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A B S T R A C T   

This study develops approximate analytical solutions for seawater extent in unconfined coastal aquifers 
considering unsaturated flow, and assuming steady-state, sharp-interface conditions, for both constant flux (flux- 
controlled aquifers) and constant head (head-controlled aquifers) inland boundary conditions. These analytical 
solutions were verified with numerical simulations of variable-saturation and variable-density flow. The results 
show that neglecting unsaturated flow underestimates the steady-state seawater extent, particularly for flux- 
controlled aquifers. This occurs because the vadose zone transmits part of the freshwater flux towards the sea, 
leading to a lower watertable and, consequently, a more landward seawater extent. Larger capillary fringes 
accompanying finer-grained sediments (and smaller pore sizes) cause more landward locations of the interface 
toe for both flux-controlled and head-controlled aquifers. The ratio of the capillary fringe thickness to the 
saturated zone thickness controls the relative difference in the interface toe location between cases with and 
without unsaturated flow. When this ratio is 17.3%, the relative difference in the interface toe location is 30% for 
the flux-controlled aquifer (base scenario adopted in the current study). The presented analytical solutions 
provide improved predictions of the steady-state seawater extent in thin unconfined aquifers, particularly for 
those with relatively large capillary fringe thicknesses.   

1. Introduction 

Coastal zones support more than 60% of the world’s population 
(Neumann et al., 2015). Rapid population growth and urban develop-
ment in coastal regions are responsible for increased freshwater de-
mand. As a result, the dynamic equilibrium between freshwater and 
seawater has shifted landward in many places due to the exploitation of 
coastal aquifers, sea-level rise (SLR) and/or from other developments (e. 
g., canal construction). The resulting seawater intrusion has become a 
critical issue for the sustainable management of coastal groundwater on 
a global scale (Werner et al., 2013). 

A substantial body of literature on seawater intrusion exists that is 
based on field and experimental observations (e.g., Mao et al., 2006; 

Badaruddin et al., 2015; Levanon et al., 2017), numerical simulations (e. 
g., Brovelli et al., 2007; Robinson et al., 2007; Xu and Hu, 2017), and 
analytical solutions (e.g., Liu et al., 2014; Strack and Ausk,2015; Fahs 
et al., 2016). Among the methods used to calculate the seawater extent 
and its movement in coastal aquifers, numerical simulations are the 
most widely adopted due to their ability to deal with complex factors 
that are otherwise challenging to incorporate into analytical solutions, e. 
g., dispersive mixing, aquifer heterogeneity, time-varying boundary 
conditions, etc. (Werner et al., 2013). Nevertheless, analytical solutions 
are frequently used as first-order assessment tools to estimate seawater 
extent because of advantages in: (1) reduced computational effort, (2) 
insights into relationships between parameters and seawater extent, and 
(3) being exact, they can be used to verify numerical models. 
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Analytical solutions are most commonly based on the sharp-interface 
representation of the freshwater-seawater mixing zone, steady-state 
conditions, and the Dupuit-Forchheimer approximation (i.e., hydro-
static pressure head distribution). These allow application of the so- 
called Ghijben-Herzberg relationship (Drabbe and Badon Ghijben, 
1889, English translation given by Post (2018)), which expresses the 
depths of freshwater below and above sea level as a function of water 
density differences. 

Strack (1976) used the Ghijben-Herzberg relationship and the 
method of “Girinskii” potentials (Girinskii, 1947) to develop analytical 
solutions for seawater extent in coastal aquifer. These solutions formed 
the basis for many subsequent analytical studies aimed at solving a wide 
variety of interface flow problems under various conditions. For 
example, Mantoglou (2003) applied Strack’s (1976) theory to determine 
optimal pumping rates in coastal aquifers subject to seawater intrusion. 
Lu and Luo (2014) adopted Strack’s (1976) theory in deriving analytical 
solutions to investigate the effects of boundary conditions and aquifer 
size on the maximum pumping rate and interface toe location in coastal 
aquifers. Werner and Simmons (2009), Werner et al. (2012), Ferguson 
and Gleeson (2012) and Lu et al. (2015) also applied Strack’s (1976) 
solutions to examine the vulnerability of coastal aquifers to SLR, 
recharge change, pumping and other factors that cause seawater intru-
sion. The method described by Strack (1976) was extended to predict 
seawater extent in more complex settings, including sloping (e.g., 
Koussis et al., 2015; Lu et al., 2016) and stratified coastal aquifers (e.g., 
Strack and Ausk, 2015; Rathore et al., 2018), and in aquifers comprised 
of both confined and unconfined (semi-confined) units (e.g., Bakker 
et al., 2017). The theory of Strack (1976) was also applied to the analysis 
of riparian freshwater lenses (Werner and Laattoe, 2016), and the effect 
of shoreline subsurface barriers on island lenses (Lu et al., 2019), 
amongst other problems. 

Previous analytical solutions to seawater extent in unconfined 
coastal aquifers neglect processes occurring in the vadose zone, even 
though unsaturated flow has been shown to affect groundwater move-
ment (e.g., Parlange and Brutsaert, 1987; Barry et al., 1996; Li et al., 
1997, 2000; Kong et al., 2016; Jeong and Park, 2017; Luo et al., 2018). 
In unconfined coastal aquifers, Kong et al. (2013, 2015) found that 
lateral unsaturated flow can facilitate groundwater wave propagation. 
However, whether consideration of the vadose zone might influence 
estimates of steady-state seawater extent in unconfined coastal aquifers 
remains untested. 

