence 
is also clear in both Figures 2 and 3. The dominant fingers tend 
to grow by capture of the smaller fingers. These large fingers 
moved to the bottom of the cell while at the same time moving 
toward the left vertical boundary AF as given in Figure 3. 
Upon reaching the bottom of the Hele-Shaw cell, the dense 
fluids move against the background flow toward the right ver- 
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Figure 3. Developmental stages of unstable plumes in the saturated-unsaturated transport (SUTRA) 
model. Contours represent the concentration of the plumes. Contour interval is 2000 mg L -•. The effective 
Rayleigh number for this system is Ra = 4870. (a-h) Elapsed times given in dimensionless times are T - 
2.01, 4.02, 8.03, 10.05, 12.06, 14.06, 16.07, and 18.08, measured from start of numerical simulation. One 
unit in dimensionless times is equivalent to 21.4 min real time. 

tical boundary DE. Figure 5 shows how mean horizontal wave- 
length varies with depth in the Hele-Shaw cell at a time of 2 
hours. Figure 5 also illustrates the coalescence process. 

It is interesting to examine the relationship between insta- 

bilities that form and the nature of the applied perturbation. 
Work by List [1965] provides some preliminary insight. Of 
particular importance is the wavelength of the disturbance. 
The perturbations at the interface may be represented by the 
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superposition of spatially oscillatory terms. List's [1965] theo- 
retical analysis showed that some wavelengths may become 
unstable, while others will remain stable. Perturbations with 
some wavelength greater than a "critical wavelength" will 
grow, while perturbations with a smaller wavelength will decay. 
Horizontal dispersion will tend to enhance the stability of the 
plume development. For sufficiently short perturbation wave- 
lengths below some critical wavelength, dispersion smooths out 
and eliminates fingers before they grow. List [1965] and this 
study to some extent show that weakly dispersive systems will 
enhance the development of instabilities. The interdependence 
between the development and growth of instabilities and the 
dispersivity of a system may be a critical observation in that the 
numerical schemes employed by a model and in particular the 
nature of the numerical dispersion associated with that scheme 
must therefore affect the resultant plume patterns. Numerical 
instabilities alone may manifest themselves into what appear as 
physically realistic instabilities whose spatial and temporal dis- 
tributions may be considerably different from those physically 
observed in the laboratory experiment. 

4.2. Numerical Model of Wooding et al., [1997a, b] 

It is interesting to note the significant differences between 
the temporal development of fingers in this modeling study and 
those of Wooding et al., [1997b]. Quite complex flow patterns 
developed in each model, involving saline plumes descending 
from the evaporation layer into the simulated porous layer or 
aquifer. The experimental and numerical flow patterns of 
Wooding et al., [1997b] were in reasonably good qualitative 
agreement, but there were significant quantitative differences 
in that three predominant plumes developed instead of one or 
two, and the rate of development of the numerically generated 
pattern of plumes was nearly double the corresponding rate 
observed in the Hele-Shaw cell. Wooding et al., [1997b] com- 
pared this with another piece of experimental evidence. The 
measured rate of a source-generated advancing plume front in 
a tilted Hele-Shaw cell was about 0.33 times the axial flow rate 

on the stem of the plume just behind the front, calculated from 
the measured source strength [Wooding, 1963], which ap- 
peared to be a rather low value. On the basis of these consid- 
erations it was suggested that convection in a Hele-Shaw cell 
slightly tilted from the horizontal might show departures from 
the convection pattern in a two-dimensional porous medium, 
perhaps arising from the three-dimensional nature of Hele- 
Shaw flow. However, this effect was not seen in the numerical 
modeling study using SUTRA, where the calculated rate of 
plume growth was well matched to the experiment. From its 
performance, there is no apparent reason to doubt the reli- 
ability of SUTRA in this application, so that the uncertainties 
about the reliability of the experiment appear to have been 
resolved. 
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Figure 4. Calculated values of average horizontal wave- 
length X (centimeters) versus time (hours) at the surface of the 
numerical model. 
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Figure 5. Calculated values of average horizontal wave- 
length X (centimeters) versus depth (centimeters) at a time of 
2 hours in the numerical model. 

4.2.1. Discussion of the vector potential model. It re- 
mains to consider the problem raised by the numerical results 
obtained by Wooding et al. [1997b]. The experiment discussed 
in this paper provides a valuable test case. The present study is 
directed at the most obvious discrepancies: the disagreement 
in the growth rate and number of the developing plumes. 

