
Variable-density groundwater flow and solute

transport in fractured rock: Applicability of the

Tang et al. [1981] analytical solution

T. Graf1 and C. T. Simmons2

Received 11 July 2008; revised 12 November 2008; accepted 16 December 2008; published 24 February 2009.

[1] The effect of fluid density variations on mixed convective (advective and
density-driven) transport in fractured rock is examined. Assuming a representative
natural hydraulic gradient in a vertical fracture, breakthrough curves for variable-density
systems are shown to be significantly different from those with constant-density
conditions for even very small solute source concentrations (as low as approximately
2.3 g L�1 total dissolved solids, corresponding to 6.4% of seawater salinity). We compare
analytical solutions with results of fully coupled numerical simulations of variable-density
groundwater flow and solute transport in fractured rock. Current analytical solutions
for solute transport in fractured rock do not account for fluid density variations and
therefore fail to predict variable-density transport. Using a mixed convection ratio
analysis, we determine the hydrogeologic conditions where variable-density transport is
important and hence when analytical solutions fail to predict variable-density transport in
fractured rock. We present a modified velocity term that includes a density-driven flow
component in a vertical fracture to account for fluid density variations. The modified
velocity term is incorporated into the standard Tang et al. (1981) analytical solution. The
original density-invariant analytical solution is shown to be applicable near a solute
source and at early time, while the velocity-modified density-variant solution gives very
good results for long-term and far-field behavior. These results suggest that analytical
solutions may still be useful for analyzing variable-density transport in fractured rock.
This study has implications for the analysis of dense plume transport in fractured rock
where reliable long-term predictions are important.
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1. Introduction

[2] Studying variable-density groundwater flow and
solute transport in fractured rock is essential to understand
(1) the flow dynamics around deep waste repositories,
(2) DNAPL migration, (3) dense contaminant plume trans-
port, (4) seawater intrusion, and (5) geothermal systems.
Comprehensive review articles by Simmons et al. [2001],
Diersch and Kolditz [2002], and Simmons [2005] clearly
illustrate the widespread importance, diversity and interest
in applications of variable-density flow phenomena in
groundwater hydrology. While the impact of temperature
on fluid density is important, we will only consider the
impact of solute concentration on fluid density in this paper.
[3] Mathematical models are useful tools that can con-

tribute to our understanding of the fate of solutes in the
fractured subsurface. Fluid density is often assumed to be
constant in modeling studies of groundwater flow and solute
transport [McDonald and Harbaugh, 1988; Buckley et al.,

1995; Harbaugh and McDonald, 1996a, 1996b; Shoemaker
and Edwards, 2003]. In this case, density-driven transport is
absent and conservative (i.e., nonreactive) solutes are only
transported by advection and hydrodynamic dispersion.
[4] If it is assumed that the flow velocity in a fracture is

constant (density-invariant), and that the porous rock matrix
is impermeable, solute transport can be assessed with the
analytical solutions presented by Tang et al. [1981] and
Sudicky and Frind [1982]. While the former solution
applies to a single fracture embedded in a porous imperme-
able rock matrix, the latter solution has been derived for a set
of parallel fractures. Neither of these analytical solutions
considers fluid density variations due to solute concentration
changes. However, analytical solutions are excellent tools to
obtain first-order estimates of transport problems, and can be
used to guide subsequent analyses and conceptual modeling
choices. Analytical solutions are often as reliable as a
numerical model if there is limited data that does not justify
the more complex numerical modeling approach.
[5] Studies exist that investigate LNAPL/DNAPL trans-

port in fractured rock without consideration of fluid density
variations [e.g., Parker et al., 1994; Rubin et al., 2004;
Lipson et al., 2005]. Parker et al. [1994] presented a new
conceptual model for diffusion of solutes in fractured rock,
and undertook a modeling study of DNAPL (DCM, TCE,
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PCE) migration in vertical fractures. However, Parker et al.
[1994] did not consider fluid density variations caused by
the presence of DNAPL, although DNAPL can significantly
increase fluid density [Schwille, 1988]. Rubin et al. [2004]
carried out numerical simulations of LNAPL transport in a
network of inclined fractures, but did not consider density
variations although LNAPL density was identified to be
900 kg m�3, thus being smaller than groundwater density
(1000 kg m�3). Lipson et al. [2005] used the constant-
density analytical solution by Sudicky and Frind [1982] to
simulate DNAPL (TCE) migration in vertical fractures with-
out accounting for variable-density flow. Lipson et al. [2005]
assumed a natural hydraulic gradient of 0.005, a fracture
aperture of 140 mm, and calculated a constant (density-
invariant) advective fracture flow velocity, but the effect of
DNAPL buoyancy on flow velocity was not verified.
[6] While the aforementioned studies did not focus on