The primary influence of the vadose zone on seawater extent in 
unconfined coastal aquifers is most likely associated with the lateral 
transmission of freshwater towards the sea within this zone, which is 
otherwise omitted in methods that consider only the region below the 
watertable (e.g., Strack, 1976). Therefore, it can be expected that the 

effects of unsaturated flow on seawater extent can be safely neglected for 
unconfined aquifers with large saturated thickness because the addi-
tional freshwater discharge through the unsaturated zone would be 
relatively minor. However, as shown in Fig. 1, unconfined coastal 
aquifers with small thicknesses, ranging from 0.1 to 25 m, are widely 
distributed around the world (Zamrsky et al., 2018). It remains unclear 
to what extent unsaturated flow affects seawater extent for these thin 
aquifers. Although the vadose zone has been considered in numerical 
studies of seawater intrusion in unconfined coastal aquifers (e.g., Xin 
et al., 2010; Robinson et al., 2014; Yu et al., 2019), these studies did not 
investigate vadose zone effects on seawater extent. Additionally, to date, 
no analytical solution that includes unsaturated flow is available for 
prediction of seawater extent in unconfined coastal aquifers. 

Here, approximate analytical solutions are presented for the steady- 
state seawater extent in coastal aquifers taking into account unsaturated 
flow. These analytical solutions are used to gain insights into unsatu-
rated flow effects on the steady-state seawater extent. Both constant flux 
(flux-controlled aquifers) and constant head (head-controlled aquifers) 
inland boundary conditions are considered, given their importance as 
previously highlighted (e.g., Werner andSimmons, 2009; Lu et al., 
2015). After validation with a numerical model, hypothetical scenarios 
that illustrate the effects of unsaturated flow on the steady-state 
seawater extent are considered. Sensitivity analyses of unsaturated 
zone parameters are further conducted to examine the effects of unsat-
urated flow on the steady-state seawater extent for both flux-controlled 
and head-controlled aquifers. 

2. Approximate analytical solutions 

2.1. Conceptual model 

An idealized unconfined coastal aquifer, given by a rectangular 
domain perpendicular to the shoreline (OABC) with dimensions of L [L] 
(length) × D [L] (height), is considered (Fig. 2). The aquifer is underlain 
by a horizontal impermeable base (OA) and has a land surface boundary 
(BC). OC and AB represent the seaward and inland boundaries, respec-
tively. The x-z coordinate origin is placed at the intersection of the 
vertical seaward boundary and the impermeable base. The hydraulic 
head above the datum, ϕ [L], coincides with the watertable height, 
while h [L] is the depth of the interface below the watertable, hs [L] is the 
depth of the interface below sea level, Hs [L] is the sea level, hc = Hs – hs 
[L] is the elevation of the interface above the impermeable base, and HL 
[L] is the hydraulic head at distance L from the shoreline (i.e., the inland 
boundary hydraulic head). The freshwater discharge per unit aquifer 
width flowing from inland to the sea is Qf [L2/T]. The inland boundary 
condition adopted in deriving the analytical solution involves specifying 

Fig. 1. Global distribution of thin unconfined coastal aquifers with thicknesses ranging from 0.1 to 25 m. Data compiled from Zamrsky et al. (2018).  
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either HL or Qf, corresponding to constant head or constant flux inland 
boundary conditions, respectively. Recharge through the surface 
boundary of the aquifer is neglected. 

Following previous work (e.g., Strack, 1976; Koussis et al., 2012; Lu 
et al., 2016), the following assumptions are made: (1) the flow system 
and the freshwater-seawater interface are at steady state, (2) a sharp 
interface rather than transition zone separates freshwater and seawater, 
(3) aquifer hydraulic properties are homogeneous and isotropic, (4) the 
aquifer has a uniform geometry, with a vertical seaward boundary, (5) 
the seepage face is ignored along the seaward boundary, and (6) vertical 
hydraulic gradients are neglected in both the saturated zone and the 
vadose zone (i.e., the Dupuit-Forchheimer approximation), leading to 
the same horizontal hydraulic gradient both above and below the 
watertable. 

2.2. Constant flux inland boundary condition 

According to Darcy’s law and the Dupuit-Forchheimer approxima-
tion, the freshwater flux in the region of the aquifer between the 
seaward boundary and interface toe is: 

Qf = −

[ ∫ ϕ

hc

Ksdz+
∫ D

ϕ
K(ψ)dz

]
dϕ
dx

(1)  

where Ks [LT− 1] is the saturated hydraulic conductivity, K(ψ) [LT− 1] is 
the unsaturated hydraulic conductivity, and ψ [L] is the pressure head 
(positive in the saturated zone and negative in the vadose zone). The 
first and second terms on the right side of Eq. (1) define the net hori-
zontal fluxes per unit width in the saturated and vadose zones, respec-
tively (Kong et al., 2015; Xin et al., 2016). For the Dupuit-Forchheimer 
approximation, ψ is a linear function of elevation z [L], i.e., ψ = ϕ – z, 
both in the saturated and vadose zones. Application of the same hy-
drostatic assumption in the analysis of tide-induced watertable fluctu-
ations was shown to produce reasonable results in terms of predicting 
tide-induced watertable fluctuation behavior (e.g., Kong et al., 2013, 
2015). 

During the past decades, various expressions have been proposed to 
describe the relationship between K(ψ) and ψ in the vadose zone (e.g., 
Gardner, 1958; Mualem, 1976; van Genuchten, 1980; Luo et al., 2019). 
Here, Gardner’s (1958) function is chosen because (i) it has been widely 
employed in similar studies (e.g., Kong et al., 2015; Xin et al., 2016), and 

(ii) it is relatively simple and permits analytical solutions for many 
problems. Gardner’s (1958) function for describing the unsaturated 
hydraulic conductivity, taking into account the capillary fringe, can be 
written as: 

K(ψ) =
{

Ks ψ ≥ − ψca

Kseβ(ψ+ψca) ψ < − ψca

(2)  

where ψca [L] is the thickness of the capillary fringe and β [L − 1] is the 
relative hydraulic conductivity exponent. 