The two-dimensional numerical program developed by 
Wooding et al., [1997a] includes two principal independent 
parameters, the "aquifer" Rayleigh number Ra (equation (1)) 
and the boundary layer Rayleigh number R • (equation (5)). 
For comparison, these will be equated to the experimental 
values: Ra = 4870 and R• = 56.8. The parameters charac- 
terize independent aspects of the developing natural convec- 
tion, which is a purely rotational flow in the case of the given 
boundary conditions. A simplified version of the three- 
dimensional equation of salt transport [Wooding et al. 1997a, 
equation (10)], involving only convection, may be written as 

OC 1 

O• + U. VC = •aa v2C' (9) 

where the velocity U = V x • = curl ß and the vector 
potential ß is defined to reduce to a stream function ½ in the 
two-dimensional case. Within (9) the ratios between the time 
derivative term, the advection terms, and the diffusion- 
dispersion terms are fixed, since Ra is given. As Ra is very 
large in the experimental case, advection is dominant. An ap- 
parent finger velocity of nearly double the experimental value 
suggests that the contribution of the advection terms is too 
large by a factor of about 2. An error could have been intro- 
duced when creating computer code from the classical formu- 
lae of Arakawa [1966] for the second- and/or fourth-order 
finite difference approximations representing the advection 
terms. However, this code has been tested and checked against 
other results, including a comparison with the formulae stated 
by Home [1975, Appendix A]. Thus the source of the problem 
is not clear, but a simple remedy appears to be straightforward. 

4.2.2. Results of the revised numerical model. Figure 6 
shows the plume development in the left-hand half of the flow 
field after halving the coefficient of the advection terms in the 
numerical model. The growth rate of the plumes is close to the 
experimental rate, and the number and shape of the plumes 
are in quite good agreement with the experiment and with the 
SUTRA results. For these numerical calculations a uniform 
mesh of 256 x 128 elements was used (corresponding to mesh 
1 of Wooding et al., [1997a, b]), and all parameter values were 
as described. A Gaussian random noise level of 0.01 (1%) was 
applied to the mesh points one mesh width below the evapo- 
ration surface. One difference is that the developed main 
plume in Figure 6 has slightly less deflection by anticlockwise 
rotation than that evident in Figures 2 and 3 for the experiment 
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Figure 6. Developmental stages of unstable plumes in the modified solute transport model based on the 
numerical model of Wooding et al. [1997a, b], using dimensionless quantities throughout. Contours represent 
dimensionless concentration steps of 0.1 in a unit total range. The effective Rayleigh numbers for this system 
are Ra = 4870 and R• = 56.8. (a-h)Elapsed times given in dimensionless times are T = 2, 4, 8, 10, 12, 
14, 16, and 18, measured from start of numerical simulation. One unit in dimensionless time is equivalent to 
21.4 min real time. 

and SUTRA model, respectively. This may arise from a differ- 
ence in the inflow conditions; a constant pressure boundary 
condition was employed in the experiment and in the SUTRA 
model, but Wooding et al. [1997a, b] assumed a uniformly 
distributed inflow. 

With the modified form of the numerical model an inter- 

pretation can be made of the numerical results obtained by 
Wooding et al., [1997a, b]. The ratio of the advection terms to 
the diffusion-dispersion terms is preserved if the Rayleigh 
number Ra is doubled. The timescale is halved, so that the 
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dimensionless times T appear to be doubled relative to the 
values given in Figure 2 of Wooding et al., [1997b]. Figure 7 
shows a single frame at time T = 10 obtained with the mod- 
ified numerical model, taking Ra = 9740 (equal to 4870 x 2) 
and R a = 56.8 (as before). This shows clearly the appearance 
of three plumes, corresponding to the three plumes in Figure 
2d of Wooding et al., [1997b]. In general, the numerical results 
given in the papers by Wooding et al. [1997a, b] correspond to 
models with aquifer Rayleigh numbers Ra having double the 
numerical values given. 

4.2.3. Influence of numerical perturbations. The nature 
and sources of numerical perturbations ("noise") have been 
discussed in section 3.2.3. In the case being considered here, a 
major source exists at the edge of the evaporation zone, cor- 
responding to the margin of a salt lake. This also holds for the 
Hele-Shaw cell. The perturbation at the margin arises because 
it is a singularity, its representation involving numerical ap- 
proximation which improves with time as the flow becomes 
established. For the postulated noise along the evaporation 
surface, some control may be exerted. In this example, Gauss- 
ian random perturbations are applied to the concentration at 
the mesh nodes located one mesh width below the surface. 