fluid density variations in fractured rock, studies in hetero-
geneous and fractured porous media have shown that
density differences can drive groundwater flow [e.g.,
Shikaze et al., 1998; Barth et al., 2001; Graf and Therrien,
2005, 2007; Simmons et al., 2008], indicating that fluid
density variations should be accounted for in the study of
high-concentration solute transport in fractured rock.
Shikaze et al. [1998] and Graf and Therrien [2005, 2007]
investigated variable-density flow and transport in discretely
fractured media, where the fluid density difference was
assumed to be 200 kg m�3 (corresponding to a salt concen-
tration of 287 g L�1, or 800% of seawater salinity). They
found that vertical fractures with an aperture as small as
50 mm significantly increase solute transport relative to the
case where fractures are absent. It was also shown that dense
solute plumes may develop in a highly irregular fashion and
are extremely difficult to predict. Barth et al. [2001]
presented a new criterion for the prediction of variable-
density flow in tracer tests in heterogeneous media, and
tested the criterion in a vertically oriented sand tank. The
criterion states that, for example, a density increase by only
1 kg m�3 (corresponding to a salt concentration of 1.4 g L�1,
or 4% of seawater salinity) creates a significant density
effect. Simmons et al. [2008] showed under what conditions
variable-density flow in fractured low-permeability rock is
important, and determined the possible modes of convec-
tion. It was found that free convection parallel to the fracture
plane is the dominant (and most likely) mode of free
convection, requiring only very modest salinity differences
as small as 10�7 ppm (corresponding to 2.86 � 10�10 % of
seawater salinity) for onset to occur. This is an extremely
small concentration difference and suggests that convection
parallel to the fracture has to be considered for any nonzero
solute concentration.
[7] Clearly, increasing solute concentrations can increase

fluid density, thereby creating a potentially unstable density
stratification where water of higher density overlies water of
lower density. An unstable density stratification can cause
density-driven (convective) transport that may become just
as, or more, important than advective transport in solute
transport processes. In this case, the Tang et al. [1981] and
Sudicky and Frind [1982] analytical (constant-density) sol-
utions are not applicable, especially for very dense solutions.
[8] Bai et al. [1996] presented a nonisothermal modifi-

cation of the analytical solution by Tang et al. [1981].

Although heat transfer was simulated, density-dependent
flow was not considered but the focus was put on thermo-
elastic coupling (deformation of rock) with solute transport.
[9] Variable-density fluids introduce nonlinearities in the

system of governing equations for transport problems. Thus,
numerical models are usually given preference when sim-
ulating variable-density problems because nonlinear vari-
able-density transport can easily be handled numerically by
Picard iteration. To date, a number of numerical models
exist that can simulate variable-density groundwater flow
and solute transport in discretely fractured rock: Models
presented by Valliappan et al. [1998], Shikaze et al. [1998],
and Thorenz [2001]; ROCKFLOW [Kolditz and Clauser,
1998]; MODFLOW [van Gerven and Schaars, 1999];
FEFLOW [Diersch, 2006]; MAFIC (Golder Associates,
Inc., http://www.fracman.com/); and FRAC3DVS/Hydro-
GeoSphere [Therrien and Sudicky, 1996; Graf and Therrien,
2005; Therrien et al., 2008].
[10] The objective of the present paper is to assess the

importance of variable-density (convective) transport rela-
tive to constant-density (advective) transport in fractured
rock. To date, there has been no systematic evaluation of the
applicability of analytical solutions presented by Tang et al.
[1981] and Sudicky and Frind [1982] to variable-density
problems. We will attempt to define the transitions in
behavior between constant-density transport and variable-
density transport, and study the role of controlling hydro-
geological variables. It may be expected that for very small
density variations, density invariant numerical simulations
can be performed [e.g., Schincariol and Schwartz, 1990;
Simmons, 2005]. In this case, constant-density models or the
Tang et al. [1981] analytical solution may be appropriate.
On the other hand, if fluid density varies significantly, the
density option of a numerical model should be used and the
original (constant-density) Tang et al. [1981] solution
should not be applied. For that case, we present a modified
(variable-density) velocity term that is incorporated into the
Tang et al. [1981] analytical solution to obtain a better
estimate of variable-density transport in fractured rock. For
a given fluid density, we will give recommendations as to
whether the original or the velocity-modified solution
should be applied. The paper addresses the following issues:
What level of simplification of density effects is permissible
in the analyses of variable-density transport in fractured
rock? When do we have to account for fluid density
variations in fractured rock? For what fluid densities can
the original Tang et al. [1981] analytical solution be applied
to dense fluids? Do spatial and temporal scales control the
applicability of the Tang et al. [1981] analytical solution to
dense fluids? Does dispersive mixing influence mixed
convective transport in fractured rock?

2. Solute Transport in a Vertical Fracture:
Analytical and Numerical Modeling

2.1. Conceptual Model

[11] Figure 1 shows the geometry of the analytical
solution presented by Tang et al. [1981]. Groundwater flows
within the vertical open fracture, while the rock matrix is
assumed to be impermeable. Solutes are released at a point
source located at the fracture inlet. The following solute
transport mechanisms are considered: (1) advection, longi-
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tudinal mechanical dispersion and molecular diffusion along
the fracture, (2) molecular diffusion across fracture-matrix
interfaces, and (3) molecular diffusion within the matrix.
[12] Tang et al. [1981] did not consider the effect of

density variation on groundwater flow and solute transport.
In this study, we will add density variations as an additional
transport mechanism and simulate the problem shown in
Figure 1 using the numerical HydroGeoSphere model. The
consideration of density variations turns the studied prob-
lem (Figure 1) into a mixed convective problem, where both
advection (forced convection) and free convection control
solute transport.