According to the Ghijben-Herzberg equation, the vertical thickness 
of the freshwater zone (h) above the interface is given by: 

h = (1+ α)(ϕ − Hs) 0 < x < xt (3)  

where α = ρf / (ρs – ρf) [-] is the relative density difference, with ρf 
[ML− 3] and ρs [ML− 3] the densities of freshwater and seawater, 
respectively. 

Substitution of Eqs. (2) and (3) into Eq. (1) leads to: 

Qf = −

{

Ks[(1+ α)(ϕ − Hs)+ψca] +
Ks

β
[
1 − eβ(ϕ− D+ψca)

]
}

dϕ
dx

(4) 

Hereafter, flow above the watertable, including flow within both the 
capillary fringe and the overlying unsaturated zone, is referred to as 
“unsaturated flow”. 

Integrating Eq. (4) produces: 

Qf x + C1 = − Ks(1+α) (ϕ − Hs)
2

2
− Ksψcaϕ −

Ks

β
ϕ +

Ks

β2 eβ(ϕ− D+ψca) (5)  

where C1 is the integration constant. It can be determined using the sea 
boundary condition (i.e., x = 0, ϕ = Hs): 

C1 = − KsψcaHs −
Ks

β
Hs +

Ks

β2eβ(Hs − D+ψca) (6) 

The Ghijben-Herzberg relationship (Drabbe and Badon Ghijben, 
1889) is: 

hs = α(ϕ − Hs) (7) 

Combining Eqs. (5) and (7) to eliminate ϕ yields: 

Fig. 2. Conceptual model of an idealized unconfined coastal aquifer represented by a rectangular domain perpendicular to the shoreline (OABC) with dimensions of 
L [L] (length) × D [L] (height). The aquifer is underlain by a horizontal impermeable base (OA) and has a land surface boundary (BC). OC and AB represent the 
seaward and inland boundaries, respectively. Note that the seepage face expected to occur in the sea boundary is ignored to facilitate analytical derivations. 
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Qf x + C1 = − Ks(1+α) h2
s

2α2 − Ksψca

(
hs

α +Hs

)

−
Ks

β

(
hs

α +Hs

)

+
Ks

β2e
β

(
hs
α +Hs − D+ψca

)

(8) 

Eq. (8) can be used to calculate the interface location. As shown in 
the last three terms on the right side of the equation, the shape of the 
interface is related to ψca and β, which describe the capillary effect. We 
will discuss the effect of these additional terms on steady-state seawater 
extent in the following section. At the interface toe (x = xt), we have: 

hs = Hs (9a)  

ϕ = ϕt =
1 + α

α Hs (9b) 

With Eqs. (6) and (9a) substituted into Eq. (8), the interface toe 
location is: 

xt =
− Ks(1 + α) H2

s
2α2 −

Ksψca
α Hs −

Ks
αβHs +

Ks
β2

[
e

β

(

1+α
α Hs − D+ψca

)

− eβ(Hs − D+ψca)
]

Qf

(10) 

Note that with β → ∞ and ψca = 0, Eq. (10) has a similar form to that 
proposed by Strack (1976): 

xt =
− Ks(1 + α)H2

s

2α2Q
(11)  

where Q [L2/T] is the same as Qf without partitioning flow into unsat-
urated flow and saturated flow. Otherwise, Q is equal to the saturated 
zone flux at the interface toe (Qxt, analytical derivation given in Ap-
pendix). Both conditions (Q = Qf and Q = Qxt) will be discussed later. For 
the former, unsaturated flow is completely ignored, whereas for the 
latter it is partially considered by a smaller Qxt. 

2.3. Constant head inland boundary condition 

As pointed out by Lu et al. (2016), the analytical solution for a 
constant head inland boundary can be obtained from the relationship 
between the inland hydraulic head and freshwater flux, which allows for 
modification of the solution for a constant flux inland boundary. Similar 
to Eq. (1), the freshwater discharge of the aquifer segment between the 
interface toe and inland boundary is: 

Qf = −

[ ∫ ϕ

0
Ksdz+

∫ D

ϕ
K(ψ)dz

]
dϕ
dx

= − Ks

{

ϕ+ψca +
1
β
[
1 − eβ(ϕ− D+ψca)

]
}

dϕ
dx

(12) 

Integrating Eq. (12) gives: 

Qf x + C2 = −
1
2
Ksϕ2 − Ksψcaϕ −

Ks

β
ϕ +

Ks

β2 eβ(ϕ− D+ψca) (13)  

where C2 is the integration constant that can be determined by the 
inland boundary condition (i.e., x = L, ϕ = HL): 

C2 = −
1
2
KsH2

L − KsψcaHL −
Ks

β
HL +

Ks

β2eβ(HL − D+ψca) − Qf L (14) 

At the interface toe (x = xt), we have the same relation as given by 
Eq. (9). Thus, inserting Eqs. (9b) and (14) into Eq. (13) yields: 

Qf = Ks

1
2H

2
L + ψcaHL +

HL
β − 1

β2eβ(HL − D+ψca) − 1
2ϕt

2 − ψcaϕt −
ϕt
β + 1

β2eβ(ϕt − D+ψca)

xt − L
(15) 

Combining Eqs. (10) and (15) leads to the analytical solution for 

aquifers subject to a constant head inland boundary. Define: 

C3 = − Ks(1+ α) H2
s

2α2 −
Ksψca

α Hs −
Ks

αβ
Hs

+
Ks

β2

[
e

β

(

1+α
α Hs − D+ψca

)

− eβ(Hs − D+ψca)
]

(16)  

C4=Ks

[
1
2

H2
L+ψcaHL+

HL

β
−

1
β2eβ(HL − D+ψca) −

1
2
ϕt

2 − ψcaϕt −
1
β

ϕt+
1
β2eβ(ϕt − D+ψca)