This is intended to be an approximation to white noise. How- 
ever, the spatial spectrum and the power density will depend 
upon the spacing of nodes along the horizontal surface. Al- 
though this topic is not discussed further here, it is noted that 
Wooding et al., [1997a, b] adopted a mean noise amplitude of 
0.01 (1%) with mesh 1 and 0.005 (0.5%) with mesh 2 (512 x 
256 mesh elements). 

An additional factor in this model is that the hydrodynamical 
system is initially stable but becomes unstable with time. A 
strong noise signal would be likely to disturb the stable state at 
an earlier time than would weaker noise signals. Because the 
boundary layer thickness increases with time, the instabilities 
which first appear because of strong perturbations are likely to 
be smaller in spatial scale than the instabilities which first 
appear in the case of weaker perturbations. 

Figures 8a-8e illustrate a few of the variations in plume 
development which occur with variations in random noise level 
along the evaporation surface. These have developed in the 
model at a given elapsed time, T = 18, using the parameters 
of Figure 6. All five cases exhibit certain common features. The 
evaporation margin triggers a train of strong growing eddies, 
most of which are entrained into a dominant plume that has 
traversed the depth of the aquifer. The strength of the plume 
at this given time appears to be little affected by the presence 
of surface noise, except to increase slightly as the applied noise 
level along the surface increases. However, this effect may be 
due to the advance in time (with increasing noise level) at 
which the dominant plume begins to grow. 

A number of subsidiary plumes of a more variable nature 
also appear. Their behavior is related to the presence of the 
impermeable vertical boundary at the left side, which may be 
regarded as a line of symmetry in a wider flow. As noted in 
section 3.2.3, the spacing of these plumes may be influenced by 
the thickness of the boundary layer when instability is initiated 
and therefore depends upon the noise level. A plume tends to 
form at the boundary at the relatively low noise levels of 
Figures 8a and 8b, and this is shown very clearly by the SUTRA 
results in Figure 3. At the higher noise levels of Figures 8c and 
8e the horizontal scale of spacing is reduced, and an additional 
plume appears. However, in Figure 8d, which corresponds to 
Figure 6h, there may be a "spatial resonance" involving the 

Figure 7. Single frame showing three unstable plumes at di- 
mensionless elapsed time T = 10 in the modified solute trans- 
port model (from Figure 6), using effective Rayleigh numbers 
Ra = 9740 and Rs = 56.8. One unit in dimensionless time 
is equivalent to 10.7 min real time. 

boundary position relative to the plume system, simulating by 
reflection a plume pair separated by the characteristic horizon- 
tal spacing. It is accompanied by a weak maximum in the 
density of the left-hand plume in Figure 8d. This aspect of the 
plume geometry, which appears in Figures 6d-6h, closely re- 
sembles the experiment in Figures 2d-2h. 

The three frames of Figures 8c-8e indicate changes that 
occur over a very small change in noise level, from 0.98% to 
1.02%. Hence the simulated noise level which matches the 

experiment most closely can be specified quite accurately. 
However, this does not provide a complete description of the 
spatially distributed noise which may occur experimentally or 
in the field. 

5. Summary and Conclusion 
To successfully simulate variable-density fluid movement, a 

modeling code must be tested to check that it accurately rep- 
resents the physics implied by the governing set of equations. A 
simulator must accurately represent the bulk flows driven by 
the buoyancy forces that arise in variable-density fluids. This 
usually involves comparison with three standard benchmarks: 
(1) the HYDROCOIN level 1, case 5 "salt dome" problem, (2) 
the Henry [1964] approximate analytic solution for steady state 
saltwater intrusion, and (3) the Elder [1967] problem for com- 
plex natural convection where fluid flow is driven purely by 
fluid density differences. Since model confirmation is at best 
only partial, increased trustworthiness in a numerical model 
can only be gained by repeated testing of a code and making 
some judgement on its relative successes and failures. This 
requires the development of new test cases for density- 
dependent groundwater models that test the ability of the code 
to accurately solve complex physical systems under widely vary- 
ing scenarios. For this reason a new model test case has been 
developed in this paper. 