2.2. Dimensionless Numbers to Characterize Mixed
Convective Problems

[13] We will use the mixed convection number M and the
Peclet number Pe to characterize the mixed convective
problem shown in Figure 1.
2.2.1. Mixed Convection Number M
[14] The dimensionless mixed convection number, M, has

been defined by Holzbecher and Yusa [1995] as the ratio
between variable-density transport (‘‘free convection’’ or
‘‘convection’’) and advective transport (‘‘forced convec-
tion’’ or ‘‘advection’’), and can be written for a fracture as
[Barth et al., 2001]

M ¼ free convection

forced convection
¼ convection

advection
¼ k � rmax � r0ð Þ � g

m0 � vadv

¼
rmax�r0

r0

� �
@h0
@z

� � ð1Þ

where

k fracture permeability, k = (2b)2/12 [L2];
(2b) fracture aperture [L];
rmax maximum fluid density [M L�3];
r0 freshwater density [M L�3];
g acceleration due to gravity [L T�2];
m0 freshwater viscosity [M L�1 T�1];

vadv advective groundwater flow velocity in the
fracture[L T�1].

[15] The mixed convection number is small for scenarios
that are dominated by advection, and it is large for scenarios
that are dominated by convection. M has been used in a
number of studies to describe mixed convective systems
[e.g., Barth et al., 2001; Wood et al., 2004; Illangasekare et
al., 2006]. Note that M is only a function of the maximum
density, rmax, and the imposed hydraulic gradient, @h0/@z.
2.2.2. Peclet Number Pe
[16] The Peclet number is commonly defined as the ratio

between advection and dispersion+diffusion. In a fracture,
the groundwater flow velocity is typically very large, such
that dispersion dominates diffusion. Therefore, the fracture
Peclet number can be written as

Pe ¼ advection

dispersionþ diffusion
� advection

dispersion
¼ ‘ � v

aL � v
¼ ‘

aL

ð2Þ

where ‘ [L] is a characteristic length scale, v [L T�1] is
the groundwater flow velocity in the fracture, and aL [L] is

the dispersivity in the direction of flow along the fracture
axis.

2.3. Original Tang et al. [1981] Analytical Model

2.3.1. Groundwater Flow
[17] In the Tang et al. [1981] solution, advective ground-

water flow velocity in the fracture is assumed to be constant
and given by

vadv ¼ �K0 �
@h0
@z

ð3Þ

where

K0 freshwater hydraulic conductivity of the fracture,
K0 = k r0 g/m0 [L T�1];

h0 hydraulic freshwater head in the fracture [L];
z vertical coordinate, pointing downward [L];

@h0/@z imposed constant hydraulic gradient [–].

An equation to calculate hydraulic heads and groundwater
flow velocity in the matrix is absent because the rock matrix
is assumed to be impermeable to advective flow.
2.3.2. Solute Transport
[18] It is assumed that solute transport by molecular

diffusion takes place perpendicular to the fracture (in the x
direction). Thus the solute transport equations in the porous
matrix and in the fracture are [Tang et al., 1981]

@c0ana
@t

� D0 @2c0ana
@x2

¼ 0 b 
 x 
 1 ð4Þ

and

@cana
@t

þ vadv
@cana
@z

� Dadv

@2cana

@z2
� qD0

b

@c0ana
@x

����
x¼b

¼ 0 0 
 z 
 1

ð5Þ

Figure 1. Conceptual model including a vertical open
fracture and an impermeable porous rock matrix. The black
dot at x = 0 and z = 0 represents a point source.
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where

c0 solute concentration in the porous matrix,
expressed as relative concentration [–];

‘‘ana’’ the analytical solution [–];
t time [T];

D0 molecular diffusion coefficient, D0 = t � D*

[L2 T�1];
t tortuosity factor [–];

D* aqueous diffusion coefficient [L2 T�1];
x horizontal coordinate [L];
c solute concentration in the fracture, expressed

as relative concentration [–];
Dadv advective hydrodynamic dispersion coefficient,

Dadv = aL � vadv + D* [L2 T�1];
q matrix porosity [–].

[19] The last term of equation (5) represents diffusive
mass flux crossing the fracture-matrix interface. With the
Dirichlet boundary condition C(0, 0, t) = C0 (where cana =
C/C0 and C [M L�3] is absolute solute concentration), Tang
et al. [1981] have analytically solved the system of equa-
tions (4) and (5), and the analytical solution is a function of
advective groundwater flow velocity vadv:

cana ¼ f vadvð Þ ð6Þ

The analytical solution cana is given by Tang et al. [1981,
equation (35)], and it neglects fluid density variations.