]

(17) 

This allows Eqs. (10) and (15) to be written as: 

xt =
C3

Qf
(18)  

Qf =
C4

xt − L
(19) 

The interface toe location and inland freshwater flux are found by 
combining Eqs. (18) and (19): 

Qf =
C3 − C4

L
(20)  

xt =
C3

C3 − C4
L (21) 

Again, with β → ∞ and ψca = 0, Eq. (21) reduces to the original 
analytical solution without unsaturated flow (Lu et al., 2015): 

xt =
(1 + α)LH2

s

α2H2
L − (1 + α)αH2

s
(22) 

Compared to Eq. (22), Eq. (21) depends not only on the sea level, 
inland hydraulic head and aquifer length, but also on the thickness of the 
capillary fringe and relative hydraulic conductivity exponent. 

Although the simplification of ignoring recharge within the above 
mathematical development may depart from the conditions expected in 
real-world coastal phreatic aquifers, adding recharge affects the 
assumption of hydrostatic conditions and makes estimation of the 
capillary fringe thickness challenging, at least within the simple 
analytical framework of the current analysis. That is, rudimentary 
equations can be devised that characterize the vadose zone effect (in the 
absence of recharge) on the seawater extent. Given that recharge is 
neglected in the current analysis, the results should be considered to 
apply to arid and semi-arid areas where evaporation is balanced by 
rainfall in the upper part of the vadose zone (Liu, 2011; MacDonald 
et al., 2021). For example, based on the field data during dry periods, 
Squeo et al. (2006) indicated that a coastal aquifer in north-central Chile 
is maintained at a constant watertable for nearly eight months primarily 
by inland flux from higher parts of the basin, rather than recharge from 
the aquifer surface. 

2.4. Unsaturated flow effects 

The effect of unsaturated flow is quantified using the relative dif-
ference (RD) between the interface toe locations calculated with (xt*) 
and without (xt**) unsaturated flow: 

RD =
x∗t − x∗∗t

x∗t
× 100% (23) 

Larger RD magnitudes indicate increased unsaturated flow effects. It 
should be noted that to calculate RD for flux-controlled aquifers, xt* and 
xt** are replaced by xt calculated from Eqs. (10) and (11), respectively, 
whereas to calculate RD for head-controlled aquifers, xt* and xt** are 
replaced by xt calculated from Eqs. (21) and (22), respectively 
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3. Hypothetical scenarios 

Hypothetical scenarios, using parameters informed by published 
studies, are used to examine the effects of unsaturated flow on the 
steady-state seawater extent in flux-controlled and head-controlled 
aquifers. Two different model scales are considered: 100 m (length) ×
6 m (thickness), and 1000 m (length) × 15 m (thickness). The former is 
similar to the scale typically adopted in assessing salt marshes (e.g., 
Shen et al., 2015; 2018), whereas the latter is similar to the scale 
adopted in evaluating previous analytical solutions of seawater extent 
(e.g., Lu et al., 2016; 2019). In all hypothetical scenarios, seawater and 
freshwater densities are set to 1025 and 1000 kg/m3, respectively, 
leading to α = 40. 

To further examine the effects of unsaturated flow on the steady-state 
seawater extent, two soils are considered for each type of aquifer: Fine 
sand and Weld silty clay loam (Jensen and Hanks, 1967) with weak and 
strong capillary effects, respectively. These two soils are referred to as 
sand and loam in the following. To determine the thickness of the 
capillary fringe and relative hydraulic conductivity exponent for these 
two soils, we fitted the modified Gardner’s function to measured data 
compiled by Jensen and Hanks (1967), with values given in Table 1. A 
nonlinear regression algorithm (Matlab function “lsqcurvefit”) was used 
to determine the optimal fitting parameters in a similar manner to Luo 
et al. (2019; 2020). The fitted curves are in good agreement with 
measured data for both soils (Fig. 3), yielding R2 values of 0.94 and 0.97, 
respectively. A summary of the hypothetical scenarios is presented in 
Table 2. 

4. Validation of analytical solutions 

We compare the analytical solutions with numerical results from 
SUTRA, a 3-D variable-saturation and variable-density groundwater 
model (Voss and Provost, 2008). Numerical simulations are based on 
Scenarios 1 and 5 (Table 2) with Qf = 0.02 m2/d for the flux-controlled 
aquifer, and HL = 3.5 m for the head-controlled aquifer. Note that the 
corresponding landward boundary head and flux are 3.58 m and 0.0169 
m2/d (calculated from the analytical solution) in the flux-controlled and 
head-controlled situations, respectively. The soil water retention curve 
and hydraulic conductivity function in SUTRA are represented using the 
van Genuchten-Mualem model (Mualem, 1976; van Genuchten, 1980). 
As can be seen in Figure S1 (Supporting Information), the van 
Genuchten-Mualem model with fitting parameters of αvG = 2.08 m − 1 

and nvG = 11.44 matches the measured data compiled from Jensen and 
Hanks (1967) reasonably well, yielding R2 = 0.99. 

While the analytical solutions presented here assume sharp-interface 
conditions, SUTRA requires at least a small level of dispersion to avoid 
numerical errors. The longitudinal and transverse dispersivity were set 
to 0.125 and 0.03 m, respectively, in a compromise between seeking a 
narrow mixing zone and numerical stability. The model domains were 
discretized with node spacings of 0.25 and 0.06 m in the horizontal and 
vertical directions, respectively, to satisfy the Péclet number stability 
criterion (Voss and Souza, 1987). To account for differences between the 
sharp interface of the analytical solution and the dispersive approach of 
SUTRA, an empirical dispersion correction factor, originally recom-
mended by Pool and Carrera (2011) and later modified by Lu and 
Werner (2013), was adopted: 

λ = α
[

1 −
( δ

W

)1/4
]− 1

(24)  

where δ [L] is the transverse dispersivity (0.03 m), and W [L] is the 
depth to the aquifer base below sea level. W = Hs is used as an 
approximation for the unconfined aquifer conditions. The value of λ was 
implemented into the analytical solutions by replacing α with λ. 