A Hele-Shaw cell laboratory apparatus set up to depict free 
convection below an evaporating dry salt lake [Wooding et al., 
1997b] was modeled using the numerical code SUTRA. The 
complex problem involves evaporation, recharge, brine accu- 
mulation, and ultimately downward convective fingering of the 
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Figure 8. Five frames showing unstable plumes at the single 
dimensionless elapsed time T - 18 in the modified solute 
transport model with parameters as in Figure 6. (a-e) Random 
noise levels are 0.00, 0.50, 0.98, 1.00, and 1.02% in terms of 
total concentration range. 

dense brines that accumulate at the evaporating surface (the 
"dry" salt lake). The highly unstable physical processes in the 
salt lake problem make it an inherently more complex test case 
than either of those presented by Henry [1964] and Elder [1967]. 
The fingering pattern that develops upon convection is very 
intricate and detailed compared to previous benchmark tests, 
making it an obvious challenge to reproduce using any numer- 
ical model. This test case therefore provides a new and more 
robust method for testing a density-dependent numerical model. 

Wooding et al., [1997b] used the salt lake system depicted in 
the Hele-Shaw cell to test an equivalent finite difference model 
based on a flow field described in terms of a stream function in 

the two-dimensional case, and the numerical method differs 
significantly in principle from SUTRA. While the experimental 
and numerical flow patterns showed qualitative similarities, the 
numerical scheme generated about twice as many plumes as 
appeared in the Hele-Shaw cell, and the rate of development 
of the numerically generated pattern of plumes was nearly 
double the corresponding experimental rate. This departure 
was not observed in the SUTRA simulations, where the com- 
parison of plume growth in the experimental Hele-Shaw cell 
and the numerical model showed plume characteristics to be 
well matched both spatially and temporally. This study further 
confirmed the usefulness of the conventional solute transport 
model SUTRA in its ability to simulate detailed convective 
instability phenomena. The process of differential growth and 
coalescence has clearly been demonstrated in both the labora- 
tory and numerical modeling approaches. 

A subsequent revision of the stream-function-based finite 
difference model developed by Wooding et al. [1997a, b] shows 
good agreement with both the experiment and with SUTRA. It 
is found also that the numerical results obtained by Wooding et 
al., [1997a, b] would apply correctly to a situation in which the 
"aquifer" Rayleigh number Ra was doubled, while the time 
scale was halved. Therefore the numerical example given by 
Wooding et al. [1997b] could not relate to the results involving 
the correct value of Ra given by either the experiment or SUTRA. 

In this work a small-amplitude numerical perturbation was 
required to mimic laboratory-scale heterogeneities that trigger 
instabilities in the experiment. Since random noise applied just 
below the evaporation surface serves as a trigger for the growth 
of instabilities, the plume pattern is sensitive to changes in 
noise level. Tests using the modified numerical model showed 
'that the experimental plume pattern was best matched with a 
noise level of 1%. At levels of 0.5% and lower, the pattern 
better matched that illustrated for SUTRA (Figure 3), where a 
noise level of 0.5% was used. 

In summary, this paper recommends a new test case for 
variable-density groundwater flow and solute transport numer- 
ical models. After a small but significant modification of one 
model, the two codes tested here are both in good agreement 
with laboratory experiment. The accurate modeling of subtle 
features of a convective flow regime such as those described in 
this paper can provide a very stringent test for numerical sim- 
ulators. A very useful step for further work would be to com- 
pare the performance of other numerical codes in simulating 
the "salt lake problem" and to provide a detailed explanation 
for any inherent differences and/or similarities in flow patterns 
observed between the numerical models. With this under- 

standing it is possible that the "salt lake problem" described in 
this paper could become a very powerful new benchmark for 
testing and evaluating variable-density flow and solute trans- 
port codes. 
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Appendix: SUTRA [Voss, 1984] Governing Flow 
and Transport Equations 

The governing equations of flow and transport used by the 
SUTRA model are briefly presented below. 

A1. Mass Conservation 

The fluid mass balance equation is 

O(p) 
= -V. (epV) + •p, (A1) dt 

where e(x, y, t) is a dimensionless porosity, p(x, y, t) is the 
fluid density, V(x, y, t) is average fluid velocity, •p (x, y, t) is 
a fluid mass source, x and y are spatial coordinates, t is time, 
and V is the divergence operator. It is assumed that density is 
a linear function of concentration: 

Op 
p = P0 + •-• (C - C0), (A2) 

where Po is the fluid density at a base concentration Co and 
0 p/OC is a constant coefficient of density variability. 