2.4. Velocity-Modified Tang et al. [1981] Analytical
Model

[20] To account for fluid density variations, we propose to
replace the advective groundwater flow velocity (equation 3)
in the standard Tang et al. [1981] analytical solution by a
modified, density-dependent velocity:

vmod
adv ¼ �K0

@h0
@z

� g
� �

ð7Þ

where g = rmax/r0 � 1 is the maximum relative density. The
second term in equation (7) represents the density
component, which is correctly written as gc. In the
calculation of the density component, the assumption is
made that the relative concentration in the entire fracture is
equal to 1 to linearize the transport problem. This
assumption only applies to the added density component
but not to the concentration distribution in the fracture given
by equation (8) below. Also, this assumption is only valid
near the solute source at x = 0 m and z = 0 m (where c � 1)
and leads to a general overestimation of solute concentra-
tion in the fracture. Note that the density component g has a
negative sign because the positive z axis points downward.
For the velocity-modified analytical model, the transport
equation in the porous matrix is identical to equation (4),
whereas the modified, density-dependent governing equa-
tion of solute transport in the fracture has the form

@cmod
ana

@t
þ vmod

adv

@cmod
ana

@z
� Dmod

adv

@2cmod
ana

@z2
� qD0

b

@c0ana
@x

����
x¼b

¼ 0

0 
 z 
 1 ð8Þ

where Dadv
mod = aL � vadvmod + D*. Accordingly, the velocity-

modified analytical solution becomes

cmod
ana ¼ f vmod

adv

� �
ð9Þ

2.5. HydroGeoSphere Numerical Model

[21] The discrete-fracture variable-density groundwater
flow and solute transport model HydroGeoSphere [Therrien
and Sudicky, 1996; Graf and Therrien, 2005; Therrien et
al., 2008] was used to simulate solute transport in the
fracture-matrix system presented by Tang et al. [1981].
Governing equations of groundwater flow and solute trans-
port are presented below.
2.5.1. Groundwater Flow
[22] As in the work by Tang et al. [1981], the rock matrix

is assumed to be impermeable in all numerical simulations
conducted here. A variable-density flow equation for the
matrix is therefore absent.
[23] The variable-density flow equation for the fracture

has the one-dimensional form [Bear, 1988]

� @v

@z
¼ SS

@h0
@t

ð10Þ

where the variable-density groundwater flow velocity in the
fracture, v [L T�1], is calculated using a modified form of
Darcy’s law [Graf and Therrien, 2005]:

v ¼ �K0

@h0
@z

� gcnum

� �
ð11Þ

where the first term represents advective flow and the
second term represents variable-density flow. Note that the
positive z axis points downward. In equations (10) and (11),

‘‘num’’ the numerical solution [–];
SS specific storage in the fracture, SS = r0 g a [L�1];
a fluid compressibility [M�1 L T2].

2.5.2. Solute Transport
[24] The transport equation for the matrix is 2D (x and z

direction) and has the form [Bear, 1988]

@cnum
@t

� D0 @2cnum

@x2j
¼ 0 j ¼ 1; 2 ð12Þ

where xj [L] is the spatial coordinate with x1 = x and x2 = z.
The transport equation for the fracture is 1D (z direction)
and has the form [Therrien and Sudicky, 1996]

2bð Þ @

@z
D

@cnum
@z

� vcnum

� �
� @cnum

@t

� 	
� Wn ¼ 0 ð13Þ

where

D hydrodynamic diffusion coefficient, D = aL � v + D*
[L2 T�1];

v variable-density groundwater flow velocity in the

fracture [L T�1];
Wn solute mass flux normal to fracture-matrix interfaces

[L T�1].
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[25] Because solute concentrations are assumed identical
on fracture-matrix nodes, equations (12) and (13) are super-
imposed on these nodes. Thus, there is no need to explicitly
calculate Wn in equation (13).

3. Results and Discussion

3.1. Numerical Model Setup

[26] The numerical grid used for the scenario shown in
Figure 1 is vertically oriented, consisting of 47,580 rectan-
gular porous matrix elements and 96,154 nodes. The grid
extends from �30 m to 30 m in the x direction and from 0 m
to 100 m in the z direction, where the positive z axis points
downward. The vertical fracture is located at x = 0 m. A grid
convergence study was completed giving a grid that is
locally refined at the fracture-matrix interface to satisfy
stability criteria formulated by Weatherill et al. [2008].
[27] Top and bottom nodes of the fracture (at z = 0 m and

z = 100 m) are assigned 1st type (Dirichlet) flow boundary
conditions to create the constant hydraulic gradient of
@h0/@z = 1.6 � 10�3. All other boundaries are impermeable.
The top node of the fracture (at z = 0 m) is assigned the 1st
type (Dirichlet) transport boundary condition cnum = 1
(corresponding to C = C0 where C [M L�3] is the absolute
solute concentration). All other boundaries are zero-dispersive
flux boundaries. It is further assumed that we have the initial
conditions h0(x, z, t = 0) = 0 m and cnum(x, z, t = 0) = 0.
[28] The grid size has been chosen large enough to avoid

effects of imposed boundary conditions on groundwater
flow or solute transport. Flow and transport will take place
only within a smaller portion of the grid (x � �5. . .5 m and
z � 0. . .75 m), and are therefore not influenced by grid
boundary conditions.
[29] To guarantee numerical stability, the numerical sce-

narios are simulated using a variable time step procedure
similar to that outlined previously [Forsyth and Sammon,
1986; Therrien and Sudicky, 1996; Graf and Therrien, 2008;
Weatherill et al., 2008]. After obtaining the solution at time
level L, the following time step size is computed using