Steady-state numerical model results were obtained by long-time 
transient simulations, starting initially with a freshwater-filled aquifer. 
Numerical simulations were run for 1950 d, with a time step of 300 s. To 
ensure steady-state results, the transient location where the salt con-
centration is 17.5 ppt in the aquifer bed was observed until it was 
constant (Figure S2). The ILU-preconditioned orthomin solver 
(ORTHOMIN) was used in numerical simulations with convergence 
tolerances of 10− 11 kg/m/s2 and 10− 12 for solver iterations during 
pressure and transport solutions, respectively. 

The assumption of a hydrostatic pressure distribution in the vadose 
zone was found to be consistent with the numerical model. This can be 
seen in Figure S3, which shows pressure head contours that are generally 
parallel with the aquifer bottom in the whole domain for both flux- 
controlled and head-controlled aquifers (i.e., based on Scenarios 1 and 
5, Table 2), as expected given the lack of vertical flow (e.g., caused by 
recharge or evapotranspiration) within the unsaturated zone. Note that 
the same hydrostatic assumption was adopted in previous studies to 
examine the effects of unsaturated flow on tide-induced watertable 
fluctuations (Kong et al., 2013, 2015), as well as on hillslope recession 
processes where the aquifer bottom is usually sloping (Hilberts et al., 
2007; Kong et al., 2016; Luo et al., 2018). 

Fig. 4 compares the results of the analytical solution (corrected for 
dispersion according to Eq. (24)) and the numerical modeling for both 
flux-controlled and head-controlled aquifers (i.e., based on Scenarios 1 
and 5, Table 2). By comparison, the sharp interface falls within the 
mixing zone of the dispersive results, both with and without the inclu-
sion of vadose zone effects. However, with the inclusion of unsaturated 
flow Eqs. (10) and (21), the sharp interface appears to be closer to the 
center of the mixing zone (17.5 ppt contour) regardless of the aquifer 
type (flux-controlled or head-controlled). This adds confidence to the 
assumption of a hydrostatic pressure distribution in the vadose zone, 
and the benefit of considering the unsaturated zone more generally. For 
the flux-controlled aquifer, Eq. (11) with Q = Qxt performs better in 
predicting the sharp interface in comparison to Eq. (11) with Q = Qf 
(Fig. 4a). This demonstrates the importance of accounting for unsatu-
rated flow since Eq. (11) with Q = Qxt partially considers unsaturated 
flow. Discrepancies between analytical solutions and numerical 
modeling results are likely influenced by analytical solution assump-
tions, such as the omission of vertical flow and an outflow face at the 
shoreline to allow for freshwater discharge. 

5. Results and discussion 

5.1. Unsaturated flow effects in flux-controlled aquifers 

The effects of unsaturated flow on flux-controlled aquifers were 
examined by considering interface toe locations obtained from analyt-
ical solutions that include, neglect or partially consider unsaturated 
flow, i.e., Eq. (10), Eq. (11) with Q = Qf and Eq. (11) with Q = Qxt, 
respectively. Table 2 details the relevant flux-controlled scenarios 
(Scenarios 1–4). As shown in Fig. 5, xt decreases gradually (i.e., interface 
toe locations shift further seaward) with increasing Qf whether taking 
unsaturated flow effects into account or not, as expected for both small- 
scale and large-scale aquifers comprised of loam or sand. 

As stated earlier, for flux-controlled sand aquifers with smaller scale 
(Scenario 1), ignoring unsaturated flow underestimates the steady-state 
seawater extent (Fig. 5a). The vadose zone holds part of inland fresh-
water flux (i.e., unsaturated flow), and so leads to a lower watertable 

Table 1 
List of soil parameters of the Fine sand and Weld silty clay loam. The goodness of 
fit is based on fitting of the measured data.  

Soil Ks (m/ 
d) 

ψca 

(m) 
β (m − 1) Goodness of fit, 

R2 

Fine sand (Sand) 1.08 0.35 11.0 0.94 
Weld silty clay loam 

(Loam) 
0.49 0.52 6.66 0.98  
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and a smaller seaward hydraulic gradient (i.e., a larger xt) for a given Qf. 
Using Eq. (23), the difference between the interface toe locations ob-
tained with and without capillary effects can be calculated. Consistent 
with the trend of the interface toe location, the difference between the 
interface toe locations obtained by Eqs. (10) and (11) with Q = Qf de-
creases from 7.14 to 1.19 m as Qf increases from 0.005 to 0.03 m2/d. 
Since pumping wells are widely distributed in coastal aquifers around 
the world (de Graaf et al., 2019; Jasechko et al., 2020), intensive 
pumping will significantly decrease the inland flux (reduced Qf) and so 
increase the difference of the interface toe location calculated with and 
without unsaturated flow. As a result, ignoring unsaturated flow effects 
may lead to an inappropriate management strategy for fresh ground-
water resources. By comparison, the result is closer to that calculated by 
Eq. (10) when unsaturated flow is partially considered (Eq. (11) with Q 
= Qxt). 