With variable fluid density the fluid flow equation is ex- 
pressed in terms of the pressure variable since the potential 
head function does not exist. The pressure gradient form of 
Darcy's law is 

V = - ß (Vp - pg), (A3) 

where p(x, y, t) is the fluid pressure, g is the gravity vector,/x 
is fluid dynamic viscosity, and k(x, y) is the intrinsic perme- 
ability tensor. 

A2. Salt Conservation 

For a single species stored in solution, the solute mass bal- 
ance equation may be expressed as 

O(•pC) 
0• = -V' (epVC) + V' [ep(DoI + D)' VC] + QeC*, 

(A4) 

where D o is the apparent molecular diffusivity in a porous 
medium of solutes in solution, I is the dimensionless identity 
tensor, and C* is the concentration of fluid sources expressed 
as a mass fraction. Bear [1979] has formulated the components 
of the mechanical dispersion tensor D to account for both 
transverse and longitudinal dispersivities. 

Notation 

bcAp gap separation between plates of a 
Hele-Shaw cell model (L). 

C fluid concentration expressed as a mass 
fraction (M M- 1). 

Co base reference concentration expressed 
as a mass fraction (M M-1). 

Csa t saturation concentration (M L -3 or M 

Cm•x, Cmin maximum and minimum values of 
concentration, respectively, expressed as 
solute weight relative to weight of 
solution (M M- 1). 

C* concentration of fluid sources expressed 
as a mass fraction (M M-1). 

Do molecular diffusivity (L2 T- 1). 
D T transverse dispersion coefficient (L 2 T-l). 
DL longitudinal dispersion coefficient 

(L 2 T-l). 
D dispersion tensor (L2 T- 1). 
# acceleration due to gravity (L T-2). 

H depth of the porous layer or model 
domain (L). 

I identity tensor (dimensionless). 
k intrinsic permeability (L2). 
L aquifer length or length of the model 

domain (L). 
L e length of the evaporating surface in 

Hele-Shaw cell (L). 
p fluid pressure (M(L r 2)- 1). 

Pe* modified Peclet number (dimensionless). 
Pe Peclet number for Hele-Shaw cell 

(dimensionless). 
Qp fluid mass source (M(L3T)- 1). 
Ra Rayleigh number of solutes 

(dimensionless). 
Ra* modified Rayleigh number related to 

both Ra and Pe* (dimensionless). 
Rac critical Rayleigh number of solutes 

(dimensionless). 
Ra Rayleigh number based on the boundary 

layer thickness (dimensionless). 
rand (0) returns a real random number between 

0.0 and 1.0. 

t time (r). 
T dimensionless time, equal to Uct/H 

(dimensionless). 
U three-dimensional velocity vector 

(dimensionless). 
Uc convective velocity (L T-1). 
(u) local mean velocity parallel to the plates 

(L 
V average fluid velocity (L T- 

Vamb horizontal ambient velocity (L T- 1). 
x, y, and z spatial coordinates (L). 

X, Y, and Z axes names in a Cartesian coordinate 
system. 

a dispersivity of the medium (L). 
aL longitudinal dispersivity of the porous 

medium (L). 
ar transverse dispersivity of the porous 

medium (L). 
• = p•-l(Op/OC) coefficient of density variability 

(dimensionless). 
/5 thickness of the saline boundary layer (L). 

AC concentration difference usually between 
Cm•x and Cmin (M M-l). 

A L distance between sides of an element 
measured in direction parallel to local 
flow (L). 

A p density contrast between the saline 
disposal basin and underlying 
groundwater (M L-3). 

Ax horizontal length of a finite element or 
cell (L). 

Ay vertical length of a finite element or cell 
(L). 

e porosity (dimensionless). 
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X wavelength of a perturbation or set of 
fingers (L). 

/x fluid dynamic viscosity (M(L T)- •). 
0 slope angle of the Hele-Shaw cell to the 

horizontal plane (degrees). 
xt t 3-D vector potential (dimensionless). 
• scalar stream function in two dimensions 

(dimensionless). 
p fluid density (M L-3). 

Po fluid density (M L -3) at base 
concentration Co (M M- •). 

Pr reference or inflow fluid density (M L-3). 
/9sa t density of saturated brine (M m-3). 
tx/p kinematic viscosity of the fluid (L 2 T-•). 

p/O C constant coefficient of density variability 
(;u 

V divergence operator. 
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