Dtð ÞLþ1 ¼ c*

max
I

jcLþ1
I � cLI j

Dtð ÞL ð14Þ

where (Dt) [T] is time step size, c* [–] is the maximum
allowed change in relative solute concentration during a
single time step, and I [–] is a nodal index. To ensure
further numerical stability, the initial time step size was set
to 1 � 10�9 days, the value of c* was set to 0.1, and the
maximum multiplier of time step size was 2. Implementa-
tion of variable time stepping allows the use of increasingly
larger time step sizes when there are only small changes in
concentration. Thus, CPU time is reduced without decreas-
ing numerical accuracy.
[30] Model parameters for the numerical simulations are

given in Table 1. The parameters apply to plutonic rock,
which is (1) a possible host rock for long-term radioactive
waste disposal (e.g., in Canada, Finland, France, Japan,
Sweden), and (2) the typical rock formation of geothermal
reservoirs (e.g., in Canada, Germany, Indonesia, Japan,
Switzerland, U.S.A.). Although the parameters are typical
for plutonic rock, the numerical analyses presented here
apply to any fractured rock type. Furthermore, the assumed
constant hydraulic gradient of 1.6 � 10�3 is appropriate for
many field sites [e.g., LeBlanc and Celia, 1991; Simmons,
2005].

3.2. Numerical Modeling

[31] Four preliminary scenarios with different M and with
parameter values listed in Table 1 are simulated. The values
for M are 0 (no density effect), 1, 3.14 and 31.4 (greatest
density effect). Corresponding four breakthrough curves are
observed at z = 25 m in the fracture, and are shown in
Figure 2.
[32] Figure 2 demonstrates that only very small density

variations are required to obtain significantly different
breakthrough curves at z = 25 m. For example, at M = 1,
the fluid density is r = 1001.6 kg m�3. This is equivalent
to a seawater solution diluted to a concentration of about
2.3 g L�1 total dissolved solids (TDS) (only 6.4% of
seawater salinity), which is quite dilute in comparison to
some plumes encountered in groundwater contamination
problems. The most drastic change of solute breakthrough
occurs for M = 31.4 (r = 1050 kg m�3), which corresponds
to a solute concentration that is 200% of seawater salinity.
[33] Figure 2 also illustrates that the difference between a

variable-density breakthrough curve (e.g., M = 1) and the
constant-density breakthrough curve (M = 0) is a function of
time. The difference is small for early times (e.g., after 1 day),
but it grows with time (e.g., after 100 days), and remains
more or less unchanged at late times (e.g., after 500 days).
Although Figure 2 refers to a specific location in the
fracture (z = 25 m), it can be shown that the difference
between a variable-density breakthrough curve and the
constant-density breakthrough curve also varies in space
(for example closer to the solute source or further away
from it). In conclusion, fluid density variations cause
significant differences of solute breakthrough that change
in both time and space.
[34] Figure 3 shows solute concentrations on cross sections

of the simulation domain with M = 0, 1, 3.14 and 31.4 after
500 days. Clearly, the small density increase of 1.6 kg m�3

(where M = 1) relative to the constant-density case has a
substantial impact on plume transport along the vertical
fracture. The four results also indicate that the maximum
extent of diffusive transport into the porousmatrix is identical

Table 1. Model Parameters Used for the Conceptual Model

Shown in Figure 1a

Parameter Value

Matrix porosity q 0.01
Factor of tortuosity t 0.1
Aqueous diffusion coefficient D* 1.6 � 10�9 m2 s�1

Dispersivity in the direction of
the fracture axis aL

0.5 m

Hydraulic gradient @h0/@z
b 1.6 � 10�3

Fracture aperture (2b)b,c 100 mm
Fluid compressibility ad 4.4 � 10�10 kg�1 m s2

Freshwater density r0 1000 kg m�3

Maximum density rmax problem dependent

aAll parameter values are identical to those used by Tang et al. [1981]
unless otherwise stated.

bGiving the advective groundwater flow velocity in the fracture as vadv =
1 m d�1.

cGiving the freshwater hydraulic conductivity of the fracture as K0 =
628.18 m d�1 [Bear, 1988].

dKolditz et al. [1998].
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for allM at z = 0 m (around x = 0.2 m of the 0.1 concentration
isocontour).

3.3. Numerical Versus Analytical Modeling

[35] In Figure 2, the curve for M = 0 corresponds to a
purely advective scenario, which can therefore be compared
with the original Tang et al. [1981] analytical solution (cana).
Accordingly, the latter three scenarios (where M 6¼ 0) are
mixed convective scenarios where application of the orig-
inal analytical solution (where density effects are not
considered) will lead to a significant underestimation of
solute concentrations in both time and space.
[36] To obtain better results for mixed convective scenar-

ios, we use the velocity-modified analytical solution (cana
mod),

proposed in section 2.4 above. A total of eight mixed
convective scenarios is investigated, whose M range from
0.06 (mostly advective) to 100 (mostly convective). Solute
concentration of each scenario is observed at six observa-
tion points that are located in time (t = 1 day, 100 days,
500 days) and space (z = 2 m, 25 m, 50 m). We will refer to
locations in time as ‘‘early’’, ‘‘medium’’, ‘‘late’’, respectively,
and to locations in space as ‘‘near field’’, ‘‘midfield’’,
‘‘far field’’, respectively (Figure 4). Temporal and spatial
scales were chosen to cover a wide scale range between a
small scale (days and meters) to a large scale (hundreds
of days and tens of meters) as has been used in previous
analytical modeling studies [e.g., Grisak and Pickens, 1980;

Figure 3. Solute concentrations from numerical simulations for different fluid densities (r) and
associated mixed convection numbers (M) in the fracture-matrix system after 500 days. The imposed
hydraulic gradient in the z direction is 1.6 � 10�3, and the location of the observation point at z = 25 m in
the fracture is denoted by a circled cross.