To contrast with the low capillarity of sand, we present results for 
loam to illustrate more clearly how unsaturated flow affects the steady- 

state seawater extent in flux-controlled aquifers with smaller scale 
(Scenario 2). Again, the interface toe location is underestimated if un-
saturated flow is neglected (Fig. 5b). In comparison to the sand flux- 
controlled aquifer, the interface toe location is closer to the shoreline 
for the loam flux-controlled aquifer at the same inland freshwater flux. 
As mentioned earlier, RD (xt* and xt** calculated from Eqs. (10) and (11) 
with Q = Qf, respectively) for flux-controlled aquifers is independent of 
the inland flux, with values of 22.3% for the smaller sand flux-controlled 
aquifer and 30% for the smaller loam flux-controlled aquifer. As might 
be expected, the effects of unsaturated flow are more significant in loam 
flux-controlled aquifers due to strong capillary effects of the loam. 

For flux-controlled aquifers with larger scale (Scenarios 3 and 4, 
corresponding to Figs. 5c and d, respectively), there are still significant 
deviations between the interface toe locations calculated with and 
without accounting for unsaturated flow. It should be noted that Qf is 
assumed the same as that in small-scale aquifers to highlight the sig-
nificant role played by unsaturated flow. This small inland flux occurs 
widely in reality. According to a recent estimate by Jasechko et al. 
(2020), due to high groundwater pumping even landward hydraulic 
gradients exist in a substantial fraction of the East Coast and Gulf Coast 
of the US. Compared to smaller flux-controlled aquifers, the difference of 
the interface toe location increases for larger flux-controlled aquifers, 
while RD (xt* and xt** calculated from Eqs. (10) and (11) with Q = Qf, 
respectively) decreases to 7.92% for the larger sand flux-controlled 
aquifer and 11.6% for the larger loam flux-controlled aquifer. This is 
because increasing the saturated zone depth reduces the contribution of 
the flow in the vadose zone to the total overall flow. 

To further assess the analytical solution with consideration of un-
saturated flow, the steady-state seawater extent was calculated for a 
broader range of flux-controlled aquifers. The model parameters are 
based on Scenarios 1–2 with fixing D – Hs = 3 m but varying the sea level 
Hs from 3 to 17 m (i.e., the aquifer thickness D varied from 6 to 20 m). 
The inland freshwater flux (Qf) was set to 0.1 m2/d. As can be seen, when 
Hs increases from 3 to 17 m, RD (xt* and xt** calculated from Eqs. (10) 
and (11) with Q = Qf, respectively) decreases from 30% to 7% in loam 
flux-controlled aquifers while it decreases from 22% to 5% in sand flux- 
controlled aquifers (Fig. 6). This suggests that the effects of unsaturated 
flow on the steady-state seawater extent weakens with increasing 

Fig. 3. Comparison between measured and fitted values of unsaturated hydraulic conductivity, K, as a function of pressure head, ψ. Two soil types are shown: (a) 
Fine sand and (b) Weld silty clay loam for Gardner’s function. Data compiled from Jensen and Hanks (1967). 

Table 2 
Hypothetical scenarios.  

Scenario Soil L 
(m) 

D 
(m) 

Hs 

(m) 
Inland 
boundary 
condition 

Qf (m2/ 
d) 

HL 

(m) 

1 Sand 100 6 3 Constant Flux 0.005 - 
0.03 

– 

2 Loam 100 6 3 Constant Flux 0.005 - 
0.03 

– 

3 Sand 1000 15 10 Constant Flux 0.005 - 
0.03 

– 

4 Loam 1000 15 10 Constant Flux 0.005 - 
0.03 

– 

5 Sand 100 6 3 Constant Head – 3.5 - 
5 

6 Loam 100 6 3 Constant Head – 3.5 - 
5 

7 Sand 1000 15 10 Constant Head – 11 - 
12 

8 Loam 1000 15 10 Constant Head – 11 - 
12  
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saturated zone thickness. In comparison to sand aquifers, for the same 
Hs, RD is larger for loam aquifers due to more pronounced capillary 
effects. This confirms that increasing the ratio of the thickness of the 
capillary fringe to that of the saturated zone leads to more significant 
effects of unsaturated flow. As expected, when Q = Qxt in Eq. (11), RD 
greatly decreases compared with Q = Qf, indicating the importance of 
considering unsaturated flow. 

5.2. Unsaturated flow effects in head-controlled aquifers 

In order to examine unsaturated flow effects on the steady-state 
seawater extent in head-controlled aquifers, the interface toe location 
was calculated for Scenarios 5–8 Table 2) based on the analytical solu-
tions with and without unsaturated flow, i.e., Eqs. (21) and ((22), 
respectively. The interface toe location shifts seaward with increasing 
HL, whether taking unsaturated flow effects into account or not, as ex-
pected, for both small-scale and large-scale aquifers comprised of loam 
or sand (Fig. 7). 

Consistent with flux-controlled aquifers, the interface toe location is 
underestimated for head-controlled aquifers without accounting for 
unsaturated flow. For sand head-controlled aquifers with smaller scale 
(Scenario 5), when increasing HL from 3.5 to 5 m, xt decreases from 8.56 
to 1.69 m with unsaturated flow considered, whereas it decreases from 
7.62 to 1.46 m with unsaturated flow ignored (Fig. 7a). As above, this is 
because the vadose zone can hold part of inland freshwater flux and 

hence leads to a more landward steady-state seawater extent. The un-
derestimation of the interface toe location due to ignoring unsaturated 
flow also occurs for the other three cases (Figs. 7b-d). It should be noted 
that, for a given aquifer, xt calculated from the analytical solution 
without including unsaturated flow is identical for sand and loam head- 
controlled aquifers (Fig. 7), since the watertable is the same in both the 
sand and loam head-controlled aquifers. However, because of different 
capillarity magnitudes, xt is slightly smaller for sand aquifers compared 
to loam aquifers with unsaturated flow included. 