Figure 2. Breakthrough curves from numerical simulations for different fluid densities (r) and
associated mixed convection numbers (M) at z = 25 m in the fracture. The imposed hydraulic gradient in
the z direction is 1.6 � 10�3.
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Tang et al., 1981; Sudicky and Frind, 1982; Lipson et al.,
2005].
[37] Solute concentrations at these six observation points

are simulated (1) numerically with full consideration of
density variations using HydroGeoSphere (cnum), (2) ana-
lytically using the original constant-density analytical solu-
tion (cana) of Tang et al. [1981], and (3) analytically using
the velocity-modified analytical solution (cana

mod) as proposed
in section 2.4 above, which includes a density-modified
velocity term.
[38] Results of the simulations are plotted in Figure 5.

The mixed convection number M is assigned to the hori-
zontal axes, where a small M value implies a mostly
advective scenario, and a large M value implies a mostly
convective scenario. Concentration ratios (cnum/cana and
cana
mod/cnum) are assigned to vertical axes. The ratios have
been chosen to guarantee that they are always greater than
or equal to 1 (because cnum � cana and cana

mod � cnum). This
makes it possible to comprehensibly plot results and to
easily compare concentration ratios. Note that a concentra-
tion ratio of 1 signifies that the (original or velocity-
modified) analytical solution is identical to the numerical
solution, meaning that the (original or velocity-modified)
analytical solution is applicable. On the other hand, con-
centration ratios that are significantly larger than 1 mean
that the (original or velocity-modified) analytical solution is
not applicable because it deviates from the numerical
solution.
[39] Black dots shown in Figure 5 evaluate the applica-

bility of the original analytical solution (cana) of Tang et al.
[1981]. Clearly, cana is always applicable to advection-
dominated scenarios where density variations are minor
and M is small. Figure 5 indicates that cana is applicable
in the near field or at early time (Figures 5a–5c). The
discrepancy for M = 100 at early time in the near field
(Figure 5a) does not limit the applicability of cana because
fluid densities >1100 kg m�3 correspond to >400% seawa-
ter salinity, and are uncommon in most groundwater con-
tamination problems.

[40] Figures 5d–5f illustrate that cana is not applicable to
mixed convective problems in both the midfield and far
field. In both cases, concentration ratios increase for M > 1
and eventually attain a constant value at M � 10, which can
be explained as follows (e.g., for Figure 5d). In the
numerical model, the maximum concentration of the dense
plume (i.e., cnum = 1) has already reached the midfield
position at medium time. However, the original analytical
solution does not consider density-driven flow, and there-
fore significantly underestimates solute concentration at the
same position in time and space. As a result, we obtain for
the midfield at medium time cana = 0.148, giving the
constant concentration ratio of nearly 7. The same explana-
tion applies to Figures 5e and 5f. Results presented in
Figures 5d–5f also suggest that, if M>1, density variations
must be accounted for in numerical modeling studies.
Physical modeling studies of mixed convection in coastal
regions conducted by Illangasekare et al. [2006] have also
indicated that M = 1 is the threshold value between
advective and convective solute transport.
[41] Moreover, Figure 5 illustrates the applicability of the

velocity-modified analytical solution (cana
mod) that has been

proposed in section 2.4. Grey boxes denote concentration
ratios (cana

mod/cnum) for different M in time and space. It
should be recalled that cana

mod is calculated assuming that
the solute concentration of the density component is 1 in the
entire fracture (equation 7). At early time however, this
assumption is clearly violated because the fracture is still
mostly solute-free and density effects are greatly overesti-
mated. Thus, the velocity-modified solution is not applica-
ble at early time.
[42] At medium and late time (Figures 5b–5f), more

solute has entered the fracture, thereby approaching the
assumption c = 1 when calculating cana

mod. Hence, the
velocity-modified analytical solution is applicable, as shown
by the value of 1 for the concentration ratio. However,
the concentration ratio at the observation point in the
midfield at medium time (Figure 5d) is slightly larger
than 1 for 0.1 < M < 10, and it becomes 2.5 for M � 1. In

Figure 4. Observation points (gray dots) located in (left to right) time and (top to bottom) space. The
observation points are used to verify the applicability of the original and velocity-modified Tang et al.
[1981] analytical solutions.
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conclusion, the velocity-modified analytical solution is only
conditionally applicable (if M 
 0.1 or M � 10) in the
midfield at medium time.
[43] Applicability of the (original and velocity-modified)

analytical solution is summarized in Table 2. Clearly, the
velocity-modified solution is applicable five times, while
the original solution is only applicable three times. Most
importantly, the velocity-modified solution is applicable at
late times where the original solution fails to correctly
simulate mixed convective flow and transport. This out-
come is significant when assessing contaminant transport in
deep fractured rock, where reliable predictions and long-
term safety are essential.
[44] The findings presented here indicate small density

differences (M > 1) may have significant effects on solute
transport in vertical fractures. Thus, conceptual models of

contaminant transport in fractured rock should be designed
with care, and the findings of this study should be consid-
ered. It has been shown that M is appropriate to assess the
importance of convection relative to advection, and that M
can be used to determine whether density variations should
be accounted for. In addition, the findings presented here
only apply to contaminant transport in vertical fractures,
where the density gradient is aligned with the gravity vector,
and variable-density flow will therefore occur. In horizontal
fractures, variable-density flow does not occur, and the
present analysis does not apply. More generally, for flow
in any nonhorizontal fracture where density gradients exist,
there is some component of variable-density flow, which
may be accounted for by a modified form of this analysis,
i.e., by taking into account the orientation of the fracture
relative to the gravity vector.
[45] The eight scenarios shown in Figure 5d were recon-

ducted to study the impact of dispersive mixing on variable-
density transport in fractured rock. In two simulation series,
the dispersivity in the fracture, aL, was decreased to 50%
(to 0.25 m) and increased to 200% (to 1.0 m), respectively.
The aL values were chosen to be reasonable and to cover an
appropriate range. Assuming ‘ = 25 m in the midfield, the
Peclet number for the decreased, original and increased aL

value is 100, 50 and 25, respectively, where a large Peclet
number corresponds to poor dispersive mixing in the
fracture. Figure 6 shows the impact of dispersion on
variable-density solute transport for the observation point
at z = 25 m and t = 100 days. Increasing density ratios
correspond to an increased density impact because the
numerical solution (cnum) is variable density and the original
analytical solution (cana) is constant density. Figure 6
indicates that the impact of dispersive mixing is noticeable
for M > 1 and significant for convective scenarios where
M > 10. Increased dispersive mixing (small Pe; small circles)
reduces density gradients in the fracture. Thus, the density

Figure 6. Impact of dispersive mixing on variable-density transport in fractured rock for the observation
point at z = 25 m and t = 100 days. Plotted is the ratio between the variable-density numerical solution
cnum and the density-invariant analytical solution cana versus M. Arrows indicate the directions of
increasing Pe or increased mixing. For large M, poor mixing (large Pe) increases density gradients in the
fracture, which increases the effect of density on solute transport, evidenced by increasing concentration
ratios.

Table 2. Applicability of the Original or Velocity-Modified Tang

et al. [1981] Analytical Solution to Variable-Density Flow

Problems in Fractured Rock as a Function of Time and Spacea

1 day 100 days 500 days

cana
b cana

modc cana cana
mod cana cana

mod

2 m yes no yes yes yes yes
25 m NA NA no yesd no yes
50 m NA NA NA NA no yes

aHere ‘‘yes’’ means that the (original or velocity-modified) analytical
solution is applicable, and ‘‘no’’ means that the (original or velocity-
modified) analytical solution is not applicable; NA means not available
because solutes have not yet reached that point in the fracture.

bHere cana = Original analytical solution of Tang et al. [1981].
cHere cana

mod = Velocity-modified analytical solution as proposed in
section 2.4.

dThe velocity-modified analytical solution is conditionally applicable (if
M 
 0.1 or M � 10).
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effect is less pronounced, evidenced by decreasing concen-
tration ratios. Conversely, decreased dispersive mixing
(large circles) increases the density impact. As a result,
the original analytical solution (cana) is more applicable to
highly dispersive scenarios. Concentration ratios between
the velocity-modified analytical solution (cana

mod) and the
numerical model (cnum) were found to be identical for
all three mixing scenarios (identical to grey boxes in
Figure 5d). Therefore, changing dispersion neither limits
nor extends the applicability of the velocity-modified ana-
lytical solution.
[46] The applicability of the analytical solution by Sudicky

and Frind [1982] to mixed convective problems has not been
verified here. Simulations presented by Sudicky and Frind
[1982] indicate that the penetration distance along parallel
fractures is greater than the penetration distance along a single
fracture (e.g., 20m farther for the case of large fracture spacing
of 0.5 m at steady state). This is because the capability of a
finite porousmatrix (as assumed by Sudicky and Frind [1982])
to store solute is smaller than that of an infinite porous matrix
(as assumed by Tang et al. [1981]). Therefore, solute concen-
trations in parallel fractures are generally higher than in a
single fracture. As a consequence, if density variations are
considered, fluid density in a set of parallel fractures will be
higher than in a single fracture. It can therefore be expected that
the original Sudicky and Frind [1982] analytical solution is
less applicable to mixed convective problems than the original
Tang et al. [1981] solution. Conversely, a velocity-modified
Sudicky and Frind [1982] solution (similar to the velocity-
modified Tang et al. [1981] solution presented in equation (9))
is expected to be more applicable to mixed convective
problems than the velocity-modified Tang et al. [1981] solu-
tion presented here.