To further quantify the role played by unsaturated flow, RD was 
calculated for head-controlled aquifers. As shown in Fig. 8, it increases 
monotonically as HL increases. Specifically, for smaller sand and loam 
head-controlled aquifers, increasing HL from 3.5 to 5 m results in RD 
varying from 11% to 13.6% and 15% to 18.5%, respectively (Fig. 8a). 
This is because unsaturated flow is increased at larger HL. Under the 
Dupuit-Forchheimer approximation, the horizontal hydraulic gradient is 
the same both above and below the watertable. Increasing HL induces a 
larger hydraulic gradient and hence increased unsaturated flow. In 
addition, RD is greater for loam aquifers compared to sand because of 
the greater capillary effect of the loam. Compared with smaller head- 
controlled aquifers, RD is smaller in larger head-controlled aquifers 
where unsaturated flow effects are relatively minor (Fig. 8b). Moreover, 
RD is smaller for head-controlled aquifers compared with flux-controlled 
aquifers, indicating that the capillary effect plays a more significant role 
in flux-controlled aquifers. This occurs since, due to the addition of the 

Fig. 4. Comparison between analytical and numerical 
solutions for sand aquifers with: (a) constant flux 
(Scenario 1, Table 2), and (b) constant head (Scenario 
5) inland conditions. The solid and dashed black lines 
represent the analytical results calculated with and 
without unsaturated flow, respectively. The solid white 
line in (a) denotes the analytical result of Eq. (11) with 
Q = Qxt (partially considering unsaturated flow). 
Analytical solutions adopt the dispersion correction, 
given by Eq. (24).   
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vadose zone, the flow towards the sea is unchanged in the flux- 
controlled situation, leading to a head drop at the inland boundary, 
whereas in the head-controlled case, flow towards the sea is enhanced 
with the addition of the vadose zone. Despite this enhanced flow in the 
head-controlled case, the seaward hydraulic gradient is lower, which 
induces a more landward seawater extent with unsaturated flow 
considered. 

The analytical solution with unsaturated flow included was also used 
to calculate the steady-state seawater extent for a broader range of head- 
controlled aquifers. The model parameters are based on Scenarios 5–6 
taking D – Hs = 3 m but varying the sea level Hs from 3 to 17 m (i.e., the 
aquifer thickness D varied from 6 to 20 m). The inland hydraulic head HL 
was 1 m higher than Hs for head-controlled aquifers. As can be seen, RD 
decreases with increasing Hs (Fig. 9). This again shows that the effects of 
unsaturated flow on steady-state seawater extent weaken with 
increasing thickness of the saturated zone. Furthermore, RD is smaller in 
head-controlled aquifers compared with flux-controlled aquifers, which 
indicates a more significant role played by unsaturated flow in flux- 
controlled aquifers. 

5.3. Sensitivity analyses 

Sensitivity analyses were performed to further examine the effects of 
unsaturated flow on seawater extent for both flux-controlled and head- 
controlled aquifers. The present study focuses on two parameters related 

Fig. 5. Comparison between interface toe locations predicted by analytical solutions that include (Eq. (10)), neglect (Eq. (11) with Q = Qf) and partially consider 
(Eq. (11) with Q = Qxt) unsaturated flow for flux-controlled aquifers. Results are shown for: (a) small-scale sand aquifers, (b) small-scale loam aquifers, (c) large-scale 
sand aquifers, and (d) large-scale loam aquifers. Note that Qxt is a function of Qf (Eq. (A6)). 

Fig. 6. Relative difference (RD) between interface toe locations calculated by 
Eqs. (10) and (11) versus Hs for small-scale flux-controlled aquifers. 
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to unsaturated flow, namely the thickness of the capillary fringe (ψca) 
and relative hydraulic conductivity exponent (β). Sensitivity analyses 
for both flux-controlled and head-controlled aquifers are based on Sce-
narios 1 and 5 (Table 2), respectively. Motivated by the increasing 
global mean sea level (Kim et al., 2019), we considered two different sea 

levels of 3 and 3.5 m for both flux-controlled and head-controlled 
aquifers. In addition, we assumed that ψca varied from 0 to 0.5 m and 
that β increased from 5 to 20 m − 1 for sand. For sensitivity analysis of 
ψca, β was fixed at its optimal value (i.e., 11 m − 1 for sand), whereas ψca 
was fixed at its optimal value (i.e., 0.35 m) for computing the sensitivity 

Fig. 7. Comparison between interface toe locations predicted by analytical solutions with and without considering unsaturated flow for head-controlled aquifers. 
Results are shown for: (a) small-scale sand aquifers, (b) small-scale loam aquifers, (c) large-scale sand aquifers, and (d) large-scale loam aquifers. 

Fig. 8. Relative difference (RD) between the interface toe locations calculated with and without considering unsaturated flow versus HL for (a) small-scale and (b) 
large scale head-controlled aquifers. 
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of β. Note that different from Scenarios 5, HL was varied from 4 to 5 m 
when conducting sensitivity analyses for the head-controlled aquifer. 

Fig. 10 shows the sensitivity of RD to soil unsaturated flow param-
eters for sand flux-controlled aquifers with Hs = 3 m (before SLR) and Hs 
= 3.5 m (after SLR). As can be seen, varying β and ψca leads to a wide 
range of RD for the flux-controlled aquifer, especially when RD is 
calculated from Eqs. (10) and (11) with Q = Qf. This suggests that 
appropriate values of ψca and β are essential for accurately assessing the 
steady-state seawater extent for the controlled aquifers. As expected, RD 
decreases with increasing β or decreasing ψca, which both weaken the 
capillary effect. In comparison to the sensitivity analyses of β and ψca, RD 
varies in a wider range for changing ψca, indicating that the flow in the 
capillary fringe has more influence on the steady-state seawater extent. 
Moreover, RD becomes smaller after SLR (Fig. 10). For example, when 
ψca = 0.5 and β increases from 5 to 20 m − 1, RD (calculated from Eqs. 
(10) and (11) with Q = Qf, respectively) decreases from about 31% to 
26% before SLR, whereas it decreases from about 28% to 23% after SLR. 
The saturated zone thickness increases and then the ratio of the thick-
ness of the capillary fringe to that of the saturated zone decreases after 
SLR, resulting in a reduction of RD. When calculated from Eqs. (10) and 
(11) with Q = Qxt, RD is significantly smaller than that from Eqs. (10) 
and (11) with Q = Qf (Fig. 10). Note that RD is independent of the inland 
freshwater flux in flux-controlled aquifers (Section 2.4). Similarly, 
Fig. 11 presents the sensitivity of RD to unsaturated flow parameters for 
a sand head-controlled aquifer with Hs = 3 m (before SLR) and Hs = 3.5 
m (after SLR). Again, RD decreases with increasing β or decreasing ψca. 