4. Summary and Conclusions

[47] This study examines the effect of fluid density
variations on mixed convective transport problems in frac-
tured rock, and evaluates the applicability of the Tang et al.
[1981] analytical solution to mixed convective problems.
The present study is the first assessment of the applicability
of an analytical transport solution in fractured rock to mixed
convective problems.
[48] First, the numerical HydroGeoSphere model is used

to estimate the effect of salinity increases on plume trans-
port within a vertical fracture embedded in an impermeable
porous matrix block. The numerical simulations have
shown that variable-density breakthrough curves appear to
be significantly different relative to constant-density break-
through if the mixed convection number is greater than one
(corresponding to the solute concentration of �2.3 g L�1

TDS, or the density difference of 1.6 kg m�3), demonstrated
in Figures 2 and 3. Differences between variable-density
breakthrough and constant-density breakthrough increase
with solute concentration, and it was found that these
differences vary in time (t = 1 day . . . 500 days), and space
along the fracture (z = 2 m . . . 50 m).
[49] Second, the applicability of the analytical solution by

Tang et al. [1981] to mixed convective problems was
assessed. We propose a velocity-modified analytical solution
to obtain a better estimate of dense plume transport in
fractured rock. The velocity-modified analytical solution

was obtained by adding a density-dependent (free-convective)
velocity component to the purely advective velocity term.
[50] It was found that the original analytical solution is

applicable near the solute source (‘‘near field’’) or at early
time, while it is not applicable further away from the source
(‘‘midfield’’ and ‘‘far field’’). It was also found that the
velocity-modified analytical solution is not applicable at
early time, while it is applicable at medium and late time.
[51] Comparing the applicability of the (original and

velocity-modified) analytical solution in time and space
suggests that the velocity-modified solution is applicable
more often than the original solution. An important result is
that the original solution fails to correctly simulate mixed
convective problems at late time where reliable long-term
predictions of contaminant transport are a critical safety
concern. On the other hand, the velocity-modified solution
gives very good long-term results. These results suggest that
analytical solutions that include a density-driven flow
component in the velocity term, may still be useful for
analyzing variable-density transport in fractured rock.
[52] In summary, this study shows the following.
[53] 1. Low solute concentrations (e.g., 2.3 g L�1 TDS

or 6.4% seawater salinity) significantly change solute trans-
port in fractured rock.
[54] 2. The mixed convection number M appears to be a

useful parameter to describe mixed convective transport
problems and, hence, to assess the applicability of the
analytical solution presented by Tang et al. [1981]. The
usefulness of M is not influenced by the value of Pe.
[55] 3. Density variations must be accounted for in

numerical modeling studies if M>1. The transition between
advective and convective behavior (at M = 1) appears to be
independent of dispersion.
[56] 4. The original analytical solution of Tang et al.

[1981] is useful to simulate mixed convective problems in
the near field or at early time. On the other hand, it is not
suitable to predict long-term transport of dense plumes (for
M > 1) in fractured rock.
[57] 5. The presented velocity-modified analytical Tang et

al. [1981] solution is not applicable to mixed convection
problems at early time. On the other hand, it is highly
suitable to predict long-term transport of dense plumes (for
all M) in fractured rock.
[58] 6. The Peclet number Pe is useful to assess the

influence of dispersive mixing on mixed convective trans-
port in fractured rock.
[59] 7. The original analytical solution is more applicable

to highly dispersive scenarios. Changing dispersion neither
limits nor extends the applicability of the velocity-modified
analytical solution.
[60] 8. Assessing the applicability of the original Sudicky

and Frind [1982] analytical solution, and a velocity-
modified form of it, to mixed convective problems still
remains unclear and should be explored in future studies.

Notation

Latin letters
(2b) fracture aperture [L].

c solute concentration in the
fracture, expressed as relative
concentration [–].
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c* maximum allowed change in
relative solute concentration
during a single time step [–].

c0 solute concentration in the ma-
trix, expressed as relative con-
centration [–].

C solute concentration in the frac-
ture, expressed as absolute con-
centration [M L�3].

D* aqueous diffusion coefficient
[L2 T�1].

D0 molecular diffusion coefficient
[L2 T�1].

D hydrodynamic diffusion coeffi-
cient [L2 T�1].

g acceleration due to gravity
[L T�2].

h0 hydraulic freshwater head in the
fracture [L].

I nodal index [–].
K0 freshwater hydraulic conductiv-

ity of the fracture [L T�1].
‘ characteristic length scale [L].
L time level [–].
M mixed convection number

[–].
Pe Peclet number [–].
SS specific storage in the fracture

[L�1].
t time [T].
v groundwater flow velocity in

the fracture [L T�1].
vadv advective groundwater flow

velocity in the fracture
[L T�1].

xj spatial coordinate, x1 = x and
x2 = z [L].

x horizontal coordinate [L].
z vertical coordinate, pointing

downward [L].
Greek letters

a fluid compressibility [M�1

L T2].
aL dispersivity in the direction of

flow along the fracture axis [L].
g maximum relative density

[–].
q matrix porosity [–].
k fracture permeability [L2].
m0 freshwater viscosity

[M L�1 T�1].
r fluid density [M L�3].
r0 freshwater density [M L�3].

rmax maximum density [M L�3].
t tortuosity factor [–].

Wn solute mass flux normal to
fracture-matrix interfaces
[L T�1].

Special symbols
@ partial differential operator [–].
D difference [–].

Subscripts and superscripts
‘‘adv’’ advective transport [–].
‘‘ana’’ an analytical solution [–].
‘‘mod’’ a velocity modification [–].
‘‘num’’ a numerical solution [–].
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