Fig. 9. Relative difference (RD) between the interface toe locations calculated 
with and without considering unsaturated flow versus Hs for small-scale head- 
controlled aquifers. 

Fig. 10. Sensitivity analyses of the thickness of the capillary fringe (ψca) and the relative hydraulic conductivity exponent (β) for sand flux-controlled aquifers: (a) 
before sea-level rise, where RD is calculated based on Eqs. (10) and (11) with Q = Qf, (b) after sea-level rise, where RD is calculated based on Eqs. (10) and (11) with 
Q = Qf, (c) before sea-level rise, where RD is calculated based on Eqs. (10) and (11) with Q = Qxt, and (d) after sea-level rise, where RD is calculated based on Eqs. 
(10) and (11) with Q = Qxt. Note that the range of color bar in plots (a) and (b) is different from that in plots (c) an (d). 
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Consistent with flux-controlled aquifers, a change in ψca leads to a wider 
variation of RD, and a reduction in RD can be found after SLR (Fig. 11). 

6. Conclusions 

Based on the sharp-interface assumption and Dupuit-Forchheimer 
approximation, analytical solutions that take account of unsaturated 
flow for the steady-state seawater extent in unconfined coastal aquifers 
were derived for both constant flux and constant head inland boundary 
conditions. These analytical solutions were obtained by solving the 
discharge equation with consideration of unsaturated flow and appli-
cation of continuity conditions for the head and flux at the interface. 
After validation with numerical solutions, the analytical solutions were 
employed to reveal the effects of unsaturated flow on the steady-state 
seawater extent in thin unconfined coastal aquifers. The results lead to 
the following conclusions:  

(1) Part of inland freshwater flux is located within the vadose zone (i. 
e., as unsaturated flow), hence leading to a lower watertable and 
a smaller seaward hydraulic gradient in comparison to the case 
where the unsaturated zone is ignored. So, neglecting unsatu-
rated flow leads to underestimation of the steady-state seawater 
extent, particularly for flux-controlled aquifers.  

(2) The effects of unsaturated flow on steady-state seawater extent 
weaken with increasing saturated zone thickness for both flux- 
controlled and head-controlled aquifers. Therefore, unsaturated 
flow can be safely ignored when the aquifer has a large saturated 
zone.  

(3) Appropriate unsaturated zone parameter values (ψca and β) are 
essential for accurately determining the steady-state seawater 
extent in thin unconfined coastal aquifers. Of these two param-
eters, the interface location, an important measure of seawater 
intrusion, is more sensitive to ψca. This shows that flow in the 
capillary fringe is more significant than flow in the overlying 
unsaturated zone in affecting the steady-state seawater extent. 

To facilitate the analytical derivations, we assumed a sharp interface 
between seawater and freshwater and a steady state sea level. These 
assumptions may be not appropriate for real coastal aquifers where 
seawater and freshwater can mix in a wide range (Lu et al., 2009) and 
hydrodynamic flow conditions caused by tide and wave effects are sig-
nificant (Xin et al., 2010). Moreover, we neglect rainfall and pumping 
wells within the modelled zone. Independent of these factors, this study 
confirms that unsaturated flow can play an important role in controlling 
seawater extent in thin unconfined coastal aquifers, and the results are 
very simple, and permit rapid assessments for field cases. 
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Appendix: Analytical. Derivation for Qxt 

According to Eq. (1), we partition Qf into two parts, 

Q1 = −

∫ ϕ

hc

Ksdz
dϕ
dx

,Q2 = −

∫ D

ϕ
K(ψ)dz

dϕ
dx

(A1)  

where Q1 and Q2 are fluxes in the saturated and unsaturated zones, respectively. Substituting Eq. (2) into Eq. (A1) gives, 

Q1 = − Ks(1+ α)(ϕ − Hs)
dϕ
dx

(A2)  

Q2 = −

[

Ksψca +
Ks

β
−

Ks

β
eβ(ϕ− D+ψca)

]
dϕ
dx

(A3) 

Combining Eq. (A2) with Eq. (7) yields, 

Q1 = −
Ks(1 + α)

α2 hs
dhs

dx
= −

Ks(1 + α)
α2

hs

dx/dhs
(A4) 

The term dx/dhs can be obtained from Eq. (8). Eq. (A4) then becomes, 

Q1 = Qf
Ks(1 + α)

α2 hs

[
Ks(1 + α)

α2 hs +
Ksψca

α +
Ks

αβ
−

Ks

αβ
e

β

(
hs
α +Hs − D+ψca

)
]− 1

(A5) 

Eq. (A5) can be used to estimate the saturated zone flux for each location between the seaward boundary and interface toe. At x = xt, we have hs =

Hs and thus, 

Qxt = Qf
Ks(1 + α)

α2 Hs

[
Ks(1 + α)

α2 Hs +
Ksψca

α +
Ks

αβ
−

Ks

αβ
e

β

(

1
αHs+Hs − D+ψca

)
]− 1

(A6)  
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